Computer algebra independent integration tests

Summer 2022 edition

4-Trig-functions/4.1-Sine/75-4.1.2.3-g-sin-"p-a+b-sin-"m-c+d-sin-

A

n

[Nasser M. Abbasil

September 27, 2022 Compiled on September 27, 2022 at 7:49am


mailto:nma@12000.org

Contents

1 Introduction
2 detailed summary tables of results
3 Listing of integrals

4 Appendix

8 H =

285!



Chapter 1

Introduction

Local contents

1.1 Listing of CAS systems tested . . . . . . . . .. ... ... ... ... ... (]
1.2 Results . . . . . . e e
1.3 Time and leaf size Performance . . . . .. .. .. ... ... . ......... )
1.4 list of integrals that has no closed form antiderivative . . . . . . .. .. ... .. 11
1.5 List of integrals solved by CAS but has no known antiderivative . . . . . . . . 12]
1.6 list of integrals solved by CAS but failed verification . . ... ... ... ... 13
1.7 Timing . . . . . . . e e e I8
1.8 Verification . . . . . . . . . ... e 14
1.9 Important notes about some of theresults . . . .. ... ... ... ....... 14
1.10 Design of the test system . . . . . . . . .. ... .. .. .. ... ... ... 17



This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 51 ]. This is test number [ 75 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (51) | 0.00 (0)
Mathematica | 100.00 ( 51 ) | 0.00 (0 )
Maple | 98.04 (50) | 1.96 (1)
Fricas 60.78 (31) | 39.22 (20)
Giac 4118 (21) | 58.82 (30)
Maxima 3137 (16 ) | 68.63 (35)
Mupad | 25.49 (13) | 74.51 (38)
Sympy 7.84(4) |92.16 (47)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Maple 52.94 37.25 7.84 1.96

Mathematica 39.22 23.53 37.25 0.00
Giac 33.33 7.84 0.00 58.82

Fricas 27.45 33.33 0.00 39.22

Maxima, 21.57 7.84 1.96 68.63

Mupad N/A 25.49 0.00 74.51
Sympy 0.00 7.84 0.00 92.16

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .

The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %
Maple 1 100.00 % 0.00 % 0.00 %
Fricas 20 50.00 % 45.00 % 5.00 %
Giac 30 70.00 % 30.00 % 0.00 %
Maxima 35 97.14 % 0.00 % 2.86 %
Sympy 47 89.36 % 6.38 % 4.26 %
Mupad 38 100.00 % 0.00 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median
Rubi 0.24 146.39 1.01 121.00 1.00
Mathematica | 17.61 8158.49 53.68 204.00 1.90
Maple 3.97 7635.68 24.28 241.00 2.06
Maxima 0.38 153.50 2.13 131.00 1.68
Fricas 2.79 993.26 7.94 257.00 3.58
Sympy 0.28 273.50 3.08 273.00 3.16
Giac 0.48 133.24 1.54 123.00 1.41
Mupad 14.16 354.23 3.05 163.00 2.21

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.
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Mean time used (seconds)

Normalized mean size of antiderivative

Lower is better

Lower is better
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list of integrals that has no closed form
antiderivative



12

1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {2627 25,51} 52,53 55,56, 57 55 2 43, 45,6, 47}
Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022
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2.1 List of integrals sorted by grade for each
CAS

Local contents

2.1.1
2.1.2
2.1.3
214
2.1.5
2.1.6
2.1.7
2.1.8

Rubi .

Mathematica . . . . . . . . . . e

Maple

Maxima . . . . . . o e e e e e

FriCAS
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2.1.1 Rubi

A grade: { [1)2, 3, 5617 8,0V 10, 1} 2, 3,14 [[5) 16} 7 5,19} 20} 21, 22,23, 24 25,26
28} [29, 30, 1] 32,33, 34 35, 36} 37, 35} B0} 40} 41 47 4 g 45 46 47 45] 49

B grade: { }
C grade: { }
F grade: { }

B

=

—
X

2.1.2 Mathematica

A grade: { [1}[2}[3}[4} B} 6,7} [LO} [L 1} [12} [L6} [ 7] [18} 19} [22} [39) [48)} 49} [50} [51] }

B grade: { [8,[9}[13}[27}[28}[32} 33} 37} [43} 44} 45} [47] }

C grade: { [L4,[15[20}[21} 23} [24) [25} 26} [29 [30} 31} [34} [35}, 36}, [38} [40} [41} 42} |46 }

F grade: { }

2.1.3 Maple
s sute {1BBBBE0BE DN EBEENBE DN BHH B

B grade: { [L5,[22}[25} 26} 27} [28)[32} 33} 84} 35} [36} 37} [38} 43} |44} [45} 47} 49} 5] }
C grade: { [31}[42,[461[48] }
F grade: {[51]}

2.1.4 Maxima

A grade: { [1}[2[3}4, 5} 6} 7 L0} 1T} 20} 21] }
B grade: { 8}[9,[16,[17 }
C grade: {22}

P grade: { 213,14 T35 [0} 23,27 25,26 27, 27 29 50 B 52 53 4 5,50, 57, B8 B9
) 2,5} i s 47 g 490, .1}
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2.1.5 FriCAS

A grade: { [1,213 4, }[6} (12,15} [16} 17} [L8} [1% 22, 27] }
B grade: { [7,/8[9}[10}[11}[13} 14} 23} 24} [25 26,28} 3536} 37} 38} 39 }

C grade: { }

F grade: {[20,21]29}30,31} 32} 33} 34} 40} 41} 42} 43} 44} |45, 46, 47} 48} 49} [50} 51 }

2.1.6 Sympy

A grade: { }

B grade: { [1}[2[3/[4 }

C grade: { }

F grade: { 5B7EIOL 1252527} S 950
(31,52,33,34, 536, 37,33 B9} RO, 16,7, 45, 49 B0} 1 }

2.1.7 Giac

A grade: { [1}[2}[3} 4, 517} 9} 10} 12} 13} [14 [19} 20} P} 23} 24 39 }
B grade: { [6[8}[11}[22] }

C grade: { }

F grade: { [15}[16}[17}[18, [25} 26} 27} 28} [29} 30} 31} 32} 33} 34} 35} 36} 37} |38} 40} 4 1, 42} |43} |44} 45
146,47, (48} 49} 50} 51| }

2.1.8 Mupad

A grade: { }
B grade: { [1} 2,314 5} 6 [7, B} 0 L0} [L1} [16}[39] }
C grade: { }

P grde: { (1313 (1457 8 19,0321, 223, 1) 25,5} 27 5 29) 50, B 2, B3 B B 6,
57 55,0, AT 2 A5 14 45, 4] A A S, 501§
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

_antiderivative leaf size help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

fined as

grade A A A A A A B A B
) verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
viated to MMA.
size 121 121 7 147 159 97 415 119 256
N.S. 1 1.00 0.64 1.21 1.31 0.80 3.43 0.98 2.12

time (sec) N/A 0.126 0.092 0.197 0.294 0.369 0.464 0.445 14.238

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 96 96 57 126 133 82 301 81 212
N.S. 1 1.00 0.59 1.31 1.39 0.85 3.14 0.84 2.21
time (sec) N/A 0.102 0.062 0.145 0.293 0.367 0.316 0.453 14.183

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 47 106 108 67 245 62 250
N.S. 1 1.00 0.61 1.38 1.40 0.87 3.18 0.81 3.25

time (sec) N/A 0.072 0.079 0110 028 0360 0.205 0418 14.123
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 52 52 43 78 83 49 133 62 125
N.S. 1 1.00 0.83 1.50 1.60 0.94 2.56 1.19 2.40
time (sec) N/A 0.042 0.242 0.090 0285 0.383 0.131 0.453 14.301
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 63 63 61 76 79 80 0 111 88
N.S. 1 1.00 0.97 1.21 1.25 1.27 0.00 1.76 1.40
time (sec) N/A 0.063 0.060 0.156 0.372 0.397 0.000 0.435 12.892
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 53 53 97 61 74 107 0 137 110
N.S. 1 1.00 1.83 1.15 1.40 2.02 0.00 2.58 2.08
time (sec) N/A 0.086 0.033 0.122 0.301 0.391 0.000 0.483 12.394
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 64 64 95 89 113 147 0 123 163
N.S. 1 1.00 1.48 1.39 1.77 2.30 0.00 1.92 2.55
time (sec) N/A 0.077 0.474 0.230 0.295 0.391 0.000 0.430 12.262
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A B B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 61 61 172 100 129 148 0 147 132
N.S. 1 1.00 2.82 1.64 2.11 2.43 0.00 2.41 2.16
time (sec) N/A 0.111 0.058 0.203 0.298 0.371 0.000 0.449 12.223
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A B B F(-1) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 86 86 179 129 178 178 0 148 133
N.S. 1 1.00 2.08 1.50 2.07 2.07 0.00 1.72 1.55
time (sec) N/A 0.110 0.054 0.243 0.295 0.361 0.000 0.489 12.184
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F(-2) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 105 105 204 152 202 217 0 184 244
N.S. 1 1.00 1.94 1.45 1.92 2.07 0.00 1.75 2.32
time (sec) N/A 0.119 0.045 0.259 0.293 0379 0.000 0.511 12.369
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F(-2) B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 130 130 204 174 251 257 0 256 340
N.S. 1 1.00 1.57 1.34 1.93 1.98 0.00 1.97 2.62
time (sec) N/A 0.137 0.051 0.248 0.299 0376 0.000 0.487 12.542
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 128 165 101 78 0 155 0 99 -1
N.S. 1 1.29  0.79 0.61 0.00 1.21 0.00 0.77  -0.01
time (sec) N/A 0.231 0.534 5.647 0.000 0.369 0.000 0.475 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A F B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 69 69 157 78 0 221 0 115 -1
N.S. 1 1.00 2.28 1.13 0.00 3.20 0.00 1.67  -0.01
time (sec) N/A 0.204 0.235 6.502 0.000  0.468 0.000 0.559  0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 120 120 234 124 0 359 0 147 -1
N.S. 1 1.00 1.95 1.03 0.00 2.99 0.00 1.22  -0.01
time (sec) N/A 0.296 0.299 7.604 0.000  0.416 0.000 0.519 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F A F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 103 103 194 914 0 480 0 0 -1
N.S. 1 1.00 1.88 8.87 0.00 4.66 0.00 0.00 -0.01
time (sec) N/A 0.310 0.631 28.704 0.000 0.535 0.000 0.000 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B A F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 43 43 40 45 331 44 0 0 52
N.S. 1 1.00 0.93 1.05 7.70 1.02 0.00 0.00 1.21
time (sec) N/A 0.134 0.154 0.293 0.538  0.359 0.000 0.000 12.939
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B A F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 114 114 133 187 288 416 0 0 -1
N.S. 1 1.00 1.17 1.64 2.53 3.65 0.00 0.00 -0.01
time (sec) N/A 0.322 0.228 0.325 0.524  0.483 0.000 0.000 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 118 118 132 117 0 422 0 0 -1
N.S. 1 1.00 1.12 0.99 0.00 3.58 0.00 0.00 -0.01
time (sec) N/A 0.324 0.194 0.318 0.000  0.512 0.000 0.000 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 46 46 62 74 0 216 0 60 -1
N.S. 1 1.00 1.35 1.61 0.00 4.70 0.00 1.30  -0.02
time (sec) N/A 0.111 0.072  2.620 0.000  0.575 0.000 0.462 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A F F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 102 102 145 111 63 0 0 1 -1
N.S. 1 1.00 1.42 1.09 0.62 0.00 0.00 0.01 -0.01
time (sec) N/A 0.294 0.980 0.259 0.511 0.000 0.000 0.442 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A F F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 100 100 148 113 63 0 0 117 -1
N.S. 1 1.00 1.48 1.13 0.63 0.00 0.00 1.17  -0.01
time (sec) N/A 0.300 0.997 0.248 0.544  0.000 0.000 0.470 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B C A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 46 46 63 111 202 205 0 187 -1
N.S. 1 1.00 1.37 2.41 4.39 4.46 0.00 4.07  -0.02
time (sec) N/A 0.124 0.126 0.246 0.642 0.475 0.000 0.520 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 105 105 746 120 0 833 0 148 -1
N.S. 1 1.00 7.10 1.14 0.00 7.93 0.00 1.41 -0.01
time (sec) N/A 0.201 23.957 9.704 0.000 0.764 0.000 0.495 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 165 165 331 208 0 1118 0 195 -1
N.S. 1 1.00 2.01 1.26 0.00 6.78 0.00 1.18  -0.01
time (sec) N/A 0.314 1.583 10.938  0.000 1.735 0.000 0.501  0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 149 149 661 1025 0 3409 0 0 -1
N.S. 1 1.00 4.44 6.88 0.00 22.88  0.00 0.00 -0.01
time (sec) N/A 0.339 50.498 0.513 0.000 1.704 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 83 83 436 526 0 1341 0 0 -1
N.S. 1 1.00  5.25 6.34 0.00 16.16  0.00 0.00 -0.01
time (sec) N/A 0.142 47.758 0.306 0.000 1.053  0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F A F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 166 166 2568 613 0 3170 0 0 -1
N.S. 1 1.00 1547  3.69 0.00 19.10  0.00 0.00 -0.01
time (sec) N/A 0.350 24.660 0.366 0.000 1.812  0.000 0.000 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 168 168 3062 621 0 3297 0 0 -1
N.S. 1 1.00 18.23 3.70 0.00 19.62  0.00 0.00 -0.01
time (sec) N/A 0.355 24.890 0.265 0.000 1.884 0.000 0.000 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 238 238 452 593 0 0 0 0 -1
N.S. 1 1.00 1.90 2.49 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.341 16.357 33.063  0.000 0.000  0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 246 246 462 587 0 0 0 0 -1
N.S. 1 1.00 1.88 2.39 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.331 14.627 30.576  0.000 0.000  0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 267 267 13199 22961 0 0 0 0 -1
N.S. 1 1.00 49.43 86.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.341 87.344 0.961 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 116 116 3415 6804 0 0 0 0 -1
N.S. 1 1.00 29.44 58.66 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.133 84.594 0.333 0.000  0.000 0.000 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 252 252 5708 6815 0 0 0 0 -1
N.S. 1 1.00 22.65 27.04 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.332 84.565 0.435 0.000  0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 256 256 1661 9043 0 0 0 0 -1
N.S. 1 1.00 6.49 35.32 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.351 33.514 0.368 0.000  0.000 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 123 123 567 4546 0 3671 0 0 -1
N.S. 1 1.00 4.61 36.96 0.00 29.85  0.00 0.00 -0.01
time (sec) N/A 0.307 2.956 0.343 0.000 1.136  0.000 0.000 0.000
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 61 61 367 238 0 1080 0 0 -1
N.S. 1 1.00 6.02 3.90 0.00 17.70  0.00 0.00 -0.02
time (sec) N/A 0.128 2.943 20.056 0.000 0.899 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 140 140 2506 347 0 2911 0 0 -1
N.S. 1 1.00 1790 2.48 0.00 20.79  0.00 0.00 -0.01
time (sec) N/A 0.339 27.178 0.283 0.000  0.748 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 140 140 309693 364 0 3125 0 0 -1
N.S. 1 1.00 2212.09 2.60 0.00 22.32 0.00 0.00 -0.01
time (sec) N/A 0.320 42.856 0.241 0.000  0.825 0.000 0.000 0.000
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) B F(-1) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 181 181 178 244 0 2889 0 299 2500
N.S. 1 1.00 0.98 1.35 0.00 15.96 0.00 1.65 13.81
time (sec) N/A 0.355 0.778 1.969 0.000  65.596 0.000 0.559 27.407
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 154 154 179 190 0 0 0 0 -1
N.S. 1 1.00 1.16 1.23 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.339 23.283 11.436  0.000 0.000  0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 146 146 203 254 0 0 0 0 -1
N.S. 1 1.00 1.39 1.74 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.320 23.395 10.957  0.000 0.000 0.000 0.000 0.000
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-1) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 254 254 23019 6211 0 0 0 0 -1
N.S. 1 1.00 90.63 24.45 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.335 39.210 2.960 0.000  0.000 0.000 0.000 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 250 250 8202 3298 0 0 0 0 -1
N.S. 1 1.00 32.81 13.19 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.344 48.673 0.289 0.000  0.000 0.000 0.000 0.000
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F(-1) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 114 114 3427 2933 0 0 0 0 -1
N.S. 1 1.00 30.06 25.73 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.138 47.734 0.349 0.000  0.000 0.000 0.000 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 246 246 4935 3698 0 0 0 0 -1
N.S. 1 1.00 20.06 15.03 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.366 49.277 0.293 0.000  0.000 0.000 0.000 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-1) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 254 254 23019 6200 0 0 0 0 -1
N.S. 1 1.00 90.63 24.41 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.342 39.501 0.719 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F(-1) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 114 114 3429 2925 0 0 0 0 -1
N.S. 1 1.00 30.08 25.66 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.139 47.477 0.389 0.000  0.000 0.000 0.000 0.000
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 391 391 274 268466 0 0 0 0 -1
N.S. 1 1.00 0.70 686.61 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.373 0.190 4.437 0.000  0.000 0.000 0.000 0.000
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 198 198 197 1924 0 0 0 0 -1
N.S. 1 1.00 0.99 9.72 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.132 0.113 0.591 0.000  0.000 0.000 0.000 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 398 398 374 26840 0 0 0 0 -1
N.S. 1 1.00 094 67.44 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.389 1.645 0.424 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 157 157 168 0 0 0 0 0 -1
N.S. 1 1.00 1.07 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.204 0.799 0.204 0.000  0.000 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [15] had the largest ratio of [40]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma?lize.d integrand number of rules
# | grade S;seep; uz;g:e antlf;“r:ifzzwe leaf size integrand leaf size
1 A 13 4 1.00 32 0.125
2 A 11 4 1.00 32 0.125
3 A 10 ) 1.00 30 0.167
4 A 4 4 1.00 24 0.167
5! A 6 ) 1.00 30 0.167
6 A 8 7 1.00 32 0.219
7 A 7 ) 1.00 32 0.156
3 A 6 6 1.00 32 0.188
9 A 11 ) 1.00 32 0.156
10 A 11 4 1.00 32 0.125
11 A 13 4 1.00 32 0.125
12 A 5 5 1.29 34 0.147
13 A ) ) 1.00 34 0.147
14 A 8 7 1.00 34 0.206
15 A 6 6 1.00 40 0.150
16 A 3 3 1.00 40 0.075
17, A 6 6 1.00 40 0.150
18 A 6 6 1.00 40 0.150
19 A 2 2 1.00 36 0.056
20 A 6 6 1.00 36 0.167
21] A 6 6 1.00 36 0.167
22 A 3 3 1.00 36 0.083
23] A ) 4 1.00 33 0.121
24 A 8 6 1.00 33 0.182
25) A ) 4 1.00 39 0.103
Continued on next page
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number of

number of

normalized

A o integrand b f rul
# | grade sheps widie | antidertvative | e tegrand leaf size
26 A 2 2 1.00 39 0.051
27 A 5 4 1.00 39 0.103
28 A 5 4 1.00 39 0.103
29 A 9 9 1.00 33 0.273
30 A 9 9 1.00 33 0.273
31 A 3 3 1.00 39 0.077
32 A 1 1 1.00 39 0.026
33 A 3 3 1.00 39 0.077
34 A 3 3 1.00 39 0.077
35 A 5 5 1.00 35 0.143
36 A 2 2 1.00 35 0.057
37 A 5 5 1.00 35 0.143
@ A 5 5 1.00 35 0.143
39 A 8 5 1.00 33 0.152
40j A 5 3 1.00 33 0.091
41 A 5 3 1.00 33 0.091
42 A 3 3 1.00 39 0.077
43 A 3 3 1.00 39 0.077
44 A 1 1 1.00 39 0.026
45 A 3 3 1.00 39 0.077
46 A 3 3 1.00 39 0.077
47 A 1 1 1.00 39 0.026
48 A 3 3 1.00 35 0.086
49 A 1 1 1.00 35 0.029
50 A 3 3 1.00 35 0.086
51 A 4 4 1.00 38 0.105
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Chapter 3

Listing of integrals

Local contents

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10
3.11
3.12

3.13
3.14
3.15

3.16

3.17
3.18
3.19
3.20

[ sin®(e + fz)(a + asin(e + fz))*(c —csin(e + fz))dz . . . ... ... ...
[ sin*(e + fz)(a + asin(e + fz))*(c —csin(e + fz))dz . . . ... ... ...

[ sin(e + fz)(a+ asin(e + fz))*(c — csin(e + fz)) dz
[(a+asin(e + fz))*(c — csin(e + fz))dz . . . . ..

[ csc(e + fz)(a+ asin(e + fz))*(c — csin(e + fz)) dz
[ esc?(e + fz)(a+ asin(e + fz))*(c — csin(e + fz)
(e + fz)(a+ asin(e + fx))*(c — csin(e + fx)
[ csc*(e + fz)(a+ asin(e + fz))?*(c — csin(e + fz)
(e+ fz)(a+ asin(e + fz))*(c — csin(e + fz)
[ esc®(e + fz)(a+ asin(e + fz))*(c — csin(e + fz)
(e+ fz)(a+ asin(e + fz))*(c — csin(e + fz)
)3/2(c — csin(c + dx

)
) da
) da
) dx
) da
)
)

csc(e+fz)\/a + asin(e + fz)
f c—csin(e+fz) dzx
csc(e+fx)

f \/a+asm e—l— ffL')(c csin(e+fz))
I Vgsin(e + fz) \/a+as1n(e+fz)

c—csin(e+fz) Yoottt

I \/a+asm(e—|—fa:)
\/g Sln e+ f.’I,' (c csin(e+fz))

\ /g sin(e + fx)

f \/a + asm e+ fCL‘) (e— csm(e—i—f:c))

: d
J Vgsin(e + fz) \/a+ asm(e + fT) (c—csin(e+fz))

[esc(e+ fx)\/a+asin(e + fz) \/c —csin(e + fz) dz

csc(e+fz)\/a + asin(e + fz)
i i : dz
Ve —csin(e + fx)

37

dr . ... ... .....

de . ... ... .....
Yde . . ..o



3.21

3.22

3.23

3.24

3.25

3.26

3.27
3.28

3.29
3.30
3.31

3.32

3.33
3.34
3.35
3.36

3.37
3.38
3.39
3.40
3.41
3.42

3.43

3.44

csc(e+fz)\/C — csin(e + fz)
i : > dz
Va+asin(e + fz)
f csc(e‘+fx) dr
Va+asin(e + fz) \/c— csin(e + fz)

csc(e+fz)\/a + asin(e + fz) P
f ct+dsin(e+fx) z
csc(e+fx) dz

J Va+asin(e + fx)‘(c+dsm(e+fa:))
I Vgsin(e + fz) \/a+a31n(e+fx)

ctdsin(e+fz) Tttt

[ \/a+asm(e+fm)
Vgsin(e + fz) (c+dsin(etfz))

I g sin(e + fz)
\/ a+ asin(e + fz) (c+dsm(e+fa:))

\/g sin(e + fz) \/a + asm(e + fT) (ctdsin(e+fz))

I csc(e+fz)\/a + bsin(e + fz)
c+csin(e+fx)

f csc(e—i—fz)‘
\/a +b sin(e + ffI?) (c+csin(e+fx))
I Vgsin(e + fz) \/a+ bsin(e + fz) s

ctesin(erfo) T

I \/a + bs1n(e + fz) i
Vgsin(e + fz) (ctesine+sa)
I gsin(e + fx)
\/a +b sin(e + fCL') ‘(c—}-csin(e—}-f:c)) .........
1 dz

J Vgsin(e + fz) \/a+ bsin(e + fz) (ctesin(e+fa))

[esc(e+ fz)\/a+ asin(e+ fz) \/c+dsin(e + fz) dz

csc(e+fz)\/a + asin(e + fz)

i _ : dx
Ve +dsin(e + fz)

[ csc(e+fa)\/c + dsin(e + fz)
Va+asin(e + fz)

de . .. .. ... ...

f csc(e+f.'z:)
va+ asin(e + fz) \/c+dsin(e —+—fx)

sin?(e+fx)
f (a+bsin(e+fz))2(ct+dsin(e+fz)) dx

csc(e+fo)\/c + dsin(e + fz)
f a+bsin(e+fx)
csc(e+fx)

(a-+bsin(e+fz)) \/c +dsin(e + fz)
[ \/gsin(e + fr) \/a+bsin(e + fz) i

ctdsin(e+fz) 0 oottt

I \/a—l—bsm(e-l-fx)
Vgsin(e + fz) (c+dsin(e+fz))

I gsin(e + fz)
Va+ bsin(e + fz) (ct+dsin(e+fz))

de . .. ... .. ...

de . . ... ... ...
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3.45

3.46
3.47
3.48
3.49
3.50
3.51

1
/ Vgsin(e + fz) \/a+ bsin(e + fx) (c+dsin(e+fa))
I Vgsin(e + fz) \/c+dsin(e + fz) s

atbsin(etfz) T oo

Vgsin(e + fz)

(atbsin(e+f2))\/C + dsin(e + fz)

[esc(e+ fx)\/a+bsin(e + fr) \/c+dsin(e+ fr) dz . . .
dr . ... ...

f csc(e+fx) \/a + bsin(e + fIL') |

Ve+dsin(e + fz)
csc(e+fx)

/ va+bsin(e + fz) \/c+dsin(e + fz)

[(a+ asin(e + fz))™(A + Bsin(e + fz))P(c — csin(e + fz))" dz

de .. .......
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3.1 [ sind(e + fz)(a +asin(e + fxz))*(c — csin(e +
fz))dz

Optimal. Leaf size=121

iazcz_a%cos?’(e + fz) +a2c cos’(e+ fx) a’ccos(e+ fx)sin(e + fz) a’ccos(e + fz)sin’(e + fx) _i_a_2
16 3f 5f 16f 24f

[Out] 1/16%a~2%c*xx-1/3%a"2%cxcos (fxx+e) ~3/f+1/5%a~2*c*xcos (f*xx+e) ~5/f-1/16%a~2*c*c
os(fxx+e)*xsin(f*xx+e) /f-1/24*%a~2*c*cos (f*x+e) *sin(f*x+e) ~3/f+1/6*a " 2*xc*xcos (f

*x+e) *sin (fxx+e) ~"5/f

Rubi [A]

time = 0.13, antiderivative size = 121, normalized size of antiderivative = 1.00, number of

number of rules _ j 195
' integrand size ’

steps used = 13, number of rules used = 4, integrand size = 32
Rules used = {3045, 2713, 2715, 8}

a*ccos’(e+ fz) a*ccos’(e+ fz) | a’csin’(e+ fz)cos(e+ fx)  a’csin®(e+ fx)cos(e+ fx) dPcsin(e+ fz)cos(e+fz) 1 ,
5f 3f 6f 24f 16f 16

Antiderivative was successfully verified.
[In] Int[Sin[e + f*x] 3*(a + a*Sin[e + f*x]) " 2%(c - c*Sin[e + f*x]),x]

[Out] (a"2%c*x)/16 - (a~2xc*Cos[e + f*x]~3)/(3*f) + (a~2*c*Cos[e + £*x]~5)/(5xf)
- (a"2%c*Cos[e + f*x]*Sin[e + fx*xx])/(16%f) - (a"2xc*Cos[e + f*xx]*Sin[e + fx*
x]~3)/(24xf) + (a~2*c*Cos[e + f*x]*Sin[e + fxx]~5)/(6%*f)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
nd[(1 - x72)7((n - 1)/2), x], x], x, Coslc + d*x]], x] /; FreeQ[{c, d}, x]
& IGtQ[(n - 1)/2, 0]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*%((n - 1)/n), Int[(b*Sin[
c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 3045

Int[sin[(e_.) + (f_)*(x_)]1"(n_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)])"(m
_)x((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)]1), x_Symbol] :> Int[ExpandTriglsi
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nle + f*x] nx(a + bxsin[e + f*x]) m*x(A + Bxsin[e + f*x]), x], x] /; FreeQ[{
a, b, e, £, A, B}, x] & EqQ[Axb + a*B, 0] && EqQ[a"2 - b~2, 0] && IntegerQ
[m] && IntegerQ[n]

Rubi steps

/sing(e + fz)(a + asin(e + fz))*(c — csin(e + fz)) dz = / (a’csin®(e + fz) + a’csin’(e + fz) — acsi

= (a%) /sin3(e + fz)dz + (a’c) /sin4(6 + fz

a’ccos(e + fx)sin®(e + fr) = a’ccos(e + f:
- +

if e

__ad’ccos’(e+ fz)  a’ccos’(e+ fx)  3a’cc
3f 5/

_ §azcx _ d’ccos’(e+ fx) | a’ccos’(e + fx)

-8 3f 5f

2., nocd 2., oD

_ ia2cx _ a’ccos’(e + fz) 4 @ecos (e + fx)

16 3f 5f

Mathematica [A]
time = 0.09, size = 77, normalized size = 0.64

a%c(60e + 60 fz — 120 cos(e + fz) — 20cos(3(e + fz)) + 12cos(5(e + fz)) — 15sin(2(e + fz)) — 15sin(4(e + fz)) + 5sin(6(e + fz)))
960 f

Antiderivative was successfully verified.

[In] Integrate[Sin[e + f*x]~3*(a + a*Sin[e + f*x])~2*(c - c*Sin[e + f*x]),x]
[Out] (a~2*c*(60%e + 60*xf*x — 120%Cos[e + f*xx] - 20%Cos[3*(e + fxx)] + 12%Cos[5*(
e + f*x)] - 15%Sin[2*(e + f*x)] - 15%Sin[4*(e + f*xx)] + 5xSin[6*(e + f*x)])

)/ (960%f)

Maple [A]

time = 0.20, size = 147, normalized size = 1.21

method result
risch a?cx _ accos(fr+e) + a®csin(6fz+6e) + a?ccos(5fz+5e)  aZcsin(4fz+4e)  aZccos(3fz+3e)  aZcs
16 8f 1927 80f B64f 48f
. 3 ) 2
(sin5(fz+e)+5(sm (4fz+e)) 4 15 51n(8fa:+e)> cos(fz+e) a26<%+sin4(fz+e)+4(sm (3f.7:+e)) > cos(fz
—a?c| - 5 + 51]fo + % + 5
derivativedivides 7
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in3 ) 4(sin2
(Sins(fm+e)+5(sm (4fz+5)) + 15 51n(8fz+e)> cos(fz+e) a2c <%+sin4(fm+e)+w> cos(fz+e
—a?c| - 3 +51f76z+% + 5
default 7
4a2¢ | a2ex Sa2c(tan6(%+e)) 8a20(tan2(%+g)) 4a20(tan8(%+%)) azctan(i}-ﬁ—%) 17a2c(tan3(f7x+%))
norman S T S 37 _ 5f - i - 87 - 34} +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(f*x+e) 3*(a+a*sin(f*x+e)) " 2*(c-cxsin(f*x+e)),x,method=_ RETURNVERBOS
E)

[Out] 1/fx(-a~2*c*x(-1/6*(sin(f*x+e) "5+5/4*xsin(f*x+e) " 3+15/8*sin(f*x+e))*cos (f*x+e
)+5/16%f*x+5/16%e)+1/5*xa”~2*xc* (8/3+sin(f*x+e) ~4+4/3*sin (f*x+e) ~2) *cos (f*xx+e)
+a”~2xcx (-1/4* (sin(f*x+e) "3+3/2*sin(f*x+e) ) *cos (f*x+e)+3/8*f*x+3/8%e)-1/3*a”

2xc* (2+sin (f*x+e) ~2) xcos (f*x+e))

Maxima [A]

time = 0.29, size = 159, normalized size = 1.31

64 (3 cos (fz +€)° — 10 cos (fz +e)° + 15 cos (fz + €))a’c + 320 (cos (fz + €)* — 3 cos (fz + €))a’c — 5 (4 sin (2 fo +2€)* + 60 fz +60e + 9 sin (4 fz + 4¢) — 48 sin (2 fo + 2€))a’c + 30 (12 fz + 12¢ + sin (4 fo + 4¢) — 8 sin (2 fz + 2¢))a’c
960 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e) ~3*(ata*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="ma
xima")

[Out] 1/960%(64*(3*cos(f*x + e)”5 - 10*cos(f*x + e)~3 + 16*xcos(f*x + e))*a"2*xc +
320*%(cos(f*x + e)~3 - 3*xcos(f*x + e))*a"2xc - bx(4*sin(2*f*x + 2%e)~3 + 60%

fxx + 60*%e + 9*sin(4*fxx + 4*xe) - 48*sin(2xf*x + 2%e))*a~2xc + 30*%(12xf*x +

12%e + sin(4*xf*x + 4xe) — 8*sin(2xf*xx + 2%e))*a”2x*c)/f

Fricas [A]

time = 0.37, size = 97, normalized size = 0.80

48 a’ccos (fa +e)’ — 80 accos (fz +€)’ + 15a%cfz + 5 (8a’ccos (fa +€)’ — 14accos (fz + €)’ + 3a’ccos (fz + €)) sin (fz +€)
240 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e) ~3*(a+ta*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="fr
icas")

[Out] 1/240%(48xa~2xcxcos(f*x + e)~5 - 80%a~2xcxcos(f*x + e€)~3 + 15%xa~2%cxfxx + 5
*(8%a~2kckxcos(fxx + e)”5 - 14*xa~2*ckcos(f*x + e)~3 + 3*a~2xckcos(f*x + e))*
sin(f*xx + e))/f
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Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 415 vs.
2(110) = 220.
time = 0.46, size = 415, normalized size = 3.43

from:

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e)**3*(at+a*sin(f*x+e))**2x(c-c*sin(f*x+e)),x)

[Out] Piecewise((-5*a*x*2*c*x*sin(e + f*x)**x6/16 — 15*a**2*ckx*sin(e + f*x)**4d*xcos
(e + £*x)*%2/16 + 33*kax*x2xcxx*xsin(e + f*x)**4/8 - 16xax*x2xcxx*xsin(e + f*x)**
2xcos(e + f*x)**4/16 + 3*ka*xx2kckx*sin(e + f*xx)**x2kxcos(e + f*xx)**x2/4 - Skaxx
2k%ckx*kcos(e + fxx)*x6/16 + 3*a**2*ckx*cos(e + fxx)**x4/8 + 1l1*a**2*c*sin(e +
f*x)*x5xcos(e + fxx)/(16*f) + ax*2*c*sin(e + f*x)*x4dxcos(e + fxx)/f + S*ax
*2xcxsin(e + fxx)**3*cos(e + f*x)**x3/(6xf) - Sxaxx2xcksin(e + f*xx)**3*cos(e
+ fxx)/(8*%f) + 4xaxx2kcksin(e + f*x)**2xcos(e + f*x)**x3/(3*f) - ax*x2kc*sin
(e + f*x)**2xcos(e + f*xx)/f + Sxa*x2xc*sin(e + f*x)*cos(e + fxx)**5/(16%f)
- 3xaxx2kc*sin(e + f*x)*cos(e + f*x)*x3/(8xf) + 8*axx2xckcos(e + f*xx)**5/(1
5%f) - 2kaxx2xcxcos(e + f*x)**3/(3*%f), Ne(f, 0)), (xx(a*sin(e) + a)**2x(-cx*
sin(e) + c)*sin(e)**3, True))

Giac [A]
time = 0.45, size = 119, normalized size = 0.98
1, a’ccos (5 fx+5e) d’ccos(3fr+3e) da’ccos(fr+e) dPesin(6fr+6e) a’csin(4fr+de) a’esin(2fz+2¢)

6% 80f 48 8f 192 f 64 f 64 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e) 3*(ata*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="gi
ac")

[Out] 1/16%a~2%c*xx + 1/80%a"2xc*cos(b*xf*xx + 5%e)/f - 1/48%a"2xc*cos(3*f*x + 3*e)/
f - 1/8%a"2xckcos(f*x + e)/f + 1/192xa"2*cxsin(6xfxx + 6xe)/f - 1/64*xa~2*cx*
sin(4xf*x + 4%e)/f - 1/64xa"2*cxsin(2xf*x + 2xe)/f

Mupad [B]

time = 14.24, size = 256, normalized size = 2.12

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(e + f*x) " 3*(a + a*sin(e + f*x)) 2%(c - c*sin(e + f*x)),x)

[Out] (a"2*c*(15%e - 30*tan(e/2 + (f*x)/2) - 384xtan(e/2 + (f*x)/2)"2 - 170*tan(e
/2 + (£f%x)/2)"3 + 1140xtan(e/2 + (f*x)/2)"5 - 640*tan(e/2 + (f*x)/2)°6 - 11
40*tan(e/2 + (£f*x)/2)°7 - 960*tan(e/2 + (f*x)/2)"8 + 170xtan(e/2 + (f*x)/2)
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9 + 30*tan(e/2 + (£f*x)/2)711 + 15xfxx + 90*tan(e/2 + (£f*x)/2) " 2*(e + f*xx)
+ 225xtan(e/2 + (f*x)/2)"4*(e + f*xx) + 300*xtan(e/2 + (f*x)/2)"6*(e + f*xx) +
225xtan(e/2 + (f*x)/2)"8*(e + f*x) + 90*tan(e/2 + (f*x)/2)"10x(e + f*x) +
16xtan(e/2 + (f*x)/2)"12%(e + f*x) - 64))/(240*xf*x(tan(e/2 + (f*x)/2)"2 + 1)

~6)
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3.2 [ sin*(e + fz)(a +asin(e + fz))*(c — csin(e +
fz))dz

Optimal. Leaf size=96

1, a’ccos®(e+ fx) +a20 cos’(e + fz) a’ccos(e+ fz)sin(e+ fx) +a20 cos(e + fz)sin3(e + fx)
—a’cz— —

8 3f 5f 8f 4f

[Out] 1/8*%a~2%cxx-1/3*%a~2*c*cos (f*xx+e) ~3/f+1/5%a~2xc*cos (f*x+e)~5/f-1/8*a"~2xc*cos
(f*x+e)*sin(f*xx+e) /f+1/4%a~2*c*xcos (f*x+e) *sin(f*x+e) ~3/f

Rubi [A]

time = 0.10, antiderivative size = 96, normalized size of antiderivative = 1.00, number of

number of rules _ j 195
' integrand size ’

steps used = 11, number of rules used = 4, integrand size = 32
Rules used = {3045, 2715, 8, 2713}

a’ccos’(e+ fz) a*ccos*(e+ fz) a’csin®(e+ fz)cos(e + fz) a’csin(e + fz)cos(e + fx) 4 1a2

5f 3f af 8f 8

CIT

Antiderivative was successfully verified.
[In] Int[Sin[e + f*x]"2%(a + a*Sin[e + f*x]) 2*(c - c*Sin[e + f*x]),x]

[Out] (a"2*c*x)/8 - (a~2*c*Cos[e + f*x]~3)/(3*f) + (a~2*c*Cos[e + f*x]~5)/(56%f) -
(a~2xcxCos[e + f*x]*Sinl[e + f*xx])/(8xf) + (a~2*c*Cos[e + f*x]*Sin[e + f*x]
~3)/(4%f)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
nd[(1 - x2)°((n - 1)/2), x], x], x, Cos[c + d*x]], x] /; FreeQ[{c, 4}, x]
&& IGtQ[(n - 1)/2, 0]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*x((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 3045

Int[sin[(e_.) + (f_)*(x_)]1"(n_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)])"(m
_)x((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)]1), x_Symbol] :> Int[ExpandTrigl[si
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nle + f*x] nx(a + bxsin[e + f*x]) m*x(A + Bxsin[e + fxx]), x], x] /; FreeQ[{
a, b, e, £, A, B}, x] & EqQ[Axb + a*B, 0] && EqQ[a"2 - b~2, 0] && IntegerQ
[m] && IntegerQ[n]

Rubi steps

/sinz(e + fz)(a+ asin(e + fz))*(c — csin(e + fz))dz = / (a’csin®(e + fz) + a’csin®(e + fz) — a’csin

= (a%c) /sinz(e + fz)dz + (a’c) /sin3(e + fz)
_a’ccos(e + fx)sin(e + fx) N a’ccos(e + fz)

2f Af
_ la%x _ d’ccos’(e + fx) | a’ccos’(e+ fx)
2 3f 5f
2 3 2 5
_ lazcx _ a’ccos’(e + fx) 4 aecos (e+fz)
8 3f 5f

Mathematica [A]
time = 0.06, size = 57, normalized size = 0.59

a’c(60e + 60 fz — 60 cos(e + fx) — 10cos(3(e + fz)) + 6cos(5(e + fz)) — 15sin(4(e + fz)))
480f

Antiderivative was successfully verified.

[In] Integrate[Sin[e + f*x]~2+(a + a*Sin[e + f*x])~2*(c - c*Sin[e + f*x]),x]

[Out] (a~2*c*(60*e + 60*xf*x — 60*%Cos[e + f*xx] - 10%Cos[3*(e + f*xx)] + 6*Cos[5x(e
+ fxx)] - 15xSin[4x(e + f*x)]))/(480%f)

Maple [A]
time = 0.14, size = 126, normalized size = 1.31

method result
isch a?cx a?ccos(fz+e) + a’ccos(5fx+5e) _ a’csin(4fx+4e) _ a?ccos(3fx+3e)
T1SC 8 8f 80f 32f 48F
4 sin2(fa:+e)
“2C<%+ sint(f2t e”(ﬁi) cos(fete) (sin®(forer+ 28GR ) cos(pate) aZc(2+sin? (fa+
5 —a’c| — 1 +%+%€ - 3
derivativedivides 7
. 4 sinz(fz+e) .
a20<%+51n4(f1:+e)+4( - ),) cos(fz+e) (sin%fw+e)+%) cos(fote) s a20(2+sin2(fz+¢
5 —a’c| - 1 +%+%e - 3

default 7




norman

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(f*x+e) 2% (a+a*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x,method=_ RETURNVERBOS
E)

[Out] 1/fx(1/5%a~2%c*(8/3+sin(f*x+e) ~4+4/3xsin(f*x+e) ~2)*cos(f*xx+e)-a~2*ckx(-1/4%*(
sin(f*x+e) “3+3/2*sin(f*x+e)) *cos (f*x+e)+3/8xf*x+3/8*e)-1/3*%a"2xc* (2+sin(f*x
+e)~2) *cos (f*x+e)+a”~2%cx (-1/2xcos (f*xx+e) *sin (f*xx+e)+1/2xf*xx+1/2%e))

Maxima [A]

time = 0.29, size = 133, normalized size = 1.39

32(3 cos (fz +€)° — 10 cos (fz +¢)° + 15 cos (fz + €))a’c + 160 (cos(fz+e)3—3 cos(fz +e))a?c—15(12 fz + 12e +sin (4 fz + 4e) — 8 sin (2 fz + 2¢))a’c + 120 (2 fz + 2e — sin (2 fz + 2¢))a’c
180f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e) 2*(at+a*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="ma
xima")

[Out] 1/480%(32%(3*cos(f*x + e)~5 — 10*cos(f*x + e)~3 + 15*cos(f*x + e))*a~2xc +
160* (cos(f*x + e)~3 - 3*cos(f*xx + e))*a"2xc - 16x(12*%f*xx + 12%e + sin(4*fx*x

+ 4xe) - 8*sin(2xf*x + 2%e))*a”2%c + 120%(2*f*x + 2%e - sin(2xf*x + 2%e))*
a~2xc)/f

Fricas [A]

time = 0.37, size = 82, normalized size = 0.85

24 a%ccos (fz +€)° — 40a’ccos (fz + €)’ + 15acfz — 15 (2a2ccos (fz + €)® — a’ccos (fz + €)) sin (fz + e)
120

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e) 2x(a+axsin(f*x+e)) 2*(c-c*sin(f*x+e)),x, algorithm="fr
icas")

[Out] 1/120%(24xa~2*c*xcos(f*x + e€)~5 - 40%a~2*ckcos(f*x + e)~3 + 15%a~2*ckxfxx - 1
5% (2%xa~2*%ckcos(f*xx + e€)~3 - a~2kckxcos(f*xx + e))*sin(f*x + e))/f

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 301 vs.
2(87) = 174.
time = 0.32, size = 301, normalized size = 3.14

Sa%crsint (e+fz) _ Salexsin® (et fr)cos® (etfz) |, aPcrsind (e+fr) _ Bulcwcost (c+fa) | alercos? (e+fz) | alesind (chfr)eos(etfz) | Sulesin® (e+fz)cos(etfs) , daesin? (etfr)oos® (efz) _ aPesin? 307 ) cos® (e/2) _ a% Sa%ccos® (e/z) _ 2utceos’ (e+fa)
g T + 7 g + 7 + 7 * 7 + Bl + B . 27 T 37 forf#0
o

asin () + a)* (—csin (e) + ¢ sin? (¢) otherwise 3

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(f*x+e)**2x(at+a*sin(f*x+e))**2x(c-c*sin(f*x+e)),x)

[Out] Piecewise((-3*a**2*c*x*sin(e + f*xx)**x4/8 - 3xa**2*ckx*sin(e + fxx)**x2xcos(e
+ f*x)**2/4 + a*xx2xcxx*ksin(e + f*xx)**2/2 - 3*xa*x*2*ckx*xcos(e + f*x)**x4/8 +
ax*k2kxckxkcos(e + fxx)**x2/2 + a**2*cksin(e + f*xx)*x4dxcos(e + f*x)/f + Hxax*x2
xcksin(e + f*xx)*x*x3*cos(e + f*x)/(8*f) + 4xa*x*2xcksin(e + f*x)**2*cos(e + f*
x)*%3/(3%f) - ax*x2xcxsin(e + f*x)**x2xcos(e + f*xx)/f + 3xa**x2xcxsin(e + f*x)
xcos(e + f*x)*x3/(8*f) - ax*x2kc*sin(e + f*x)*cos(e + f*x)/(2xf) + 8ka**2xcx

cos(e + f*xx)**x5/(16%f) - 2xax*x2xc*cos(e + f*xx)**x3/(3xf), Ne(f, 0)), (xx(axs

in(e) + a)**2x(-c*sin(e) + c)*sin(e)**2, True))

Giac [A]
time = 0.45, size = 81, normalized size = 0.84

2, a’ccos (5 fx +5e) a’ccos(3fr+3e) a’ccos(fr+e) a’csin(4fr+4e)
8 80 f 3 f 8 f 32 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e) 2% (a+ta*sin(f*x+e)) 2*(c-c*sin(f*x+e)),x, algorithm="gi
ac")

[Out] 1/8*%a"2%cxx + 1/80%a"2xcxcos(5xf*x + Bxe)/f - 1/48xa"2%cxcos(3xfxx + 3xe)/f
- 1/8%a"2xc*xcos(f*x + e)/f - 1/32%a"2xc*sin(4*f*xx + 4%e)/f

Mupad [B]
time = 14.18, size = 212, normalized size = 2.21

a?c(15¢ = 30tan(5 + ) - 160tan(5 + £)° + 180tan( + £)" + 160 tan(5 + 52)* — 480tan(5 + £)° — 180tan(5 + )"+ 30tan(5 + £)" + 15 fo+ T5tan(5 + &) (e + £ ) + 150tan(5 + )" (e + £2) + 150tan(5 + £2)° (e + f2) + Totan(5 + &) e+ f2) + 15tan(5 + £) " e+ £ 1) - 32)

12uf(mn(§+%f+1)5
Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(e + f*x) 2x(a + a*sin(e + f*x)) 2%(c - c*sin(e + f*x)),x)

[Out] (a"2*c*x(15%e - 30*tan(e/2 + (f*x)/2) - 160*tan(e/2 + (f*x)/2)"2 + 180*tan(e
/2 + (£xx)/2)"3 + 160*tan(e/2 + (£f*x)/2)"4 - 480*tan(e/2 + (f*x)/2)°6 - 180
xtan(e/2 + (£f*x)/2)°7 + 30xtan(e/2 + (£f*x)/2)"9 + 15xfxx + 75xtan(e/2 + (fx*
x)/2)"2x(e + f*x) + 150*tan(e/2 + (f*x)/2)"4x(e + f*x) + 150*tan(e/2 + (f*x
)/2)"6%(e + f*xx) + T5xtan(e/2 + (f*x)/2)"8*(e + f*x) + 15xtan(e/2 + (f*x)/2
)"10x(e + f*x) - 32))/(120xf*(tan(e/2 + (£f*x)/2)"2 + 1)°5)
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3.3 [ sin(e + fz)(a + asin(e + fz))*(c — csin(e +
fz))dz

Optimal. Leaf size=77

1, a’ccos®*(e+ fx) a’ccos(e + fr)sin(e + fx) N a’ccos(e + fx)sin®(e + fzr)
—a’cx — -

8 3f 8f 4f
[Out] 1/8*a~2xcxx-1/3*a"2*c*cos(f*xx+e) ~3/f-1/8*a~2xc*cos (f*x+e)*sin(f*xx+e)/f+1/4x%
a~2*ckxcos (f*xx+e)*sin(f*x+e) ~3/f
Rubi [A]
time = 0.07, antiderivative size = 77, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.167,

steps used = 10, number of rules used = 5, integrand size = 30
Rules used = {3045, 2718, 2715, 8, 2713}

_a’ccos’(e + fu) N a’csin®(e + fz) cos(e + fx)  a’csin(e + fx) cos(e + fx) 4 la,ch
3f I 8f 8

Antiderivative was successfully verified.

[In] Int[Sin[e + f*x]*(a + a*Sin[e + f*x])~2%(c - c*Sinl[e + f*x]),x]

[Out] (a~2*c*x)/8 - (a"2*c*Cos[e + f*x]~3)/(3*f) - (a"2xc*Cos[e + f*x]*Sin[e + f*
x]1)/(8%f) + (a~2%cxCos[e + fxx]*Sin[e + f*x]~3)/(4x*f)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
nd[(1 - x72)"((n - 1)/2), x], x], x, Coslc + d*x]], x] /; FreeQ[{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*x((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 2718

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]
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Rule 3045

Int[sin[(e_.) + (£_)*(x_)]1"(n_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)])"(m
_Ox((A_.) + (B_.)*xsin[(e_.) + (£_.)*(x_)]1), x_Symbol] :> Int[ExpandTriglsi
nle + f*x] nx(a + bxsin[e + f*x]) m*x(A + Bxsin[e + f*x]), x], x] /; FreeQ[{
a, b, e, £, A, B}, x] & EqQ[Axb + a*B, 0] && EqQ[a"2 - b~2, 0] &% IntegerQ
[m] && IntegerQ[nl]

Rubi steps

/sin(e + fz)(a +asin(e + fz))*(c — csin(e + fz)) dr = / (a’csin(e + fz) + a’csin®(e + fz) — a’csin®(

= (a’c) /sin(e+ fz)dz + (a’c) /sinQ(e + fz) da
__a’ccos(e+ fz) d’ccos(e+ fx)sin(e + fz)

f 2f
_ lazc:c _a’ccos’(e+ fz)  a’ccos(e + fx)sin(e
2 3f 8f
_ 10?0.’1: _a’ccos’(e + fz)  a’ccos(e + fx)sin(e
8 3f 8f

Mathematica [A]
time = 0.08, size = 47, normalized size = 0.61

a’c(12e + 12fx — 24 cos(e + fx) — 8cos(3(e + fz)) — 3sin(4(e + fx)))
96

Antiderivative was successfully verified.

[In] Integrate[Sin[e + f*x]*(a + a*Sin[e + f*x])"2*(c - c*Sinf[e + f*x]),x]

[Out] (a~2*c*x(12%e + 12xf*xx — 24*Cos[e + f*x] - 8*Cos[3*(e + f*x)] - 3*Sin[4*(e +
£*x)]))/(96%f)

Maple [A]
time = 0.11, size = 106, normalized size = 1.38

method result
risch a’cx a?ccos(fz+e) _ a?csin(4fz+4e) _ a?ccos(3fx+3e)
8 if 32f 12f
Sin3(fw+€)+‘273sm(fz+e) cos(fz+e) 2¢(2+4sin? (fote z+ ;
—a%c (_( ; ) +%+% +a c( sin“(f : )) cos(fz+e) +a2c<_ cos(fz+e)251n(fm+e)+f2i_
derivativedivides 7
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(Sins(fz+€)+43 sin(£m+e) ) cos(fz+e) a20(2+sin2(_fm+e)) cos(fx+e)
Sfz 4 3 (fz+e)sin(fate) | f
2 (— 1 +Tz+§e + +a2c<_W+?

—a“c 3
default 7

_2a2c+a2cz_ 2a2c(tan2(%£+%>) _2a2c(tan4(%£+%)) _2a20(tan6(%§+%)) _ a2ctan %ﬂ+%) +7a2c(tan3(%£+%)) )
norman 3f 8 3f f f 4f 4f

(1+t

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(f*x+e)*(a+a*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x,method= RETURNVERBOSE)

[Out] 1/f*x(-a~2xc*(-1/4*(sin(f*x+e) ~3+3/2*xsin(f*x+e))*cos (f*x+e)+3/8*xf*x+3/8*%e)+1
/3%a"2%cx (2+sin(f*x+e) ~2) xcos (f*x+e)+a~2*c* (-1/2*cos (f*xx+e) *sin(f*xx+e)+1/2%
f*xx+1/2%e)-a~2*c*xcos (f*x+e))

Maxima [A]

time = 0.29, size = 108, normalized size = 1.40

32 (COS(fZ+8)3—3COS(fZ‘+€))d26+3(12fI+126+Siu(4f1+46)—8Sin(2fz+2€))ll26—24(2f1'+26—Sin(2f1+26))(126+96a2CCOS(f£E+6)
- 96 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e)*(at+a*sin(f*x+e)) " 2*(c-c*sin(f*x+e)),x, algorithm="maxi
mau)

[Out] -1/96%(32x(cos(f*xx + e€)~3 - 3xcos(f*x + e))*a~2%xc + 3x(12xf*x + 12%e + sin(
4xfxx + 4xe) - 8xsin(2xf*x + 2%e))*a~2%c - 24*%(2xf*xx + 2%e - sin(2*xf*xx + 2%
e))*a~2xc + 96%xa~2xcxcos(f*x + e))/f

Fricas [A]

time = 0.36, size = 67, normalized size = 0.87

8a’ccos (fr +e)’ —3acfr + 3 (2a’ccos (fz +€)’ — a’ccos (fr +€)) sin (fz + e)
24 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e)*(at+a*sin(f*x+e)) " 2*(c-c*sin(f*x+e)),x, algorithm="fric
as")

[Out] -1/24%(8*a~2xc*xcos(f*x + e)~3 - 3*a~2xckxf*x + 3*x(2*xa~2*c*cos(f*x + e)”3 - a
~2%cxcos(fxx + e))*sin(fxx + e))/f

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 245 vs.
2(70) = 140.
time = 0.21, size = 245, normalized size = 3.18

3a%casin® (et fz) _ 3a’cwsin? (e+fx) cos? (e+fr) | a’crsin® (e+fr) _ Ba’cwcost (e+fz) | a’crcos’(e+fz) | Sa’csin® (et fx)cos(etfr) | alesin’ (e+fw)cos(e+fz) | 3a’csin(etfa)cos® (e+fr) _ a’csin(e+fr)cos(e+fa) | 2a°ccos® (etfr) _ aPecos(et+fz)
{ s 0 + B B + 2 + w7 + 7 + 5f i + 37 7 for f #0

z(asin (e) + a)* (—csin () + ¢) sin () otherwise
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e)*(at+a*sin(f*x+e))**2x(c-c*sin(f*x+e)),x)

[Out] Piecewise((-3*a*x*2*c*x*sin(e + f*x)**x4/8 - 3xaxx2kxc*x*sin(e + f*x)**x2xcos(e
+ f£xx)**x2/4 + a*xx2xcxx*ksin(e + f*xx)**2/2 - 3*xakx*2*ckxxcos(e + f£*x)**x4/8 +
axx2xckxkxcos(e + f*x)*x2/2 + Bxax*2*c*sin(e + f*x)**x3xcos(e + f*x)/(8xf) +
ax*2xcksin(e + fxx)**x2xcos(e + f*x)/f + 3*xaxx2xcxsin(e + f*x)*cos(e + fxx)x*
*3/(8xf) - ax*2xcxsin(e + f*xx)*cos(e + fx*x)/(2xf) + 2*ka*x2xc*cos(e + f*x)x*x*
3/(3%f) - axx2xcxcos(e + fxx)/f, Ne(f, 0)), (xx(axsin(e) + a)**2*(-c*sin(e)
+ c)*sin(e), True))
Giac [A]
time = 0.42, size = 62, normalized size = 0.81

1, a’ccos (3 frx+3e) a’ccos(fr+e) a’csin(4fx+4e)

g 12 f Af 32 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e)*(ataxsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="giac
n)

[Out] 1/8*%a~2%cxx - 1/12%a"2xc*cos(3xf*xx + 3*e)/f - 1/4xa"2xcxcos(fxx + e)/f - 1/
32%a"~2*xcksin(4xfxx + 4xe)/f

Mupad [B]
time = 14.12, size = 250, normalized size = 3.25

e 2\2 (a?c(3e+3fz) a2c(12e+12 fz—16) e 2\6 (a2c(3e+3fx) ac(12e+12 fz—48) . 2\4 (a?c(3e+3f) a*c(18e+18 fz—48) “1““"(?* 2 7‘*“"“(‘?”?)‘ 7"2C‘““(§*IT>5 "2”““(5* 2 ' a’c(3e+3fx) a2c(3e+3 fx—16)
@eq tan(§+ )7 (L0ptin _ Ae0a/et0) | guy (g 4 L2)° (eetdfn) _ SelBertd/ent)) | gun (g 4 Lr)! (elistafa) _ Pelliens proin) Teewir) (Teeelird)  feelitg) g oseenin e

8 £ (tn (5 4+ 507 +1)"

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(e + f*x)*(a + a*sin(e + f*x)) 2x(c - c*sin(e + f*x)),x)

[Out] (a~2*xc*x)/8 - (tan(e/2 + (£f*x)/2)"2x((a~2*c*x(3*e + 3*f*x))/6 - (a~2xcx(12*e
+ 12xf*xx - 16))/24) + tan(e/2 + (f*x)/2)"6x((a~2xc*(3*xe + 3*xf*x))/6 - (a~2

xcx (12%e + 12xfxx - 48))/24) + tan(e/2 + (£f*x)/2) 4x((a"2*c*x(3*xe + 3*f*x))/

4 - (a"2xc*x(18*%e + 18xfxx - 48))/24) + (a"2*xcxtan(e/2 + (£f*x)/2))/4 - (7*a~
2%cxtan(e/2 + (f*xx)/2)73)/4 + (7*a~2*cxtan(e/2 + (f*x)/2)°5)/4 - (a"2*c*tan

(e/2 + (£xx)/2)°7)/4 + (a~2*%c*(3*xe + 3*f*x))/24 - (a"2%c*x(3xe + 3*f*x - 16)
)/24)/(f*(tan(e/2 + (£*x)/2)72 + 1)74)
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3.4 [(a+ asin(e + fz))*(c — csin(e + fz)) dz

Optimal. Leaf size=52

1 2 3 2 :
1o, _ @ccos (e+ fzx) L9 ccos(e + fx)sin(e + fx)

2 3f 2f

[Out] 1/2*%a~2%c*xx-1/3%a~2*c*cos (f*xx+e) ~3/f+1/2%a~2*c*cos (f*x+e)*sin(f*x+e)/f

Rubi [A]
time = 0.04, antiderivative size = 52, normalized size of antiderivative = 1.00, number of

number of rules _ 147
’ integrand size ’

steps used = 4, number of rules used = 4, integrand size = 24
Rules used = {2815, 2748, 2715, 8}
_d’ccos’(e + fx) N a’csin(e + fz) cos(e + fx) N 1a2cx

3f 2f 2

Antiderivative was successfully verified.
[In] Int[(a + a*Sin[e + f*x]) 2%(c - c*Sin[e + f*x]),x]

[Out] (a~2*xc*x)/2 - (a~2*c*Cos[e + f*x]~3)/(3%f) + (a~2*c*Cos[e + f*x]*Sin[e + fx*
x])/(2*f)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 2748

Int[(cos[(e_.) + (£_.)*x(x_)1*(g_.))"(p_)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x
1), x_Symbol] :> Simp[(-b)*((gxCosl[e + fxx])~(p + 1)/(fxgx(p + 1))), x] +
Dist[a, Int[(gxCosle + f*x])7p, x1, x] /; FreeQ[{a, b, e, f, g, p}, x] &&
(IntegerQ[2#p] || NeQ[a"2 - b~2, 0])

Rule 2815

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1)"(m_.)*((c_) + (d_.)*sin[(e_.) +
(f_.)*(x_)1)"(n_.), x_Symbol] :> Dist[a"m*c"m, Int[Cos[e + f*x]~(2*m)*(c +
d*Sin[e + f*x])~(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && EqQ[b
xc + a*d, 0] && EqQ[a"2 - b~2, 0] &% IntegerQ[m] &% !(IntegerQ[n] && ((LtQ
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[m, 0] && GtQ[n, 0]) || LtQ[0, n, m] || LtQ[m, n, 0]))

Rubi steps

/(a + asin(e + fx))?(c — csin(e + fz)) dz = (ac) /cos2(e + fz)(a + asin(e + fz)) dz

_ d’ccos’(e+ fx)

= 3 + (a’c) /0082(6 + fx)dx

_ a’ccos’(e+ fx) | aPccos(e+ fx)sin(e+ fz) 1, ,

= - 3f + of + E(a c) /
_ 1a2cx _a’ccos’(e + fx) N a’ccos(e + fx)sin(e + fz)

2 3f 2f

Mathematica [A]
time = 0.24, size = 43, normalized size = 0.83

a’c(3 cos(e + fx) + cos(3(e + fx)) — 3(2fz + sin(2(e + fz))))
12f

Antiderivative was successfully verified.

[In] Integratel[(a + a*Sin[e + f*x])~2*(c - c*Sin[e + f*x]),x]

[Out] -1/12x(a~2*c*(3*%Cos[e + f*x] + Cos[3*(e + fxx)] - 3*%(2*f*x + Sin[2*(e + fx*xx
Y1) /f

Maple [A]

time = 0.09, size = 78, normalized size = 1.50

method result
. a?cx _ a’ccos(fr+e)  a’ccos(3fz+3e) a’csin(2fz+2e)
risch = T 12 + T
2:(24sin?(fz+ + .
. . o a c( s (f(vg e)) cos(fz+e) —a20<— COS(fz+e)2sm(fz+e)+%+%)—achOS(f:L‘-i-e)—}—azc(f:L‘—}—e)
derivativedivides 7
2:(24sin?(fz+ + .
a c( s (f:v3 e)) cos(fx+e) _a20<_ COS(fZ+e)2sm(fw+e)+%+%)—G,QCCOS(f:E+e)+a2C(f.’L‘+e)
default 7
aPetan(BF+8) 5e20 | a2p 20%c(tan? (S 45)) oZe(tan®(F+5))  se’ea(tan®(FF+5)) se’eo(tan’(fF+5)) o
norman N S Y A f - f + s 2 + 2 +-
(e (511)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x,method=_RETURNVERBOSE)
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[Out] 1/fx(1/3*%a~2*c*x(2+sin(f*x+e) ~2)*cos(fxx+e)-a~2*xcx(-1/2*%cos (f*x+e)*sin(f*x+e
)+1/2xfxx+1/2%e) -a"~2*c*xcos (fxx+e) +a~2xcx (fxx+e))

Maxima [A]
time = 0.28, size = 83, normalized size = 1.60

_ 4 (cos (fz+e)® —3 cos(fr+e))a’c+3(2fr+2e—sin(2 fzr+2e))a’c — 12 (fz + e)a’c + 12 a’ccos (fz +e)
127

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) ~2*(c-cxsin(f*x+e)),x, algorithm="maxima")
[Out] -1/12%(4*x(cos(f*x + e€)~3 - 3*xcos(f*x + e))*a~2%c + 3% (2xfxx + 2%e - sin(2x*f
*xX + 2%e))*a"2%c - 12%(fxx + e)*a”2%c + 12*%a~2xckcos(f*x + e))/f

Fricas [A]
time = 0.38, size = 49, normalized size = 0.94

_ 2a’ccos (fz + e)’ — 3a%cfx — 3a’ccos (fz + e)sin (fz + e)
6 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*sin(f*x+e)) 2*(c-c*sin(f*x+e)),x, algorithm="fricas")

[Out] -1/6%(2*a~2xcxcos(f*x + e)~3 - 3*a~2xckxf*x - 3*xa~2kckcos(fxx + e)*sin(f*xx +
e))/f

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 133 vs.

2(46) = 92.
time = 0.13, size = 133, normalized size = 2.56

2cxsin? (e+ ? 2 (et 2csin? (e+ + 2esin (e+ + 2 3 (et 2 +
_a czsm2 (etfz) a czccus2 (e+fz) + a2cx + a®csin? (e ffiﬂ)cos(e fz) + a®csin (e f;vf)cos(e fz) + a ccozf(e fz) @ ccosf(e fz) for f 7£ 0
otherwise

z(asin () + a)® (—csin (e) + ¢)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**2*(c-c*sin(f*x+e)),x)
[Out] Piecewise((-a*x*2kc*x*sin(e + f*x)*%x2/2 — a**2*xcxx*xcos(e + f*xx)**2/2 + ax*x2x*
cxx + a**2*cxsin(e + f*x)**x2xcos(e + f*xx)/f + a*xx2xcksin(e + fxx)*cos(e + f
*x) / (2%f) + 2*a*x*k2xcxcos(e + f*x)**3/(3*f) - ax*x2xcxcos(e + fxx)/f, Ne(f, O
)), (xx(a*sin(e) + a)**2*x(-c*sin(e) + c), True))
Giac [A]
time = 0.45, size = 62, normalized size = 1.19
lazcx _d’ccos(3fr+3e) a’ccos(fr+e)  a’csin(2fx+2e)
2 12 f 4 f 4 f
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sin(f*x+e)) 2x(c-c*sin(f*x+e)),x, algorithm="giac")
[Out] 1/2*a"2xc*x - 1/12*%a”2xcxcos(3*f*x + 3%e)/f - 1/4xa"2*c*cos(fxx + e)/f + 1/

Ax3~2xcxsin(2*%fxx + 2%e)/f

Mupad [B]
time = 14.30, size = 125, normalized size = 2.40

)5 _ a’c(3et+3 fz—4)
6

ex tan(% + %)4 <3a2c(2e+fz) _ a2c(95+69f1712)> _GQCta’n(% + %) + w +a20tan(§ + f2i

2 f(tan(g+f—;”)2+1)3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a*sin(e + f*x))~2%(c - c*sin(e + f*x)),x)

[Out] (a~2*xc*x)/2 - (tan(e/2 + (£f*x)/2) "4x((3*a~2*xcx(e + f*x))/2 - (a~2%c*x(9*e +
Oxfxx — 12))/6) - a~2*cxtan(e/2 + (£f*x)/2) + (a~2xcx(e + f*x))/2 + a~2*c*ta
n(e/2 + (f*x)/2)°5 - (a~2*%c*(3*xe + 3*xf*xx - 4))/6)/(f*(tan(e/2 + (f*x)/2)"2

+ 1)73)
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3.5 [ csc(e + fx)(a + asin(e + fxz))*(c — csin(e +
fz))dz

Optimal. Leaf size=63

2 -1 2 2 :
lazcm _a’ctanh” (cos(e + fz)) L8 ccos(e + fx) 48 ccos(e + fz)sin(e + fx)

2 f f 2f

[Out] 1/2*a~2*cxx-a~2*c*arctanh(cos(f*x+e))/f+a~2xc*cos(f*x+e)/f+1/2%xa"2%c*xcos (f*
x+e)*sin(f*xx+e) /£

Rubi [A]
time = 0.06, antiderivative size = 63, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.167,

steps used = 6, number of rules used = 5, integrand size = 30
Rules used = {3045, 3855, 2718, 2715, 8}
2 2 2 -1

a*ccos(e + fx) 49 csin(e + fz)cos(e + fr) a’ctanh™ (cos(e + fz)) 4 la%x

f 2f f 2

Antiderivative was successfully verified.
[In] Int[Csc[e + f*x]*(a + a*Sin[e + f*x]) 2*x(c - c*Sin[e + f*x]),x]

[Out] (a~2*xc*x)/2 - (a~2*c*ArcTanh[Cos[e + f*xx]])/f + (a~2*c*Cos[e + f*x])/f + (a
~2%c*Cos[e + f*x]*Sin[e + fxx])/(2x*f)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])"(n - 1)/(d*n)), x] + Dist[b"2*((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 2718

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3045

Int[sin[(e_.) + (f_)*(x_)]1"(n_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)])"(m
_)*((A_) + (B_.)x*sin[(e_.) + (f_.)*(x_)]1), x_Symbol] :> Int[ExpandTrigl[si
nle + fxx] n*(a + bxsin[e + f*x]) m*(A + Bxsin[e + f*x]), x], x] /; FreeQ[{
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a, b, e, £, A, B}, x] & EqQ[Axb + a*B, 0] && EqQ[a"2 - b~2, 0] && IntegerQ
[m] && IntegerQ([n]

Rule 3855
Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rubi steps

/csc(e + fz)(a +asin(e + fz))*(c — csin(e + fz)) dr = / (a’c + a*cesc(e + fz) — a’csin(e + fz) — a’c

= a’cz + (a’c) /csc(e + fz)dz — (a’c) /sin(e +

— oer — a’ctanh™'(cos(e + fz))  a’ccos(e + fz
f f
2 -1 2
_ %a%x _ a’ctanh (;os(e-l— fz)) L8 ccos(; +

Mathematica [A]
time = 0.06, size = 61, normalized size = 0.97

a’c(—2e + 2fz + 4cos(e + fz) — 4log (cos (3(e + fz))) + 4log (sin (1(e + fz))) +sin(2(e + fz)))
4f

Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x]*(a + axSin[e + f*x])~2x(c - c*Sin[e + f*x]),x]

[Out] (a™2%c*(-2%e + 2%f*x + 4xCos[e + f*x] - 4*Log[Cos[(e + f*x)/2]] + 4*Log[Sin
[(e + £*xx)/2]] + Sin[2x(e + £*x)]))/(4%f)

Maple [A]
time = 0.16, size = 76, normalized size = 1.21

method result
2 2 - 2 _a2¢(_cosfzte) sin(fate) | fo e
derivativedivides | - cteyraiehieelfzre)-cofaro)ta ;COS(fHe) N C( 2 +ot 2)
2 2 - 2 _g2c(—cosUfzte)sin(fate) | fo e
default a’c(fz+e)+a?cln(csc(fz+e)—cot(fz+e))+a’ccos(fr+e)—a c( X + +2>
f
I'iSCh a’cx + a2cei(fzte) + a2ce—i(fzte) + a2c]n(ei(f$+e)_1) _ a201n(ei(fz+e)+1) a2csin(2f:c+23)
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azctan(];—w-i—%) 2 2u20(tan2(f7w+%)) 2a2c(tan6(%+%)) 4a26(tan4(%+%)) a2c(tan5(f7$+%)>+3a2mv(ta

+M — -
f 2 f f
G

norman

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e)*(a+a*sin(f*x+e)) 2x(c-c*sin(f*x+e)),x,method=_RETURNVERBOSE)
[Out] 1/f*x(a"2*cx(f*x+e)+a~2*xcx1ln(csc(f*xx+e)-cot(fxx+e))+a~2*cxcos (fxx+e)-a~2xc*(
-1/2%cos (fxx+e) *sin(f*xx+e)+1/2xf*xx+1/2%e))

Maxima [A]

time = 0.37, size = 79, normalized size = 1.25

(2fr+2e—sin(2 fx+2¢€))a’c — 4(fz + €)a’c — 4a’ccos (fz + €) + 4a’clog (cot (fx + €) + csc (fz + €))
4f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)*(at+a*sin(f*x+e)) " 2*(c-c*sin(f*x+e)),x, algorithm="maxi
mau)

[Out] -1/4*x((2*f*x + 2%e - sin(2xf*x + 2%e))*a”2%c - 4x(f*x + e)*a~2xc - 4*a~2xcx*
cos(fxx + e) + 4*a~2xcxlog(cot(f*x + e) + csc(f*xx + e)))/f

Fricas [A]

time = 0.40, size = 80, normalized size = 1.27

a’cfz + a’ccos (fz + ) sin (fz + €) + 2a’ccos (fz + €) — a’clog (3 cos (fz +€) + 3) + a’clog (—3 cos (fz +e) + 3)
2f

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(f*x+e)*(at+a*sin(f*x+e)) " 2x(c-c*sin(f*x+e)),x, algorithm="fric
as")

[Out] 1/2%(a"2*%cxf*x + a~2%cxcos(f*x + e)*sin(fxx + e) + 2*%a~2xcxcos(fxx + e) - a
~2xc*log(1l/2xcos(f*x + e) + 1/2) + a~2*c*log(-1/2xcos(f*x + e) + 1/2))/f

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

—a26</ (—sin (e + fz)csc(e+ fz)) dz + /sinz (e + fz)csc(e+ fz)dr + (/sin3 (e + fz)csc(e+ fz)dr + / (—csc(e+ fz)) dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)*(ata*sin(f*x+e))**2x(c-c*sin(f*x+e)),x)

[Out] -ax*2xcx(Integral(-sin(e + f*x)*csc(e + f*x), x) + Integral(sin(e + f*x)*x2
xcsc(e + fxx), x) + Integral(sin(e + f*x)**3xcsc(e + f*x), x) + Integral(-c
sc(e + f*x), x))
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Giac [A]
time = 0.44, size = 111, normalized size = 1.76

2 (azctan(% fa:+% 6)3—2 azctan(% f:z;—i—% 6)2—azctan(% f:z:—i—% e) —2a2c)
(tan(%f:t—i—% 6)2—‘1-1)2

(fz + e)a’c+2a’clog (|tan (5 fz + S €)|) —

2f
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(f*x+e)*(ataxsin(f*x+e)) "2*(c-c*sin(f*x+e)),x, algorithm="giac

ll)

[Out] 1/2x((f*x + e)*a~2*c + 2*a~2*cxlog(abs(tan(1/2xf*x + 1/2xe))) - 2x(a~2*c*ta
n(1/2xfxx + 1/2%e)”3 - 2*%a~2xcxtan(1/2xfxx + 1/2%e)”2 - a~2xcxtan(1/2%f*xx +
1/2%e) - 2%a~2xc)/(tan(1l/2xfxx + 1/2%e)"2 + 1)°2)/f

Mupad [B]
time = 12.89, size = 88, normalized size = 1.40

Lz . cos(&+L2 sin(g+£2
+fz%) + s1n(2e;1|-2f:c) —|—atan< ( <2 >+2 Si;‘ 2 ))))

+ 0S (%—l—atan
f

Nl | N

ac (cos (e+ fz)+1In (:;E

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + a*sin(e + f*x)) " 2*%(c - c*sin(e + f*xx)))/sin(e + f*x),x)

[Out] (a~2#c*(cos(e + fxx) + log(sin(e/2 + (£f*x)/2)/cos(e/2 + (f*x)/2)) + sin(2xe
+ 2xf*x) /4 + atan((57(1/2)*(cos(e/2 + (f*x)/2) + 2+sin(e/2 + (£*x)/2)))/(5
xcos(e/2 + atan(1/2) + (£f*x)/2)))))/f
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3.6 [ csc?(e+ fx)(a+ asin(e+ fx))?*(c — csin(e +
fz))dz
Optimal. Leaf size=53

—dlcx — a2ctanh—1(cos(e+ fx)) N a2ccos(e + f.'lt) B a2ccot(e + f.’I})
f f f

[Out] -a~2*c*x-a~2*c*arctanh(cos(f*xx+e))/f+a~2*c*xcos (f*x+e)/f-a~2*c*xcot (f*x+e)/f

Rubi [A]
time = 0.09, antiderivative size = 53, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.219,

steps used = 8, number of rules used = 7, integrand size = 32
Rules used = {3029, 2789, 2672, 327, 212, 3554, 8}

a’ccos(e + fx)  da’ccot(e+ fr) a’ctanh™(cos(e + fz))
f f f

+a*(—c)x

Antiderivative was successfully verified.
[In] Int[Csc[e + f*x] 2x(a + a*Sin[e + f*x]) 2%(c - c*Sin[e + f*x]),x]

[Out] -(a~2*c*x) - (a~2xc*ArcTanh[Cos[e + f*x]])/f + (a~2xc*Cos[e + f*xx])/f - (a~
2*%c*Cot[e + fxx])/f

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 327

Int[((c_)*(x_))" (@ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D)*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*x(m + n*p + 1))), x] - Dist[
axc™nx((m - n + 1)/(b*(m + n*p + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2672

Int[((a_.)*sin[(e_.) + (£_.)*(x_)1)"(m_.)*tan[(e_.) + (£_.)*x(x_)]1"(n_.), x_
Symbol] :> With[{ff = FreeFactors[Sin[e + f*x], x]}, Dist[ff/f, Subst[Int[(
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ffxx)~(m + n)/(a~2 - £f£72%x~2)"((n + 1)/2), x], x, a*(Sin[e + f*x]/ff)], x]
1 /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)/2]

Rule 2789

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)])"(m_.)*((g_.)*tan[(e_.) + (£_.)*(
x_)1)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(g*Tan[e + f*x])~p, (a + bxSi
nle + f*x])°m, x], x] /; FreeQ[{a, b, e, f, g, p}, x] && EqQ[a"2 - b~2, 0]
&& IGtQ[m, O]

Rule 3029

Int[sinl(e_.) + (f_.)*(x_)]1 " (p_)*((a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]1)"(m_
D*x((c) + (d_.)*sinl(e_.) + (£_.)*(x_)1)"(n_.), x_Symbol] :> Dist[a"n*c"n,
Int[Tan[e + f*x] px(a + b*Sin[e + f*x])"(m - n), x], x] /; FreeQ[{a, b, c,
d, e, f, m}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && EqQ[p + 2*n,
0] && IntegerQ[n]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rubi steps

/CSC2(6 + fz)(a+ asin(e + fz))?*(c — csin(e + fz)) dx = (ac) /cotQ(e + fz)(a + asin(e + fx)) dz

= (ac) / (acos(e + fz) cot(e + fz) + acot®(e + |

= (azc) /cos(e + fz)cot(e + fz)dr + (a%) /C(

_ _a%cot(e-l—fa:) B (azc) /1dx _

f

(a%c) Subst|

= —a Ccr

f
9 a’ctanh™(cos(e + fz))

200 4 a’ccos(e + fzr) a’ccot(e+ fz) (¢

f

a’ccos(e +

= —a Cr —
f

Mathematica [A]
time = 0.03, size = 97, normalized size = 1.83

a’ccos(e) cos(fx)  a*ccot(e+ fz) a’clog (cos (5 + ) N a’clog (sin (£ + £2)) _ d’csin(e) sin(fz)
f f f f f

—a’cx +

f
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Antiderivative was successfully verified.

[In] Integrate[Csc[e + f*x]~2*(a + a*Sin[e + f*x])~2x(c - c*Sinl[e + fx*x]),x]

[Out] -(a"2*c*x) + (a~2xc*Cos[e]*Cos[f*x])/f - (a"2*cxCot[e + f*xx])/f - (a~2*cxLo
glCosle/2 + (f*x)/2]]1)/f + (a~2*c*xLog[Sin[e/2 + (£f*x)/2]1])/f - (a"2*cx*Sin[e
1*Sin[f*x])/f

Maple [A]

time = 0.12, size = 61, normalized size = 1.15

method result
a?cln(csc(fz+e)—cot(fr+e))—a?ccot(fr+e)—a?c(fr+e)+accos(fzte)
f

derivativedivides

a?cln(csc(fz+e)—cot(fr+e))—a?ccot(fr+e)—a?c(fr+e)+accos(fzte)
default 7
. 2 a2cei(fz+e) a2ce—i(fzte) 2iac azcln(ei<fw+e)+l) a,2cln(ei<fz+e)—1)
risch —a‘cx + 57 + 57 ~ Fl@derIo) T 7 + 7
azc(tanﬁ(%-k%)) 2 2a2c(tan3(£}+%)) 2a2c(tan7(%ﬁ+%)) 4a2c(tan5(£}+%)) a2c(tan2 I;-k%)) a2c(ta1
norman T L — z — ! — *

7
tan(%-ﬁ-%) (1+tan2 (l

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e) 2x(a+a*sin(f*x+e)) "2+ (c-cxsin(f*x+e)),x,method=_RETURNVERBOS
E)

[Out] 1/f*x(a~2*%c*1n(csc(f*x+e)-cot(f*x+e))-a~2*cxcot (fxx+e)-a~2*ck (fxx+e)+a~2*c*c
os(fxx+e))

Maxima [A]

time = 0.30, size = 74, normalized size = 1.40

2a%c

2(fz +e)a’c+ a’c(log (cos (fz + ) + 1) —log (cos (fz +€) — 1)) — 2a’ccos (fz +e€) + (i fo5y
2f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 2*(at+axsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="ma
xima")

[Out] -1/2%(2x(f*x + e)*a~2*c + a~2xc*(log(cos(f*x + e) + 1) - log(cos(f*x + e) -
1)) - 2xa"2xc*cos(f*x + e) + 2*a"2xc/tan(f*x + e))/f

Fricas [A]

time = 0.39, size = 107, normalized size = 2.02

a’clog (} cos(fz +e) + 1) sin (fz + €) — a’clog (—3 cos (fz +€) + 3) sin (fz + €) + 2a’ccos (fz + €) + 2 (a’cfz — a’ccos (fz + €)) sin (fz + €)
- 2 fsin(fr+e)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csc(f*x+e) 2*(at+axsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="fr
icas")

[Out] -1/2%(a"2*c*log(1/2*cos(f*x + e) + 1/2)*sin(f*x + e) - a~2*c*log(-1/2*cos(f
*x + e) + 1/2)*sin(f*x + e) + 2xa~2kcxcos(f*xx + e) + 2% (a~2xckxfxx - a~2xc*c
os(f*xx + e))*sin(f*xx + e))/(fxsin(f*xx + e))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

—a20</ (—sin (e + fz)csc® (e + fz)) d -i-/sin2 (e+ fz)csc? (e + fx)dx + / sin® (e + fz) csc? (e + fx) dx + / (—csc? (e+ fx)) dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)**2*(at+a*sin(f*x+e))**2*(c-c*sin(f*x+e)),x)

[Out] -ax*2xcx(Integral(-sin(e + f*x)*csc(e + f*x)**2, x) + Integral(sin(e + f*x)
x*2kcsc(e + f*x)*x2, x) + Integral(sin(e + f*xx)**3*csc(e + f*x)**2, x) + In
tegral(-csc(e + f*x)**2, x))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 137 vs. 2(56) =

112.
time = 0.48, size = 137, normalized size = 2.58

2a2ctan(% fz+% e>3+3 azctan(% fz+% e)zfloazctan(% faH»% e)+3 a?c
tan(§ fo+3 e)3+tan(% fzt+ie)

6 (fz + e)a’c — 6aclog (|tan (3 fo+ %e)!) —3a’ctan (1 fz+1e) +
6f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 2% (a+axsin(f*x+e)) "2x(c-c*sin(f*x+e)),x, algorithm="gi
ac")
[Out] -1/6%(6*(fxx + e)*a”2*c - 6*a~2*cxlog(abs(tan(1/2xf*x + 1/2%e))) - 3*a~2*c*
tan(1/2*%f*x + 1/2%e) + (2¥a~2*ckxtan(1/2*f*x + 1/2%e)"3 + 3*a~2xcxtan(1/2xf*
X + 1/2%e)”2 - 10%a”2xc*tan(1/2xf*x + 1/2xe) + 3*a~2*c)/(tan(1/2xf*x + 1/2%
e)”3 + tan(1/2xf*x + 1/2xe)))/f
Mupad [B]
time = 12.39, size = 110, normalized size = 2.08
2 (con(§+%5°) —sin(5+5)) sin( 5+ %) .
¢ (2 atan( 2 cos(s—7+ %) T In cos(%-i— ) aQ Cc (COS (6 + f.T) - 75111(26;_2]%0))

f fsin(e+ fx)

=

Wy m‘

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + a*sin(e + f*x)) " 2%(c - c*sin(e + f*x)))/sin(e + f*x)~2,x)

[Out] (a~2xcx(2*xatan((2”(1/2)*(cos(e/2 + (f*x)/2) - sin(e/2 + (f*x)/2)))/(2*cos(e
/2 - pi/4 + (fxx)/2))) + log(sin(e/2 + (f*x)/2)/cos(e/2 + (f*xx)/2))))/f - (
a~2xcx(cos(e + fxx) - sin(2*e + 2%f*x)/2))/(f*sin(e + f*x))
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3.7 [ cesc*(e+ fx)(a+ asin(e+ fx))?*(c — csin(e +
fz))dz

Optimal. Leaf size=64

dPer a’ctanh™" (cos(e + fz))  a’ccot(e+ fz)  a’ccot(e+ fz)csc(e+ fx)
2f f 2f

[Out] -a~2*c*x+1/2*xa”2*c*arctanh(cos(f*x+e))/f-a~2*cxcot (f*x+e)/f-1/2*%a"2*cxcot (f
xx+e) *csc(f*x+e) /£

Rubi [A]

time = 0.08, antiderivative size = 64, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.156,

steps used = 7, number of rules used = 5, integrand size = 32
Rules used = {3045, 3855, 3852, 8, 3853}

_a’ceot(e + fx) N a’ctanh™(cos(e + fx))  a’ccot(e + fx) csc(e + fx)
f 2f 2f

+ a®*(—c)x

Antiderivative was successfully verified.
[In] Int[Csc[e + f*x] 3*(a + a*Sin[e + f*x]) 2%(c - c*Sin[e + f*x]),x]

[Out] -(a"2*c*x) + (a~2*cxArcTanh[Cos[e + f*x]])/(2xf) - (a~2xc*Cot[e + f*x])/f -
(a~2*xcxCot[e + f*xx]*Cscl[e + fx*xx])/(2%f)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3045

Int[sinl(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"(m
_Ox((A_.) + (B_.)*sin[(e_.) + (£_.)*(x_)]1), x_Symbol] :> Int[ExpandTriglsi
nle + f*x]"n*(a + b*sin[e + f*x]) m*x(A + Bxsin[e + f*x]), x], x] /; FreeQ[{
a, b, e, £, A, B}, x] && EqQ[Axb + a*B, 0] && EqQ[a"2 - b~2, 0] && IntegerQ
[m] && IntegerQ[n]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)~(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
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Int[(b*Csc[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3855

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, xI]

Rubi steps

/csc3(e + fz)(a +asin(e + fz))*(c — csin(e + fz)) dr = / (—a’c — a’cesc(e + fz) + a’cesc’(e + fz) +

= —a’cx — (aQC) /csc(e + fr)dx + (a2c) /CSC21

2ctanh ™ 2ccot
_ _g2eg 4 L CTAD (cos(e + fz))  a’ccot(e+

f
 d?en 4 a’ctanh™(cos(e + fz)) _a’ccot(e +
B 2f f

Mathematica [A]
time = 0.47, size = 95, normalized size = 1.48

_a2c(86 +8fz +4cot (3(e+ fx)) +csc? (2(e+ fz)) — 4log (cos (3(e + fx))) + 4log (sin (2(e + fz))) — sec? (3(e + fz)) — 4tan (2 (e + fz)))
8f

Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x]~3*(a + a*Sin[e + f*x])~2*(c - c*Sin[e + f*x]),x]

[Out] -1/8%(a"2*c*x(8xe + 8xfxx + 4xCot[(e + f*x)/2] + Cscl[(e + f*x)/2]72 - 4xLogl
Cos[(e + f*x)/2]] + 4*Log[Sin[(e + f*x)/2]] - Sec[(e + f*x)/2]72 - 4xTan[(e

+ f£*xx)/2]))/f

Maple [A]

time = 0.23, size = 89, normalized size = 1.39

method result

derivativedivides —a?c cot(fz+e)+a2c(— Csc(fm+e)2°°t(fx+e) + l"(csc(fere)jCCOt(fere)) ) —a?cln(csc(fz+e)—cot(fr+e))—a2c(fz+e)
2 2 .(_ csc(fz+e)cot(fz+e) | In(csc(fzte)—cot(fz+e)) ) 2 _ _ a2

default a?ccot(fz+e)+a c( 5 + 5 ) a?cln(csc(fz+e)—cot(fz+e))—ac(fz+e)

risch —a2cr + aQC(e3i(f‘”+e)+ei(fm+e)—2ie2i(f$+e)+2i) + a2cln(ei(f“”+e)+1) . a%ln(ei(f“'e)—l)

f(eZi(fx+e)_1)2 2f 2f




norman

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e) 3*(at+a*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x,method=_RETURNVERBOS
E)

[Out] 1/f*x(-a~2*c*cot (f*x+e)+a~2*c*x(-1/2xcsc(f*x+e)*cot (f*x+e)+1/2*x1n(csc(f*x+e)-
cot (fxx+e)))-a~2*xcx1ln(csc(f*x+e)-cot (fxx+e))-a~2xckx(fxx+e))

Maxima [A]

time = 0.29, size = 113, normalized size = 1.77

4(fz + e)a’c — a%(;;‘;jﬁ;f?l ~log (cos (fz + €) + 1) + log (cos (fz + ) — 1)) — 2a%(log (cos (fz + €) +1) — log (cos (fz + €) — 1)) + s
_ =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 3*(ataxsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="ma
xima")

[Out] -1/4%(4x(fxx + e)*a”2*c - a~2xc*(2xcos(f*x + e)/(cos(f*x + e)”2 - 1) - log(
cos(fxx + e) + 1) + log(cos(f*x + e) - 1)) - 2xa~2*c*x(log(cos(f*x + e) + 1)

- log(cos(f*x + e) - 1)) + 4*a"2*c/tan(f*x + e))/f

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 147 vs.
2(64) = 128.
time = 0.39, size = 147, normalized size = 2.30

4a’cfxcos (fz +e)? — da’cfr — 4a’ccos (fo + e)sin (fz +e) — 2a%ccos (fo +e€) — ((l2CCOS(fI+6)2 —a’c) log (3 cos (fz +€) + 1) + (a’ccos (fz+e) - a’c) log (—3 cos(fz +€) + 1)
4(fcos(fz+e)2 -f)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 3*(ata*sin(f*x+e)) "2*(c-c*sin(f*x+e)),x, algorithm="fr
icas")

[Out] -1/4%(4*xa~2xcxfxx*xcos(f*x + e)72 - 4xa~2xcxfxx - 4xa~2xcxcos(f*x + e)*sin(f
*X + e) - 2%a"2xcxcos(f*x + e) - (a"2xcxcos(f*x + e)”2 - a"2*c)*log(1l/2*xcos

(fxx + e) + 1/2) + (a"2*c*cos(f*x + e)~2 - a"2xc)*log(-1/2*cos(f*x + e) + 1
/2))/(f*cos(f*x + e)"2 - £)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

—a’c </ (—sin (e + fz)csc® (e + fz)) dz + / sin? (e + fz) csc® (e + fz)dz + /sin3 (e+ fx)csc® (e + fz)dx + / (—csc® (e + fz)) dz)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csc(f*x+e)**3*(ata*sin(f*x+e))**2x(c-c*sin(f*x+e)),x)

[Out] -ax*2xcx(Integral(-sin(e + f*x)*csc(e + f*x)**3, x) + Integral(sin(e + f*x)
x*2xcsc(e + f*x)*x3, x) + Integral(sin(e + f*xx)**3*csc(e + f*x)**3, x) + In
tegral(-csc(e + f*x)**3, x))

Giac [A]
time = 0.43, size = 123, normalized size = 1.92

6a20tan(% fz+% 6)274 azctan(% fz+% e)—ac

a’ctan (1 fz+%e)2 —8(fz+e)a’c—4a’clog (tan (} fz + Le)|) +4a’ctan (3 fz + 1e) + T
an 2 & 56
8f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) "3x(ataxsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="gi

ac“)

[Out] 1/8%(a"2*cxtan(1/2*xf*x + 1/2%e)”2 - 8x(f*x + e)*a~2%c - 4*a~2xc*log(abs(tan
(1/2%fxx + 1/2%e))) + 4xa~2xcxtan(1/2*xfxx + 1/2%e) + (6%a~2xc*xtan(1l/2*xf*xx +
1/2%e) "2 - 4xa~2kckxtan(1/2xfxx + 1/2%e) - a~2%c)/tan(1/2xf*xx + 1/2%e)"2)/f

Mupad [B]
time = 12.26, size = 163, normalized size = 2.55

2 In sin(§+7 9 9 tan 2005(§+T)+sm(5+f7)
ac cos(5+45) a”cata cos(§+42) -2 sin(5+52) aceot(§+LE)  a’ccot(§+ f—;)Z 4 a?ctan(g + %)2

2f - 2f B f 2f 8f 8f

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + a*sin(e + f*x)) " 2%(c - c*sin(e + f*x)))/sin(e + f*x)~3,x)

[Out] (a~2*c*tan(e/2 + (£f*x)/2))/(2%f) - (a"2xc*log(sin(e/2 + (f*x)/2)/cos(e/2 +
(fxx)/2)))/(2%f) - (2*a~2xc*xatan((2*xcos(e/2 + (f*x)/2) + sin(e/2 + (f*x)/2)
)/ (cos(e/2 + (f*x)/2) - 2*sin(e/2 + (£*x)/2))))/f - (a~2xcxcot(e/2 + (f*x)/
2))/(2xf) - (a"2xc*xcot(e/2 + (£fxx)/2)72)/(8xf) + (a~2xc*tan(e/2 + (£f*x)/2)"

2)/(8%f)
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3.8 [ csct(e+ fx)(a+asin(e+ fx))?*(c — csin(e +
fz))dz

Optimal. Leaf size=61

a’ctanh™(cos(e + fz)) a’ccot®(e+ fr) a’ccot(e+ fz)csc(e + fx)
2f - 3f - 2f

[Out] 1/2*a"2xc*arctanh(cos(f*x+e))/f-1/3*%a~2*c*cot (f*x+e) ~3/f-1/2*%a~2*c*cot (£*x+
e)xcsc(f*x+e) /f

Rubi [A]

time = 0.11, antiderivative size = 61, normalized size of antiderivative = 1.00, number of

number of rules _
’ integrand size 0.188,

steps used = 6, number of rules used = 6, integrand size = 32
Rules used = {3029, 2785, 2687, 30, 2691, 3855}

a’ccot’(e + fz)  a’ctanh™'(cos(e + fz)) a’ccot(e + fz)csc(e + fx)
- 3f + of - 2f

Antiderivative was successfully verified.
[In] Int[Cscl[e + f*xx] 4x(a + a*Sin[e + f*x]) 2%(c - c*Sin[e + f*x]),x]

[Out] (a~2xcxArcTanh[Cos[e + f*x]])/(2xf) - (a~2*c*xCot[e + f*x]~3)/(3*xf) - (a~2*c
*Cot [e + f*x]*Cscl[e + fxx])/(2xf)

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 2687

Int[sec[(e_.) + (£_.)*(x_)]1 " (m_)*((b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_.), x_S
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*(1 + x"2)"(w/2 - 1), x], x, Tan[e + £
*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)/
2] && LtQ[0, n, m - 1])

Rule 2691

Int[((a_.)*sec[(e_.) + (£_.)*(x_)]1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(
n_), x_Symbol] :> Simp[b*(a*Sec[e + f*x]) m*x((b*Tan[e + f*x])"(n - 1)/(f*x(m
+n-1))), x] - Dist[b™2¢¥((n - 1)/(m + n - 1)), Int[(a*Sec[e + f*x]) m*x(b
*Tan[e + f*x])~(n - 2), x], x] /; FreeQ[{a, b, e, f, m}, x] && GtQ[n, 1] &&
NeQ[m + n - 1, 0] &% IntegersQ[2*m, 2+n]

Rule 2785
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Int[((g_.)*tan[(e_.) + (£_.)*(x_)1)"(p_.)/((a_) + (b_.)*sin[(e_.) + (£f_.)*(
x_)]), x_Symbol] :> Dist[1/a, Int[Secle + f*xx] 2x(g*Tanl[e + f*x])~p, x], x]
- Dist[1/(b*g), Int[Sec[e + f*x]*(g*Tanl[e + f*x])~(p + 1), x], x] /; FreeQ
[{a, b, e, f, g, p}, x] && EqQ[a~2 - b~2, 0] && NeQlp, -1l

Rule 3029

Int[sinl(e_.) + (f_.)*(x_)]1 " (p_)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1)"(m_
D*x((c) + (d@_.)*xsinl(e_.) + (£_.)*(x_)1)"(n_.), x_Symbol] :> Dist[a"n*c"n,
Int[Tan[e + f*x]“p*(a + b*Sin[e + f*x])~(m - n), x], x] /; FreeQ[{a, b, c,
d, e, f, m}, x] &% EqQ[b*c + a*d, 0] &% EqQ[a~2 - b~2, 0] && EqQlp + 2+n,
0] && IntegerQ[n]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rubi steps

/csc4(e + fz)(a+ asin(e + fz))*(c — csin(e + fz)) dz = (ac?) / c fojsi(z(t—{mjzx)

= (a’%) /cotQ(e + fz)esc(e + fx) dz + (a’c) /(

_ a’ccot(e + fx) esc(e + fz) 1(a26) /CSC(e

2f 2
_ a’ctanh™'(cos(e + fz)) a’ccot}le+ fz) a
2f a 3f o

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 172 vs. 2(61) =
122.
time = 0.06, size = 172, normalized size = 2.82

azc(coc (3(e+ fz)) B csc? (3(e + fx)) ot (3(e+ fz)) esc® (3(e + fz)) 4 log (cos (3(e + fx))) _ log (sin (3(e + f2))) . sec? (3(e + fx)) _ tan (3(e+ fz)) N sec? (3(e + fa)) tan (3(e + fz))

6f 8f 24f 2f 2f 8f 6f 2f )

Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x]~4*(a + axSin[e + fx*x])~2x(c - c*Sin[e + f*x]),x]

[Out] a~2*xcx(Cot[(e + f*x)/2]/(6*%f) - Cscl[(e + £*x)/2]72/(8*%f) - (Cot[(e + f*x)/2
1*Csc[(e + £xx)/2]72)/(24%f) + Logl[Cos[(e + £*x)/2]11/(2%f) - Log[Sin[(e + £
*xx)/2]1/(2xf) + Secl[(e + £*x)/2]72/(8%f) - Tan[(e + fx*x)/2]/(6%f) + (Secl(e

+ fxx) /2] 2*Tan[(e + f*x)/2])/(24%f))
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Maple [A]
time = 0.20, size = 100, normalized size = 1.64
method result
2
a20<_ csc(fz+e)2cot(fa:+e) + ln(csc(fm+e)2—cot(fm+e)) >+azc<_§_ (csc (£z+6)) > cot(fx+e)+azccot(fm+e)—azcln(CS(
derivativedivides 7
2
a20<_ csc(fw-ﬁ-s);ot(fz-‘re) +1n(csc(fw+e)2—cot(fz+e)) >+a26<_§_ (CSC (§z+e)) ) cot(fz—l—e)-l—azccot(fx+e)—a2cln(03(
default 7
risch a20(6ie4i(fz+e)+3e5i(f’”+e)+2i—3 ei(f’”'*'e)) + a201n(ei(f’”+e>+l) _ a2cln(ei(f’”+e)—1)
3f(e?ifote)—1)° 2f 2f
_ﬁ_ 3a2c(tan3 (I}ﬁ-%)) _ 7a2c(tan7(£}+%)) _ 11a2c(tan5 (%@-k%)) _ a%:tan(i}-k%) +a2c(tan4 (%-ﬁ-%)) a2c(
24 4 8 8 8 8
norman f f f f f f 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e) 4+ (at+ta*sin(f*x+e)) 2% (c-c*sin(f*x+e)) ,x,method=_RETURNVERBOS
E)

[Out] 1/f*x(a~2*%c*x(-1/2*csc(f*xx+e)*cot (f*xx+e)+1/2*1n(csc(f*x+e)-cot (f*x+e)))+a"2%c

*(-2/3-1/3*csc(f*xx+e) ~2) *cot (f*x+e)+a~2*c*xcot (f*x+e) —-a~2*xc*1n(csc(f*x+e)-co
t (fxx+e)))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 129 vs.
2(59) = 118.
time = 0.30, size = 129, normalized size = 2.11

4(3 tan(fo+e)*+1)a%c
3(120(03;;*2(4{2;5% —log (cos (fz +e€) +1) +log (cos (fz +¢€) — 1)) + 6a%c(log (cos (fz +€) + 1) — log (cos (fz +¢€) — 1)) + ta;(zftifre) _u mi(fﬂ)e)a )
27

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) ~4x(at+axsin(f*x+e)) 2*(c-c*sin(f*x+e)),x, algorithm="ma
xima")

[Out] 1/12%(3*a~2*c*(2*cos(f*x + e)/(cos(f*x + e)”2 - 1) - log(cos(f*x + e) + 1)
+ log(cos(f*x + e) - 1)) + 6*%a~2*c*(log(cos(f*x + e) + 1) - log(cos(f*x + e

) - 1)) + 12%a"2xc/tan(f*x + e) - 4*(3*tan(f*x + e)72 + 1)*a~2*c/tan(f*x +
e)~3)/f

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 148 vs.
2(59) = 118.
time = 0.37, size = 148, normalized size = 2.43

4a’ccos (fz +e€)* + 6 accos (fz + €) sin (fz + €) + 3 (a’ccos (fz + €)* — a’c) log ( cos(fz+e€)+1)sin(fz+e) — 3 (a’ccos (fz+ e)® — a%c) log (—1 cos(fz+e)+2)sin(fz+e)
12 (f cos (fz +e)* — f) sin (fz +e)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csc(f*x+e) “4*(a+ta*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="fr
icas")

[Out] 1/12*%(4*a~2xcxcos(f*x + e)~3 + 6*a~2xckcos(f*x + e)*sin(fxx + e) + 3x(a”"2*c
xcos(f*x + e)72 - a"2xc)*log(1l/2*cos(f*x + e) + 1/2)*sin(f*x + e) - 3x(a”2%
ckcos(f*x + e)72 - a"2xc)*log(-1/2xcos(f*x + e) + 1/2)*sin(f*x + e))/((f*co

s(f*x + e)72 - f)*sin(f*x + e))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

—a20</ (—sin (e + fz) csc* (e + fz)) dx-i—/sin2 (e+ fx)csct (e + fx)dx + /sin3 (e + fz)csct (e + fx)dx + / (—csc* (e+ fx)) dz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)**4x(ata*sin(f*x+e))**2x(c-c*sin(f*x+e)),x)

[Out] -ax*2xcx(Integral(-sin(e + f*x)*csc(e + f*x)**4, x) + Integral(sin(e + f*x)
x*2kcsc(e + f*xx)*x4, x) + Integral(sin(e + f*xx)**3*csc(e + f*x)**4, x) + In
tegral(-csc(e + f*x)**4, x))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 147 vs. 2(59) =

118.
time = 0.45, size = 147, normalized size = 2.41

22a2ctan(} fo+1 e)*+3actan(} fo+l e)®—3a%ctan(} fo+le)—ae

a*ctan (3 fz + %e)3 + 3a’ctan (3 fz+%e)2 —12a%clog ([tan ( fz + je)|) —3a’ctan (} fz +1e) + ey
an(l fotle
247f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 4*(a+axsin(f*x+e)) "2x(c-c*sin(f*x+e)),x, algorithm="gi
ac")

[Out] 1/24*(a"2*cxtan(1/2*f*x + 1/2%e)”3 + 3*a”2*c*tan(1/2*xf*x + 1/2*%e)”2 - 12*xa~
2xcxlog(abs(tan(1/2*%f*x + 1/2%e))) - 3*a~2xc*tan(l/2xf*x + 1/2xe) + (22%a"2
xcxtan(1/2+%f*x + 1/2%e)”3 + 3*a"2*cxtan(1/2*f*x + 1/2%e)”2 - 3*xa”~2c*tan(1l/
2%f*x + 1/2*%e) - a"2xc)/tan(1/2*f*x + 1/2%e)"3)/f

Mupad [B]

time = 12.22, size = 132, normalized size = 2.16

€ 3 (3 2 e ca
a?ctan($+£2)°  a?ctan(s + L2) cot (5 + %) (_Caztan(§+f7x) +ca2tan(§+f7”)+72> a2ctan(§+’;—z)3_azcln (tan($ + £2))

8f - 8/ - 8f + 24 f 2 f

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + a*sin(e + f*x))~2%(c - c*sin(e + f*x)))/sin(e + f*x)~4,x)

[Out] (a~2*c*tan(e/2 + (£f*x)/2)72)/(8*%f) - (a"2*c*tan(e/2 + (£f*x)/2))/(8*f) - (co
t(e/2 + (f*x)/2)"3*x((a"2*c)/3 + a"2*c*tan(e/2 + (£f*x)/2) - a"2*cxtan(e/2 +
(£xx)/2)°2))/(8%f) + (a"2*cxtan(e/2 + (f*x)/2)"3)/(24%f) - (a~2*c*log(tan(e

/2 + (£xx)/2)))/(2%f)
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3.9 [ esc®(e+ fx)(a+ asin(e+ fx))?*(c — csin(e +
fz))dz
Optimal. Leaf size=86

a’ctanh™(cos(e + fx)) a’ccot®(e + fr) a’ccot(e+ fx)csc(e + fx) _a’ceot(e + fx) csc’(e + fx)
8f BT 8f 4f

[Out] 1/8*a"2%cxarctanh(cos(f*x+e))/f-1/3%a"2%cxcot (fxx+e) "3/f+1/8*%a~2*c*xcot (f*x+
e)xcsc(f*xx+e) /f-1/4%a"2xc*cot (f*xx+e) *csc(f*xx+e) ~3/f

Rubi [A]
time = 0.11, antiderivative size = 86, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.156,

steps used = 11, number of rules used = 5, integrand size = 32
Rules used = {3045, 3852, 8, 3853, 3855}

a’ccot’(e + fr)  a’ctanh™'(cos(e + fz)) a’ccot(e + fz)cscd(e + fr)  a’ccot(e + fx)csce + fx)
- 3f + 8f - if + 8f

Antiderivative was successfully verified.
[In] Int[Csc[e + f*x]~5*(a + a*Sin[e + f*x])~2*(c - c*Sin[e + f*x]),x]

[Out] (a~2xcxArcTanh[Cos[e + f*x]])/(8*f) - (a~2*c*xCot[e + f*x]~3)/(3*f) + (a~2*c
*Cot [e + f*x]*Cscle + fxx])/(8*f) - (a~2%c*Cot[e + fxx]*Cscl[e + f*x]~3)/(4x*
f)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 3045

Int[sin[(e_.) + (f_)*(x_)]1"(n_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"(m
_Ox((A_.) + (B_.)*sin[(e_.) + (£_.)*(x_)]1), x_Symbol] :> Int[ExpandTriglsi
nle + f*x]"n*(a + b*sin[e + f*x]) m*(A + Bxsin[e + fx*xx]), x], x] /; FreeQ[{
a, b, e, £, A, B}, x] & EqQ[A*xb + a*B, 0] && EqQ[a"2 - b~2, 0] &% IntegerQ
[m] && IntegerQ[n]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853
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Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3855
Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rubi steps

/CSC5(6 + fz)(a+ asin(e + fz))?*(c — csin(e + fz))dz = / (—a’cesc®(e + fz) — a’cesc®(e + fxz) + a’cc

= —((azc) /cch(e + fz) dx) — (a®c) /csc3(e—

a’ccot(e + fx)cscle + fx)  a’ccot(e + fx)cs

2f

af

a’ctanh™ (cos(e + fz))  a’ccot’(e + fz)

of 3f

a’ctanh™ (cos(e + fz))  a*ccot®(e + fz)

8f 3f

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 179 vs. 2(86) =

172.
time = 0.05, size = 179, normalized size = 2.08

a’ceot(e + fz) | a’cesc® (3(e+ fx)) aPcesc! (3(e+ fx))  a’ceot(e + fz)csc®(e + fx) . aPclog (cos (§(e+ fz))) a’clog (sin (3(e+ fz))) a’csec® (3(e+ fx)) | a’csec’ (3(e+ fx))
3f + 32f - 64f - 3f + 8f - 8f - 32f 64f

Antiderivative was successfully verified.

[In] Integrate[Csc[e + f*x]~5x(a + a*Sin[e + f*x])~2*(c - c*Sin[e + f*x]),x]

[Out] (a~2*c*Cotl[e + f*x])/(3*f) + (a~2*c*kCsc[(e + f*x)/2]°2)/(32*f) - (a~2*c*Csc
[(e + fxx)/2]74)/(64*xf) - (a~2xc*Cot[e + fxx]*Cscl[e + f*x]~2)/(3xf) + (a~2%
cxLog[Cos[(e + f*x)/2]]1)/(8xf) - (a"2*cxLog[Sin[(e + f*x)/2]1]1)/(8%f) - (a~2
xcxSec[(e + fxx)/2]72)/(32xf) + (a~2xcxSec[(e + f*xx)/2]74)/(64x*f)

Maple [A]
time = 0.24, size = 129, normalized size = 1.50

a

a

+_

’ method ‘ result
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CSC x e CSC3 x e .
< % (f *+e) > cot(fw+e)+azc<<— ( (Z * )) —3CSC(£Z+6)> cot(fac+e)+3ln(csc(fm+58)_c°t(fz+e))> —a

derivativedivides

2 3
< % csc (f17+ ) > cot(fx-{—e)—i—azc < <_ (csc (ﬁm-ke)) _ 3CSC(£Z+E)> cot(fw+e)+ 31n(csc(fz+58)—cot(fx+e))> —a

default

a2c(397i(fm+e)+21 e5i(fm+e)_24i66i(f:c+e)+21 e3i(fa:+e)+24ie4i(fa:+e)+3ei(fa:+e)_8ie2i(fm+e)+8i)

azcln(ei(

risch - 12f (@ Uo+a_1)3 N

8

a2c azc(tans(%ﬁ+%))_3a2c(tan4(f71+%))_5a26(tan6(%+%))_a2ctan(%+%) 3112c(t.3112(i2£+%))—"_(zzc(tanE

“64f 8f 32f 32f 24f - 64f

norman

tan(fz+2)4(1+tan2<%4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e) 5*(at+a*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x,method=_ RETURNVERBOS
E)

[Out] 1/fx(a~2*%c*x(-2/3-1/3%csc(f*xx+e) 2)*cot (f*x+e)+a~2xc*((-1/4*csc(f*x+e)~3-3/8
*csc(fxx+e) ) *cot (fxx+e)+3/8*%1n(csc(f*xx+e)-cot (fxx+e)))-a~2xc*x(-1/2*csc(f*x+
e)xcot (fxx+e)+1/2*%1n(csc(f*xx+e)-cot (fxx+e)))+a~2xc*xcot (f*xx+e))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 178 vs.
2(84) = 168.
time = 0.29, size = 178, normalized size = 2.07

16 (a Lan(j:c+e)2+l>azc
tan(fz+e)®

os(fz+e) =2 cos(fz+e)?+1 s(fz+
48 f

; a_
3azc<M73 log (cos (fz +e) + 1) + 3 log (cos (fz +€) 71)) —12a? c( 2o (f +) 7 — log (cos (fz + €) + 1) + log (cos (fz +e) — 1)) +w3§;:ic) -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 5x(a+axsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="ma
xima")

[Out] 1/48%(3*a~2xcx(2*(3*cos(f*x + e)~3 - 5*xcos(f*x + e))/(cos(f*xx + e)~4 - 2*co
s(fxx + e)”2 + 1) - 3*log(cos(f*x + e) + 1) + 3*xlog(cos(f*x + e) - 1)) - 12
*xa~2xc* (2xcos(f*x + e)/(cos(f*x + e)"2 - 1) - log(cos(f*x + e) + 1) + log(c
os(fxx + e) - 1)) + 48*a~2xc/tan(f*x + e) - 16*%(3xtan(f*x + e)~2 + 1)*a"2xc
/tan(f*x + e)~3)/f

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 178 vs.
2(84) = 168.
time = 0.36, size = 178, normalized size = 2.07

16a%ccos (fz + e)° sin (fz + €) + 6 a%ccos (fz + €)* + 6 a’ccos (fz + €) — 3 (a%ccos (fz +e)' — 2accos (fz + )’ + a’c) log (4 cos (fz +€) + 1) +3 (accos (f +e)' — 2a’ccos (fo +e)* + ac) log (—1 cos (fo+e) + 1)
48 (feos(fz +e)' —2fcos(fz +e)* + f)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 5*(ataxsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="fr
icas")
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[Out] -1/48*(16*a~2*xc*cos(f*x + e) " 3*sin(f*x + e) + 6xa”2*cxcos(f*x + e)~3 + 6*a”
2xckcos(f*x + e) — 3*(a"2*cxcos(f*xx + e)”4 — 2¥a”2*cxcos(f*xx + e)”2 + a~2*c
)*xlog(1/2xcos(f*xx + e) + 1/2) + 3x(a"2*c*cos(f*x + e)"4 - 2xa~2*xcxcos(f*x +

e)”2 + a"2xc)*log(-1/2xcos(f*x + e) + 1/2))/(f*cos(f*x + e)~4 - 2*f*xcos(f*

X +e)"2 + f)

Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)**5x(at+ta*sin(f*x+e))**2x(c-c*sin(f*x+e)),x)
[Out] Timed out

Giac [A]
time = 0.49, size = 148, normalized size = 1.72

50a2ctan(} fo+1 e)*+24a%ctan(d fo+ )’ ~8a2ctan(l fr+] e)—3a2c
tan(L fat3e)”

3a%ctan (} fo+ Le)* +8atctan (L fz +1e)® — 24a%clog (|tan (L fo + Le)|) — 24a2ctan (L fo+ Le) +
1927

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 5*(ataxsin(f*x+e)) 2+ (c-cxsin(f*x+e)),x, algorithm="gi
ac")

[Out] 1/192%(3*a~2xcxtan(1/2*xf*x + 1/2%e)~4 + 8*a~2xcxtan(1/2*fxx + 1/2%e)"3 - 24
*xa~2*c*log(abs(tan(1/2xf*xx + 1/2%e))) - 24*a~2xc*tan(1l/2xf*x + 1/2xe) + (50
xa~2xcktan (1/2xfxx + 1/2xe) 4 + 24xa~2xcxtan(1/2xfxx + 1/2%e)~3 - 8*a~2xcx*t
an(1/2*xf*x + 1/2*e) - 3*a~2+*c)/tan(1/2*xf*x + 1/2*xe)"~4)/f

Mupad [B]
time = 12.18, size = 133, normalized size = 1.55
e fz 4 _ 9 e fz\3 20a2tan<§+%) ca?
actan(g + 22)° _dctan(§+57) cot(5 + %) ( 2ea’tan(s + )+ 3 o N actan(g + £2)"* _a’cln(tan(§ + 57))
24f 8f 161 641 87

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + a*sin(e + f*x)) 2%(c - c*sin(e + f*x)))/sin(e + f*x)~5,x)

[Out] (a~2*c*tan(e/2 + (f*x)/2)73)/(24xf) - (a~2xcxtan(e/2 + (£*x)/2))/(8xf) - (c
ot(e/2 + (£f*x)/2)"4x((a"2*c)/4 + (2*a~2xcxtan(e/2 + (f*x)/2))/3 - 2*a"2*c*t
an(e/2 + (£*x)/2)73))/(16*f) + (a"2*cxtan(e/2 + (fx*x)/2)74)/(64*xf) - (a~2*c
xlog(tan(e/2 + (£xx)/2)))/(8%f)
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3.10 [ esc®(e+ fz)(a+asin(e+ fz))*(c—csin(e+
fx))dz
Optimal. Leaf size=105

a’ctanh™(cos(e + fx)) a’ccot®(e + fr) a’ccot®(e+ fr) a’ccot(e+ fx)csc(e + fz) accot(e+ f:
8f B 3f B 5f + 8f B .

[Out] 1/8*a"2%cxarctanh(cos(f*x+e))/f-1/3%a"2xcxcot (fxx+e) "3/f-1/5%a~2*c*xcot (f*x+
e)"5/f+1/8*a"2*xcxcot (fxx+e) xcsc (f*xx+e) /f-1/4*a"2xc*cot (f*x+e) *xcsc(f*xx+e) "3/
f

Rubi [A]
time = 0.12, antiderivative size = 105, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.125,

steps used = 11, number of rules used = 4, integrand size = 32
Rules used = {3045, 3853, 3855, 3852}

a’ccot’(e+ fx) a’ccot’(e+ fx)  a’ctanh'(cos(e + fz)) a’ccot(e + fx)cscP(e + fx)  alccot(e + fx)cscle + fx)
B 5f a 3f 8f B 4f + 8f

Antiderivative was successfully verified.
[In] Int[Csc[e + f*x] 6%(a + a*Sin[e + f*x])~2%(c - c*Sin[e + f*x]),x]

[Out] (a~2%cxArcTanh[Cos[e + f*x]])/(8*f) - (a~2xc*Cot[e + f*x]~3)/(3*f) - (a~2*c
*Cot [e + f*x]~5)/(6%f) + (a~2*c*Cot[e + f*x]*Cscle + f*xx])/(8+f) - (a~2*c*C
ot[e + fxx]*Cscl[e + f*x]~3)/(4xf)

Rule 3045

Int[sin[(e_.) + (f_)*(x_)]1"(n_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)])"(m
_Ox((A_.) + (B_.)*sin[(e_.) + (£_.)*(x_)]1), x_Symbol] :> Int[ExpandTriglsi
nle + f*x]"n*(a + b*sin[e + f*x]) m*(A + Bxsin[e + fx*xx]), x], x] /; FreeQ[{
a, b, e, £, A, B}, x] & EqQ[A*xb + a*B, 0] && EqQ[a"2 - b~2, 0] &% IntegerQ
[m] && IntegerQ[n]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*xCsclc + d*x])~"(n - 1)/(d*(n - 1))), x] + Dist[b™2*x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
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& IntegerQ[2x*n]
Rule 3855
Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]1/d, x]

/; FreeQ[{c, d}, x]

Rubi steps

/cscﬁ(e + fz)(a+ asin(e + fx))?*(c — csin(e + fz))dr = / (—a’cesc®(e + fz) — a’cesc(e + fx) + a’cc

_ _((a2c) / cse?(e + fa) dx) _ (%) / escl(e -

a’ccot(e + fx)csc(e+ fz)  a’ccot(e+ fz)cs

2f 4f
_ a’ctanh™'(cos(e + fz)) a’ccot}le+ fz) a
B 2f B 3f o
_ a’ctanh”'(cos(e + fz)) a’ccot}(e + fz) G
- 8f - 3f o

Mathematica [A]
time = 0.05, size = 204, normalized size = 1.94

8f 8f 32f 64f

2a%ccot(e + fz)  a’cesc? (3(e+ fz)) aPcesc! (e + fx))  aPceot(e + fx)cscP(e+ fz)  aPccot(e + fx)csci(e+ fx) | aPclog (cos (3(e+ fz))) a’clog (sin ((e+ fz))) acsec? (3(e+ fx)) = a’csect (3(e+ fz))
Bf + 32f - 64f 157 - 5f + - +

Antiderivative was successfully verified.

[In] Integrate[Csc[e + f*x]~6%(a + a*Sin[e + f*x])~2x(c - c*Sinl[e + fx*x]),x]

[Out] (2*a~2*c*Cot[e + f*x])/(15*%f) + (a~2xcxCsc[(e + f*x)/2]72)/(32*xf) - (a~2*cx*
Cscl[(e + f*x)/2]174)/(64%f) + (a~2*c*Cot[e + f*x]*Cscle + f*x]~2)/(156*%f) - (
a~2xcxCot [e + fxx]*Cscle + f*xx]~4)/(5xf) + (a"2xcxLogl[Cos[(e + fxx)/2]1]1)/(8

*xf) - (a"2xcxLog[Sin[(e + f*x)/2]]1)/(8*%f) - (a"2*c*Sec[(e + fxx)/2]72)/(32%

f) + (a™2*c*Sec[(e + f*x)/2]74)/(64x*f)

Maple [A]
time = 0.26, size = 152, normalized size = 1.45

method result
a2c(15e%1(f2+e) 124030 (f2+e) 190 e7i(fz+e) 1 80jeti(fote) 4 802 (fote) _gp e3ilfzte) _16i—15ei(/7He))  qg2cln
60 (e2i(fz+e) _1)°

risch
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a,20< <_ (csc3 (i:c-!—e)) 3 csc(;"w+e) ) COt(f$+€)+ 3 ln(csc(f:v+es)—cot(f:v+e)) ) +a2c <_8_ (csC4(fiv+e)) _ 4(cs(;2(fﬂv+e):

15 5 15
derivativedivides 7
3 rT+e 4 TrT+e 2 TrT+e \
a2c< <_ (csc (ﬁ + )) _3csc(£m+e)> cot(fz+e)+31n(csc(fz+e§cot(fz+e))>+a26<_185_ (csc (f; + )) _4(csc ig +e),
default 7
_i_ a20(tan9 (%-ﬁ-%)) _ 3a2c(tan5 (%+% ) _ 5a2c(tan7(%+%)) _ a2ctan(%+%) _ 7a2c(tan2 (%-ﬁ-%)) _ 3a20(te
160f 8f 32f 32f 64f 240f

norman

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e) 6% (at+ta*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x,method=_ RETURNVERBOS
E)

[Out] 1/f*x(a"2*xc*x((-1/4*csc(f*x+e) " 3-3/8*csc(f*x+e))*cot (f*x+e)+3/8*1n(csc(f*x+e)
—cot (f*x+e)))+a~2xc*(-8/15-1/5*csc(f*x+e) “4-4/15%csc (fxx+e) ~2) *cot (f*x+e)-a
~2xc*x(-2/3-1/3*csc(f*x+e) "2) *cot (f*x+e)—a~2*c* (-1/2xcsc(f*x+e) *cot (f*x+e)+1
/2*1n(csc(f*x+e)-cot (f*x+e))))

Maxima [A]
time = 0.29, size = 202, normalized size = 1.92

80 (3 tan(fz+e)®+1)aZe 16 (15 tan(fz+e)*+10 tan(fz+e)>+3)a2e
—310g(cos(fz+e)+1)+3log(cos(fz+e)—1)>—60&%(%@%—log(cos(fz+e)+l)+log(cos(fz+e)—l))+ ( n(7ate) ) - ( preg ) )

cos| =

240 f

2 (3 cos(fa+e)®~5 cos(jx+e))
5azef 2
15a C( cos(fate)I—2 cos(fate)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) “6*(ata*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="ma
xima")

[Out] 1/240%(15%a~2*c* (2% (3*cos(f*x + e)~3 - bkxcos(f*x + e))/(cos(f*x + e)~4 - 2%
cos(fxx + e)”2 + 1) - 3*log(cos(f*x + e) + 1) + 3xlog(cos(f*x + e) - 1)) -
60*a~2*xcx (2*cos(f*x + e)/(cos(f*x + e)”2 - 1) - log(cos(f*x + e) + 1) + log
(cos(f*xx + e) - 1)) + 80*(3*tan(f*x + e)”2 + 1)*a"2xc/tan(f*x + e)~3 - 16%(
15%tan(f*x + e)”4 + 10*tan(f*x + e)”2 + 3)*a~2xc/tan(f*x + e)~b)/f

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 217 vs.
2(102) = 204.
time = 0.38, size = 217, normalized size = 2.07

32a%ccos (fz + ¢)° — 80a’ccos (fz + ¢)* + 15 (a®ccos (fz + €)' — 2a%ccos (fz + ) + a%c) log (4 cos (fz +¢) + 1) sin (fz + €) — 15 (a%ccos (fz + €)' — 2a%ccos (fz + ¢)* + a’c) log (= cos (fz + ¢) + 3) sin (fz + €) — 30 (a®ccos (fz + ¢)° + aceos (fz + ¢)) sin (fz + ¢)
240 (f cos (fz +€)* — 2 f cos (fz + )’ + f) sin (fz +€)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 6*(ataxsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="fr
icas")

[Out] 1/240%(32*a"2*c*cos(f*x + e)~5 - 80*a~2xc*cos(f*x + e)~3 + 15x(a~2*c*cos(f*
X + e)”4 - 2*a~2xcxcos(f*x + e)”2 + a~2*c)*log(l/2xcos(f*x + e) + 1/2)*sin(
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fxx + e) - 156x(a"2xcxcos(f*x + e)™4 - 2%a~2*kcxcos(f*x + e)”2 + a~2*c)*log(-
1/2%cos(f*x + e) + 1/2)*sin(f*x + e) - 30*%(a"~2xc*xcos(f*x + e)~3 + a~2*c*cos
(f*x + e))*sin(f*x + e))/((f*xcos(f*x + e)~4 - 2*f*xcos(f*x + e)~2 + f)*sin(f
*x + e))

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)**6*(at+a*sin(f*x+e))**2x(c-c*sin(f*x+e)),x)

[Out] Exception raised: SystemError >> excessive stack use: stack is 3003 deep
Giac [A]

time = 0.51, size = 184, normalized size = 1.75

274actan(} fo+1e)’ +60a%ctan(} fr+de)'~10a%ctan(4 fo+e)’~15a%ctan(} fo+de)-6a%e
tan(} fz+ie)

6a’ctan (3 fz+ %e)5 +15a%ctan (§ fz + %e)4 +10a*ctan (3 fz + %e)n —120a%clog ([tan (} fz +  €)|) — 60a’ctan (} fx + Je) +
960 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 6% (ataxsin(f*x+e)) "2+ (c-c*sin(f*x+e)),x, algorithm="gi
ac")

[Out] 1/960%(6*a~2xcxtan(1/2*xf*xx + 1/2%e)”5 + 15%a~2xcxtan(1/2*f*xx + 1/2%e)”4 + 1
O*a~2xc*tan(1/2xf*x + 1/2%e)”3 - 120%a~2*cxlog(abs(tan(1/2*xf*xx + 1/2%e))) -
60*a~2*cxtan(1/2xfxx + 1/2xe) + (274*a"2*c*tan(1/2xf*xx + 1/2%e)”5 + 60*a"2
xcktan(1/2*%f*x + 1/2*%e)~4 - 10*xa~2*c*tan(1/2*xf*x + 1/2*%e)"2 - 15xa~2*c*tan(
1/2+%f*x + 1/2%e) - 6*a”2*c)/tan(1/2*xf*x + 1/2*e)”5)/f

Mupad [B]
time = 12.37, size = 244, normalized size = 2.32

ae (Bcos (5+45)"" —6sin (5 +£)" ~ 15 cos (5 + &) sin (5 + )" + 15 cos (5 + £2)” sin (5 + 5) — 10cos (5 + 2)"sin (5 + £2)° + 60 cos (5 + £2) " sin (5 + £)° — 60 cos (5 + £)° sin (5 + £2)* + 10cos (5 + 52)°sin (5 + 42)° + 120 cos (5 + £5)° In ({:fz;) sin (§+ %)j

960 f cos (5 + 4£)"sin (5 + 4£)°
Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + a*sin(e + f*x)) 2%(c - c*sin(e + f*x)))/sin(e + f*x)~6,x)

[Out] -(a~2*c*(6*cos(e/2 + (f*x)/2)"10 - 6*sin(e/2 + (f*x)/2)710 - 15%cos(e/2 + (
f*xx)/2)*sin(e/2 + (£*x)/2)79 + 15%cos(e/2 + (f*x)/2)"9*sin(e/2 + (f*x)/2) -
10xcos(e/2 + (f*x)/2) "2*sin(e/2 + (f*x)/2)"8 + 60*cos(e/2 + (f*x)/2) 4*sin

(e/2 + (£f*x)/2)"6 - 60*cos(e/2 + (f*x)/2) 6*sin(e/2 + (f*x)/2)"4 + 10*cos(e
/2 + (f*x)/2)"8xsin(e/2 + (£f*x)/2)"2 + 120*cos(e/2 + (£f*x)/2) 5*log(sin(e/2

+ (fxx)/2)/cos(e/2 + (f*x)/2))*sin(e/2 + (£f*x)/2)"5))/(960xf*cos(e/2 + (f*
x)/2) "B*sin(e/2 + (f*x)/2)°5)
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3.11 [ esc’(e+ fz)(a+asin(e+ fz))*(c—csin(e+
fx))dz
Optimal. Leaf size=130

a’ctanh™'(cos(e + fz)) a’ccot®(e + fx) a’ccot®(e+ fx)  a’ccot(e+ fx)cscle + f:v)+a2ccot(e+ b
16f B 3f B 5f + 16f 2

[Out] 1/16*a~2*c*arctanh(cos(f*x+e))/f-1/3*%a"2*cxcot (f*xx+e) ~3/f-1/5%a~2*c*cot (f*x
+e) "5/f+1/16*%a"2*cxcot (f*x+e) *csc(f*x+e) /f+1/24*a"2*cxcot (f*x+e) *csc(f*x+e)
~3/f-1/6xa~2*c*cot (f*x+e) *csc(f*x+e) "5/f

Rubi [A]

time = 0.14, antiderivative size = 130, normalized size of antiderivative = 1.00, number of

steps used = 13, number of rules used = 4, integrand size = 32, Bumber of rules _ ) 195

integrand size
Rules used = {3045, 3852, 3853, 3855}

a®ccot’(e+ fz) a’ccot’(e+ fr) | a’ctanh™(cos(e + fz)) a’ccot(e + fx)csc®(e+ fz)  accot(e + fx)csci(e + fz)  aceot(e + fx)cscle + fx)
- 5f - 3f 16f - 6f + 2f + 16f

Antiderivative was successfully verified.
[In] Int[Cscle + f*x]~ 7*(a + a*Sin[e + f*x])~2*(c - c*Sin[e + f*x]),x]

[Out] (a"2*c*ArcTanh[Cos[e + f*x]])/(16*f) - (a"2*c*Cotl[e + f*x]~3)/(3*f) - (a~2x*
cxCot[e + f*x]~5)/(6%f) + (a"2*c*Cot[e + f*x]*Cscle + f*x])/(16xf) + (a~2*c
*Cot [e + f*x]*Cscl[e + f*xx]~3)/(24*f) - (a~2*c*Cot[e + f*x]*Cscl[e + f*x]~5)/

(6%£)

Rule 3045

Int[sin[(e_.) + (£_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)])"(m
_Ox((A_.) + (B_.)*sin[(e_.) + (£_.)*(x_)]1), x_Symbol] :> Int[ExpandTriglsi

nle + f*x] nx(a + bxsin[e + f*x]) m*x(A + Bxsin[e + f*x]), x], x] /; FreeQ[{

a, b, e, £, A, B}, x] & EqQ[Axb + a*B, 0] && EqQ[a"2 - b~2, 0] && IntegerQ

[m] && IntegerQ([n]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Csclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2*%((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
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& IntegerQ[2x*n]
Rule 3855
Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]1/d, x]

/; FreeQ[{c, d}, x]

Rubi steps

/csc7(e + fz)(a+ asin(e + fx))?*(c — csin(e + fz))dr = / (—a’cesc*(e + fz) — a’cesc®(e + fx) + a’cc

_ _((a%) / cse?(e + fa) da:) _ (%) / escd(e -

_ a’ccot(e + fx)csc’(e + fz)  a’ceot(e + )«

Af 6f
a’cecot®(e + fx) a’ccot’(e + fx)  3a’cco
3 - 5f
_ 3a’ctanh™'(cos(e + fz)) a’ccotd(e + fx)
- 8f B 3f -
_ a’ctanh™'(cos(e + fz)) a’ccot}le+ fz) a
B 16f B 3f o

Mathematica [A]
time = 0.05, size = 204, normalized size = 1.57

2a%ccot(e + fz) . a’cesc? (3(e+ fz))  a’cesc® (3(e+ fx) | aPccot(e + fr)escP(e + fr)  aPccot(e+ fx) osci(e + fx) N a’clog (cos (3(e + fz)))  a’clog (sin (3(e + fz)))  a’csec® (3(e + fz)) N a’csec® (3(e + fz))
5f

15f 64f 384f 15f 16f - 16f 64f 384f

Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x]~7x(a + a*Sin[e + f*x])~2*(c - c*Sin[e + f*x]),x]

[Out] (2*xa~2xc*Cot[e + f*x])/(15%xf) + (a2xc*Csc[(e + f*xx)/2]72)/(64*f) - (a~2*cx
Cscl[(e + £xx)/2]76)/(384xf) + (a"2xc*Cot[e + f*x]*Csc[e + fxx]~2)/(16xf) -
(a~2xc*Cot[e + f*x]*Cscle + fxx]~4)/(5%f) + (a~2*c*Logl[Cos[(e + f*x)/2]]1)/(

16xf) - (a"2*cxLog[Sin[(e + £*x)/2]]1)/(16%f) - (a"2*cxSec[(e + f*x)/2]72)/(

64xf) + (a"2*c*Sec[(e + f*x)/2]76)/(384%*f)

Maple [A]
time = 0.25, size = 174, normalized size = 1.34

] method \ result
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risch __a’c(15ettilfate) g5 gdilfate) 570 eTi(fo+e) 14804e8i(fo+e) 570 eilFate) _390iebilfate) g5 gdilfate) £ 15 ilf2
120f (e2i(fo+e) —1)°
4 x+e 4 2 x+e 5 x+e 5 3 x+e
< % csc (f ) _ (csc ig )) Cot(fz+6)+a2c _ (csc (g )) _ (csc ;i )) _5csc(1];z+6) cot(fw—i—e
derivativedivides
4(fpy a(csc®(fot 5(fut 5(csc3 (faot
< % csc (fa: e) _ (csc i;‘a: e)) cot(f:z:+e)+azc _(csc (ga: e))_ (csc ;Zw e))_50s0(11;2+e) cot(fx+e
default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e) 7x(ata*sin(f*x+e)) "2+ (c-cxsin(f*x+e)) ,x,method=_RETURNVERBOS
E)

[Out] 1/f*x(a"2%c*x(-8/15-1/5*csc(f*x+e) ~4-4/15*%csc(f*x+e) ~2) *cot (fxx+e)+a~2*cx ((-1
/6*xcsc (fxx+e) ~5-5/24*csc(f*x+e) "3-5/16*csc (f*x+e))*xcot (f*x+e)+5/16x1n(csc(f
*x+e)-cot (fxx+e)))-a~2xcx ((-1/4*csc(f*x+e) "3-3/8*csc(fxx+e) ) *cot (f*x+e)+3/8
*1n(csc(f*x+e)-cot (f*x+e)))—-a~2*c*(-2/3-1/3*csc(f*x+e) ~2) *cot (f*x+e))

Maxima [A]
time = 0.30, size = 251, normalized size = 1.93

5 cos(fa-+e)”—40 cos(fa-+¢)"+33 cos(fr+e)) s(fa-+e)’=5 cos(fa+e)) 15 tan(fo-+e) 410 tan(fr+e)*+3) a%c

eI cos(fz4e) o - B _ o (2(3c0 2 _ _ 160 (3 tan(fa+e)*+1)ac _=( )
5a C(WW 15 log (cos (f + €) + 1) + 15 log (cos (fz +€) — 1) 300’ < S e 3 log (cos (fz +€) + 1) + 3 log (cos (fz +¢€) — 1) ) + ey ey
480 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) “7*(ata*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="ma
xima")

[Out] 1/480%(5%a~2xcx(2*(15*%cos(f*x + e)~5 — 40*cos(f*x + e)~3 + 33*cos(f*x + e))
/(cos(f*x + e)76 - 3xcos(f*x + e)"4 + 3*cos(f*x + e)”2 - 1) - 15xlog(cos(f*

x + e) + 1) + 15xlog(cos(f*x + e) - 1)) - 30%a~2*xcx(2x(3*cos(f*x + e)”3 - 5
xcos(f*x + e))/(cos(f*xx + e)"4 - 2xcos(f*x + e)”2 + 1) - 3*log(cos(f*x + e)

+ 1) + 3xlog(cos(f*x + e) - 1)) + 160*(3xtan(f*x + e)~2 + 1)*a~2xc/tan(f*x

+ e)73 - 32x(15xtan(f*x + e)”4 + 10*tan(f*x + e)”2 + 3)*a~2*c/tan(f*x + e)

~5)/f

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 257 vs.
2(127) = 254.
time = 0.38, size = 257, normalized size = 1.98

30a%ccos (fz +€)° — 80 a’ceos (fz + e)’ — B0accos (£ + €) — 15 (a%ceos (fz +€)° — Ba’ceos (fz + €)' + Ba’ceos (fz + ) — a’c) log (§ cos (fz +€) + 1) +15 (a*ceos (£z + €)° — Baccos (fz + €)' + Baccos (£ + €)’ — aPc) log (1 cos (fz + €) +}) +32 (2a*ccos (fz + €)° — baPceos (fz +¢)°) sin (fz +¢)
480 (f cos (fz +€)° — 3 f cos (fz + €)' + 3 f cos (fz + ) — f)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 7*(ataxsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="fr
icas")
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[Out] -1/480%(30*a~2*xc*cos(f*x + e)~5 - 80*a~2*c*cos(f*x + e)~3 - 30*a”2*c*cos(fx*
X + e) - 16x(a"2*cxcos(f*x + e)~6 — 3*a~2xcxcos(f*x + e)”~4 + 3*a~2xcxcos(f*

X + e)72 - a”2xc)*log(1/2*cos(f*x + e) + 1/2) + 156x(a"2*c*cos(f*x + e)”6 -
3*%a~2kckcos(f*x + e)74 + 3*xa~2xcxcos(f*x + e)”2 - a"2x*c)*log(-1/2*cos(f*x +

e) + 1/2) + 32x(2xa"2*xcxcos(f*x + e)~5 - b*a~2xc*cos(f*x + e)~3)*sin(f*x +
e))/(fxcos(f*x + e)”6 - 3xfxcos(f*x + e)"4 + 3*fxcos(f*x + e)”2 - f)

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)**7*(at+ta*sin(f*x+e))**2x(c-c*sin(f*x+e)),x)
[Out] Exception raised: SystemError >> excessive stack use: stack is 4368 deep

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 256 vs. 2(127) =
254.
time = 0.49, size = 256, normalized size = 1.97

Satctan (1 fz+1e)® +12a%tan (4 fo + de)’ +15a%ctan (§ fz + Le)' + 20a%tan (4 o+ Se)* — 15a%ctan (1 fa + Le)” — 120a%log tan (4 fz + L e)|) — 120a%ctan (4 fa + } o) 4 2ieictenls oo 0
020

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 7*(ataxsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="gi
ac")

[Out] 1/1920%(5*a~2xc*tan(1/2xf*xx + 1/2%e)”~6 + 12*a~2xcxtan(1/2xfxx + 1/2%e)”5 +
15%a~2xcxtan(1/2*xf*x + 1/2%e)”4 + 20*a~2xcxtan(1/2*f*x + 1/2%e)”3 - 15%xa”~2x*
cxtan(1/2*f*x + 1/2%e)”2 - 120*a"2*c*log(abs(tan(1/2*f*x + 1/2%e))) - 120*a
~2%xckxtan(1/2*%f*xx + 1/2*%e) + (294*a~2*c*tan(1/2*xf*x + 1/2*%e)~6 + 120*a~2*c*t
an(1/2xf*xx + 1/2xe)”5 + 15xa~2xc*tan(1/2xf*x + 1/2xe)”"4 - 20*a~2xc*tan(1/2x*

f*xx + 1/2%e)”3 - 156*%a”2*cktan(1/2*xf*x + 1/2%e)”2 - 12*xa”~2c*tan(1/2xf*x + 1
/2xe) - 5*%a~2xc)/tan(1/2*fxx + 1/2%e)”"6)/f

Mupad [B]
time = 12.54, size = 340, normalized size = 2.62

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + a*sin(e + f*x)) " 2%(c - c*sin(e + f*x)))/sin(e + f*x)~7,x%)

[Out] -(a~2*c*x(5xcos(e/2 + (f*x)/2)"12 - 5xsin(e/2 + (f*x)/2)712 - 12xcos(e/2 + (
f*x)/2)*sin(e/2 + (f*x)/2)"11 + 12*cos(e/2 + (f*x)/2) " 11xsin(e/2 + (f*x)/2)
- 15%cos(e/2 + (f*x)/2)"2xsin(e/2 + (£f*x)/2)710 - 20*cos(e/2 + (f*x)/2) 3%
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sin(e/2 + (£xx)/2)79 + 15*xcos(e/2 + (f*x)/2) 4xsin(e/2 + (£f*x)/2)"8 + 120%*c
os(e/2 + (f*x)/2) 5*sin(e/2 + (£*x)/2)"7 - 120*cos(e/2 + (f*x)/2) T*sin(e/2
+ (f*x)/2)°5 - 15*xcos(e/2 + (f*x)/2) 8*sin(e/2 + (f*x)/2)"4 + 20*cos(e/2 +
(£*x)/2)"9%sin(e/2 + (£f*x)/2)"3 + 15*cos(e/2 + (£f*x)/2)"10*sin(e/2 + (f*x)
/2)72 + 120*cos(e/2 + (£f*x)/2)"6*xlog(sin(e/2 + (£f*x)/2)/cos(e/2 + (f*x)/2))
*sin(e/2 + (£*x)/2)76))/(1920%f*cos(e/2 + (£*x)/2) 6*sin(e/2 + (f*x)/2)76)
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3.12 [ sin?(c+dz)(a+asin(c+dz))3?(c—csin(c+
dx)) dx

Optimal. Leaf size=128

_ 8d’ccos’(c+dx)  2a’ccos’(c+dx) +4ac cos®(c + dz)/a + asin(c + dz) _ 2ccos’(c +da
63d(a + asin(c +dz))*? 21d\/a + asin(c + dz) 21d

[Out] -8/63*a~3*c*cos(d*x+c) ~3/d/(a+a*sin(d*x+c))~(3/2)-2/9*c*cos(d*x+c) ~3*x(ata*xs
in(d*xx+c))~(3/2) /d-2/21*a"2*c*cos (d*x+c) ~3/d/ (a+a*sin(d*x+c)) ~(1/2)+4/21*xax*
c*cos (d*x+c) “3*(at+a*sin(d*x+c))~(1/2)/d

Rubi [A]
time = 0.23, antiderivative size = 165, normalized size of antiderivative = 1.29, number of

number of rules _ (147
integrand size ’

steps used = 5, number of rules used = 5, integrand size = 34,
Rules used = {3055, 3060, 2838, 2830, 2725}

2a’csin®(c + dz) cos(c + dz) 2a’ccos(c + dz) . 2acsin’®(c + dz) cos(c + dz) V/asin(c +dz) +a 2ccos(c+ dz)(asin(c +dz) + a)®? + 4accos(c + dz)\/asin(c + dz) + a

63d+/asin(c+dz) +a 9d\/asin(c+dz) +a 9d 21d 63d

Antiderivative was successfully verified.
[In] Int([Sin[c + d*x]"2*(a + axSin[c + d*x])~(3/2)*(c - c*Sin[c + d*x]),x]

[Out] (-2*a~2xc*Cos[c + d*x])/(9*d*Sqrt[a + a*xSin[c + dxx]]) + (2xa~2*c*Cos[c + d
*xx]*Sin[c + d*x]~3)/(63*d*Sqrt[a + a*Sin[c + d*x]]) + (4xaxc*Cos[c + d*x]*S
qrtla + a*Sin[c + d*x]])/(63*d) + (2*a*c*Cos[c + d*x]*Sin[c + d*x]~3*Sqrt[a

+ a*xSin[c + d*x]]1)/(9*%d) - (2*c*Cos[c + d*x]*(a + a*Sin[c + d*x])~(3/2))/(

21%d)

Rule 2725

Int[Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[-2*bx*(Cos
[c + d*x]/(d*Sqrt[a + b*Sin[c + d*x]]1)), x] /; FreeQ[{a, b, c, d}, x] && Eq
Q[a~2 - b2, 0]

Rule 2830

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x )])"(m )*((c_.) + (d_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-d)*Cos[e + fx*x]*((a + b*Sin[e + f*x]) m/(
fx(m + 1))), x] + Dist[(a*d*m + b*c*x(m + 1))/(bx(m + 1)), Int[(a + b*Sin[e
+ f*x])"m, x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[b*c - axd, 0] &
& EqQ[a~2 - b2, 0] && !LtQm, -2"(-1)]

Rule 2838

Int[sin[(e_.) + (£_.)*x(x_)]1"2x((a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)1)"(m_),
x_Symbol] :> Simp[(-Cos[e + f*x])*((a + b*Sin[e + f*x])"(m + 1)/(b*f*(m + 2
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))), x] + Dist[1/(b*(m + 2)), Int[(a + b*Sin[e + f*x]) m*(b*(m + 1) - a*Sin
[e + £*xx]1), x], x] /; FreeQ[{a, b, e, f, m}, x] & EqQ[a~2 - b~2, 0] && IL
tQ[m, -2~(-1)]

Rule 3055

Int[((a_) + (b_.)*sin[(e_.) + (£_)*(x_)]1)"(m_)*((A_.) + (B_.)*sin[(e_.) +

(f_I)*x(x)1)*((c_.) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)"(n_), x_Symbol] :> Sim
pL(-b)*BxCos[e + f*x]*(a + b*Sin[e + f*x])"(m - 1)*((c + d*Sin[e + f*x])~(n
+ 1)/(dxfx(m + n + 1))), x] + Dist[1/(d*(m + n + 1)), Int[(a + b*Sin[e + £
*x])"(m - 1)*(c + d*Sin[e + f*x]) n*Simp[a*Axd*(m + n + 1) + Bk(a*ck(m - 1)
+ bxdx(n + 1)) + (Axbkd*(m + n + 1) - Bx(b*c*m - a*d*(2*m + n)))*Sin[e + f
*xx], x], x], x] /; FreeQ[{a, b, c, d, e, £, A, B, n}, x] && NeQ[b*c - axd,

0] && EqQ[a”2 - b~2, 0] && NeQ[c™2 - d~2, 0] && GtQ[m, 1/2] && !'LtQ[n, -1]
&& IntegerQ[2*m] && (IntegerQ[2*n] || EqQlc, 0])

Rule 3060

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11*((A_.) + (B_.)*sin[(e_.) + (
f_)*(x_)1)*((c_.) + (d_.)*sin[(e_.) + (f_.)*(x_)])"(n_), x_Symbol] :> Simp
[-2xb*B*Cos[e + f*x]*((c + d*Sin[e + f*x])~(n + 1)/(d*f*x(2*n + 3)*Sqrt[a +
b*Sin[e + f*x]]1)), x] + Dist[(Axbxd*(2*n + 3) - B*(b*c - 2xaxd*(n + 1)))/(b
*xd*x(2*xn + 3)), Int[Sqrt[a + b*Sin[e + f*x]]1*(c + d*Sin[e + f*x])“"n, x], x]
/; FreeQ[{a, b, c, d, e, £, A, B, n}, x] && NeQ[b*c - axd, 0] &% EqQ[a~2 -
b~2, 0] && NeQ[c™2 - d°2, 0] && !'LtQ[n, -1]

Rubi steps

2ac cos(c + dz) sin®(c + dz) v/a + asin(c + da

/sin2(c + dx)(a + asin(c + dz))¥?(c — csin(c + dz)) dz =

9d
_ 2a?c cos(c + dz) sin®(c + dx) N 2accos(c + da
63d+/a + asin(c + dr)
_ 2da*ccos(c+ dx)sin®(c+dz) | 2accos(c + da
- 63d\/a + asin(c + dz)
_ 2da*ccos(c+dz)sin®(c+dx) | 4accos(c+ ds
N 63d+/a + asin(c + dr)
2a2ccos(c + dx) 2a%c cos(c + dz) s

Mathematica [A]

_9d\/a+asin(c+dx)‘ 63d+/a + asin(
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time = 0.53, size = 101, normalized size = 0.79

ac(cos (3(c+dz)) —sin (3(c+ dz)))’ \/a(1 +sin(c + dz)) (—62 + 30 cos(2(c + dz)) — 69sin(c + dz) + Tsin(3(c + dz)))
126d (cos (3(c+ dz)) + sin (3(c + dz)))

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~2*(a + a*Sin[c + d*x])~(3/2)*(c - c*Sin[c + d*x]),x]

[Out] (a*c*(Cos[(c + d*x)/2] - Sin[(c + d*x)/2])~3*Sqrt[a*(1 + Sin[c + d*x])]*(-6
2 + 30%Cos[2x(c + d*x)] - 69*Sin[c + d*xx] + 7*Sin[3*(c + d*x)]))/(126*d*(Co

s[(c + d*x)/2] + Sin[(c + d*x)/2]))

Maple [A]

time = 5.65, size = 78, normalized size = 0.61

method | result size
default _ 2(1+sin(dz+c))a?(sin(dz+c)—1)%c(7(sin? (dz+.c))+15 (sinz(dx‘-i-c)) +12sin(dz+c)+8) 78
63cos(dz+c)\/a + asin (dz + c) d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) 2% (ata*sin(d*x+c))~(3/2)*(c-c*sin(d*x+c)) ,x,method=_RETURNVE
RBOSE)

[Out] -2/63*(1+sin(d*x+c))*a~2*(sin(d*x+c)-1) "2*c* (7*sin(d*x+c) ~3+15*sin (d*x+c) "2
+12%sin(d*x+c)+8) /cos (d*x+c)/(ataxsin(d*x+c))~(1/2)/d

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) 2*(at+a*sin(d*x+c))~(3/2)*(c-c*sin(d*x+c)),x, algorithm
="maxima")

[Out] -integrate((a*sin(d*x + c) + a)~(3/2)*(c*sin(d*x + c) - c)*sin(d*x + c)~2,
x)

Fricas [A]

time = 0.37, size = 155, normalized size = 1.21

2 (7accos (dz + ¢)° — accos (dz + ¢)* — 11 accos (dz + ¢)* + accos (dz + ¢)* — 4accos (dz + ¢) — 8ac — (Taccos (dz + ¢)* + 8accos (dz + ¢)° — 3accos (dz + ¢)* — 4accos (dz + ¢) — 8ac) sin (dz + c)) \/asin (dz + ) +a
63 (d cos (dz + ¢) + dsin (dz + ¢) + d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) 2*(at+a*sin(d*x+c))~(3/2)*(c-c*sin(d*x+c)),x, algorithm
="fricas")
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[Out] 2/63*(7*a*cxcos(d*x + c)~5 - a*c*cos(d*x + c)~4 - 1l*a*c*cos(d*x + ¢c)”3 + a
xcxcos(d*x + c)~2 - 4*axcxcos(d*x + c) — 8*a*xc - (7*xakxck*cos(d*x + c)~4 + 8%
axcxcos(d*x + c¢)~3 - 3*a*cxcos(d*x + c)~2 - 4*axcxcos(d*x + c) - 8*axc)*sin

(d*x + c))*sqrt(a*sin(d*x + c) + a)/(d*cos(d*x + c) + d*sin(d*x + c) + d)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

—c(/ <—a\/asin(c+dx)+a‘sin2(c+da:)> dx+/a\/asin(c+dx)+asin4(c+da:)da:>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**2x(at+axsin(d*x+c))**(3/2)*(c-c*sin(d*x+c)),x)

[Out] -c*(Integral(-a*sqrt(axsin(c + d*x) + a)*sin(c + d*x)#**2, x) + Integral(axs
grt(a*sin(c + d*x) + a)*sin(c + d*x)**4, x))

Giac [A]
time = 0.48, size = 99, normalized size = 0.77

V2 (126 acsgn (cos (=17 + Ldz+ 1)) sin (=1 7+ 1dz +1c) — 9acsgn(cos (~1m+ 1dz+Lc))sin (~Zm+ Zdw+ Ic) — Tacsgn(cos (~1m+Ldr+1c))sin (27 +2de+2c))va
504d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) " 2*(at+a*sin(d*x+c))~(3/2)*(c-c*sin(d*x+c)),x, algorithm
="giac")

[Out] 1/504*sqrt(2)*(126*%a*cxsgn(cos(-1/4*pi + 1/2xd*x + 1/2%c))*sin(-1/4*pi + 1/
2xd*x + 1/2%c) - 9*xaxcksgn(cos(-1/4*pi + 1/2%d*x + 1/2%c))*sin(-7/4*pi + 7/
2%d*x + 7/2%c) - Txaxcxsgn(cos(-1/4*pi + 1/2*%d*x + 1/2%c))*sin(-9/4xpi + 9/
2xd*x + 9/2%c))*sqrt(a)/d

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/sin (c+dz)?(a+asin(c+dz))*?(c—csin(c+dz)) do

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(c + d*x)~2%(a + a*sin(c + d*x))~(3/2)*(c - c*sin(c + d*x)),x)

[Out] int(sin(c + d*x)~2*(a + a*sin(c + d*x))~(3/2)*(c - c*sin(c + d*x)), x)
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f csc(e+fx) \/(l + CLSIH(G + fx) do

3.13 c—csin(e+fz)

Optimal. Leaf size=69

1 \/Ecos(e-i-fw)
_2\/5 tonh (\/a+asin(e+f$)) +2Sec(e+fx)\/a+asin(e+f$)‘

cf cf

[Out] -2*arctanh(cos(f*x+e)*a”~(1/2)/(ataxsin(f*x+e))~(1/2))*a~(1/2)/c/f+2xsec(f*x
+e)x(ataxsin(f*xx+e))~(1/2)/c/f

Rubi [A]
time = 0.20, antiderivative size = 69, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.147,

steps used = 5, number of rules used = 5, integrand size = 34
Rules used = {3013, 2852, 212, 2815, 2752}

‘ 2\/5 tanh_l ( \/Ecos(e-i—fa:) )

2sec(e + fx)+\/asin(e + fz) +a Vasin(e + fz) +a
cf cf

Antiderivative was successfully verified.
[In] Int[(Csc[e + f*x]*Sqrt[a + a*Sin[e + f*x]])/(c - c*Sin[e + f*x]),x]

[Out] (-2*Sqrt[al*ArcTanh[(Sqrt[a]*Cos[e + f*x])/Sqrt[a + a*Sin[e + f*x]1])/(c*f)
+ (2%Sec[e + f*x]*Sqrt[a + a*Sin[e + f*x]])/(c*f)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 2752

Int[(cos[(e_.) + (£_.)*x(x_)1*(g_.))"(p_)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x
J)1)"(m_), x_Symbol] :> Simp[b*(g*Cos[e + f*x])~(p + 1)*((a + b*Sin[e + f*x
D-(m - 1)/(E*gx(m - 1))), x] /; FreeQ[{a, b, e, £, g, m, p}, x] & EqQ[a~2
- b2, 0] && EqQ[2*m + p - 1, 0] && NeQ[m, 1]

Rule 2815

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1)"(m_.)*((c_) + (d_.)*sin[(e_.) +
(f_.)*(x_)1)"(n_.), x_Symbol] :> Dist[a"m*c"m, Int[Cos[e + f*x]~(2*m)*(c +
d*Sin[e + f*x])~(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && EqQ[b
xc + a*d, 0] && EqQ[a"2 - b~2, 0] &% IntegerQ[m] &% !(IntegerQ[n] && ((LtQ
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[m, 0] & GtQ[n, 0]) || LtQ[O, n, m] || LtQ[m, n, 0]))

Rule 2852

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/((c_.) + (d_.)*sin[(e_.) + (
f_.)*(x_)]), x_Symbol] :> Dist[-2*%(b/f), Subst[Int[1/(b*c + a*xd - d*x~2), x
1, x, bx(Cos[e + f*x]/Sqrt[a + b*Sin[e + f*x]1])], x] /; FreeQ[{a, b, c, d,

e, £}, x] &% NeQ[b*c - a*d, 0] && EqQ[a"2 - b~2, 0] &% NeQ[c™2 - d"2, 0]

Rule 3013

Int[Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)11/(sin[(e_.) + (f_.)*(x_)1*((c
) + (d_.)*sin[(e_.) + (£f_.)*(x_)]1)), x_Symbol] :> Dist[1/c, Int[Sqrt[a + b
*Sin[e + fxx]]/Sinle + f*x], x], x] - Dist[d/c, Int[Sqrt[a + b*Sin[e + f*x]
1/(c + d*Sin[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*xc -
axd, 0] &% EqQ[a~2 - b~2, 0]

Rubi steps

¢ —csin(e + fz) c ¢ —csin(e + fz)

/csc(e+f:c)\/a+asin(e+fx) do — [csc(e+ fr)y/a+asin(e + fz) dx N Va+asin(e + fz) (

a—zx?

_ [sec’(e + fz)(a+ asin(e + fz))¥? dx B (2a)Subst (f L, dz,

ac

2./a tanh_l < \/(?cos(e—l—fx) )
B ve Va+ asin(e + fz) +2sec(e—|—f:v)\/a—|—as

cf cf

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 157 vs. 2(69) =
138.
time = 0.23, size = 157, normalized size = 2.28

sec(e + fz) (2+ cos (3(e + fx)) (~log (1 + cos (3(e + fx)) —sin (3(e + fx))) + log (1 — cos (§(e + fz)) +sin (3(e + fx)))) + (log (1 + cos (3(e + fz)) —sin (3(e + fz))) —log (1 — cos (§(e + fz)) +sin (3(e + fx)))) sin (}(e + fz))) V/a(l +sin(e + fz))

cf

Antiderivative was successfully verified.

[In] Integrate[(Csc[e + f*x]*Sqrt[a + a*Sin[e + f*x]])/(c - c*Sin[e + f*x]),x]

[Out] (Secle + f*x]*(2 + Cos[(e + fx*x)/2]*(-Logl[l + Cos[(e + f*x)/2] - Sin[(e + f
*xx)/2]] + Logl[l - Cos[(e + f*x)/2] + Sin[(e + f*x)/2]]) + (Log[l + Cos[(e +
fxx)/2] - Sin[(e + f*x)/2]] - Logl[l - Cos[(e + f*x)/2] + Sin[(e + f*x)/2]]
)*Sin[(e + f*x)/2])*Sqrt[ax(1 + Sin[e + fx*x])])/(c*f)
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Maple [A]
time = 6.50, size = 78, normalized size = 1.13

method | result size

2(1+sin(fz+e)) (a%—arctanh< \/(1/ —asin (fJ? + 6) )a\/a — asin (f.’L' + 6) )

Va

‘ 78
ﬁ ccos(fz+e) \/a + asin (f.’L' + 6) f

default

Verification of antiderivative is not currently implemented for this CAS.
[In] int((at+a*sin(f*x+e))~(1/2)/sin(f*x+e)/(c-c*sin(f*x+e)),x,method=_RETURNVERB
0SE)

[Out] 2*x(1+sin(f*x+e))*(a~(3/2)-arctanh((a-a*sin(f*x+e))~(1/2)/a"(1/2))*a*x(a-a*si
n(f*x+e))~(1/2))/a~(1/2)/c/cos(f*x+e)/(a+a*sin(f*x+e))~(1/2)/f

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*sin(f*x+e))~(1/2)/sin(f*x+e)/(c-c*sin(f*x+e)),x, algorithm="
maxima")

[Out] -integrate(sqrt(a*sin(f*x + e) + a)/((c*sin(f*x + e) - c)*sin(f*x + e)), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 221 vs.
2(65) = 130.
time = 0.47, size = 221, normalized size = 3.20

cus(/wﬂ)ucos(ﬂﬂ)u(ms(frﬂ)’ﬂ) sin(fa-+e)—cos(fa+e)—1

acos(fz+e)>~Tacos(fz+e)?~4 (cos(f+e)>+(cos(fz+e)+3) sin(fz+e) -2 cos(fz+e)-3) \/ asin (fx + €) + a v/a —9acos(fo+e)+(acos(fz+e)?+8acos(fz+e)—a) sin(fz+e)—a
ﬁcos(fz+e)1og< (fo+e) (fo+e)*—4 (cos(fa+e)*+(cos( f+e) +3) sin(fa+e) =2 cos(fa+e)=3) V/asin (fz + €) + a Va' (fo+e)+ (acos(fa+e)?+8acos(fa+e)—a) sin(fo-+e) >+4 esm(for ot a

2cfcos(fx+e)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*sin(f*x+e))~(1/2)/sin(f*x+e)/(c-c*sin(f*x+e)),x, algorithm="
fricas")

[Out] 1/2*(sqrt(a)*cos(f*x + e)*log((axcos(f*x + e)~3 - T*a*cos(f*x + e)”2 - 4x(c
os(fxx + e)”2 + (cos(f*x + e) + 3)*sin(f*xx + e) - 2*cos(f*x + e) - 3)*sqrt(
axsin(f*x + e) + a)*sqrt(a) - 9*axcos(f*x + e) + (a*cos(f*x + e)~2 + 8*axco

s(fxx + e) - a)*sin(f*x + e) - a)/(cos(f*x + e)~3 + cos(f*x + e)"2 + (cos(f

*x + e)72 - 1)*sin(f*x + e) - cos(f*x + e) - 1)) + 4xsqrt(axsin(f*x + e) +
a))/(cxfxcos(f*xx + e))
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

[ Vasin (e + fx) +a da

sin? (e+ fx)—sin (e+fx)
C

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sin(f*x+e))**(1/2)/sin(f*x+e)/(c-c*sin(f*x+e)),x)

[Out] -Integral(sqrt(a*sin(e + f*x) + a)/(sin(e + f*x)**2 - sin(e + f*x)), x)/c
Giac [A]

time = 0.56, size = 115, normalized size = 1.67

-2 \/?4-4 sin(—%w-ﬁ-% fz+%e)

\/Elog
\/5 2\/§+4 sin(—fm+d fetde) + 2sgn(cos(—3 m+1 fr+1e)) \/—
c csin(—iw—i—%fm—l—%e) a

)sgn(cos(—}1 7r—|—% fx—l-% e))

2f
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))~(1/2)/sin(f*x+e)/(c-c*sin(f*x+e)),x, algorithm="
giac")

[Out] -1/2%sqrt(2)*(sqrt(2)*log(abs(-2*xsqrt(2) + 4xsin(-1/4*pi + 1/2xf*x + 1/2%e)
) /abs(2*sqrt(2) + 4xsin(-1/4*pi + 1/2*f*x + 1/2%e)))*sgn(cos(-1/4*pi + 1/2x

fxx + 1/2%e))/c + 2*sgn(cos(-1/4*pi + 1/2*f*x + 1/2%e))/(c*sin(-1/4*pi + 1/
2xfxx + 1/2%e)))*sqrt(a)/f

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ Va+asin(e+ fz) i
sin(e+ fz) (c—csin(e+ fz))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + ax*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c - c*sin(e + f*x))),x)

[Out] int((a + a*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c - c*sin(e + f*x))), x)
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f csc(e+fx)‘ dx
\/CL +a Sin(e + fIE) (c—csin(e+fx))

Optimal. Leaf size=120

3.14

2tanh_1 ( \/CTcos(e-i-fw) > tanh_l ( \/Ecos(e-i-fz)

B Va +asin(e + fz) + \/5\/a—|—asin(e+fx)) +sec(e+fx)\/a+asin(e+fx)‘

va'ef V2 \a'cf acf

[Out] -2*arctanh(cos(fxx+e)*a~(1/2)/(ata*sin(f*x+e))~(1/2))/c/f/a~(1/2)+1/2*xarcta
nh(1/2*cos(f*x+e)*a~(1/2)*2°(1/2)/ (ata*sin(f*x+e))~(1/2))/c/fx2~(1/2)/a~(1/
2)+sec(f*xx+e)*x(ataxsin(f*x+e))~(1/2)/a/c/f

Rubi [A]
time = 0.30, antiderivative size = 120, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.206,

steps used = 8, number of rules used = 7, integrand size = 34
Rules used = {3019, 2815, 2752, 3064, 2728, 212, 2852}

2tanh~! ( ﬁcos(e+fm) ) tanh~! ( \/Ecos(e+fz) )
V2

sec(e + fx)+/asin(e + fr) +a Vasin(e + fz) +a 4 Vasin(e + fz) +a

acf - Vacf V2 Va cf

Antiderivative was successfully verified.
[In] Int[Csc[e + f*x]/(Sqrtla + a*Sinl[e + f*x]]*(c - c*Sin[e + f*x])),x]

[Out] (-2*ArcTanh[(Sqrt[al*Cos[e + f*x])/Sqrt[a + a*Sin[e + f*x]]])/(Sqrt[al*cx*f)
+ ArcTanh[(Sqrt[a]l*Cos[e + f*x])/(Sqrt[2]*Sqrt[a + axSin[e + f*x]]1)]1/(Sqrt
[2]1*Sqrt[a]*c*f) + (Secl[e + f*x]*Sqrt[a + a*Sin[e + fx*x]])/(a*xcxf)

Rule 212

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 2728

Int[1/Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Dist[-2/d, S
ubst [Int[1/(2*a - x72), x], x, bx(Cos[c + d*x]/Sqrt[a + b*Sin[c + d*x]])],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 - b~2, 0]

Rule 2752

Int[(cos[(e_.) + (£_.)*x(x_)1*(g_.))"(p_)*((a_) + (b_.)*sin[(e_.) + (£f_.)*(x
)1)"(m_), x_Symbol] :> Simp[b*(g*Cos[e + f*x])~(p + 1)*((a + b*Sin[e + f*x
D~(m - 1)/(E*gx(m - 1))), x] /; FreeQ[{a, b, e, £, g, m, p}, x] & EqQ[a~2
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- b"2, 0] & EqQ[2*m + p - 1, 0] && NeQ[m, 1]

Rule 2815

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(m_.)*((c_) + (d_.)*sin[(e_.) +
(f_)*(x_)1)"(n_.), x_Symbol] :> Dist[a"m*c"m, Int[Cos[e + f*x]~(2*m)*(c +
d*Sin[e + f*x])"(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && EqQ[b
xc + a*xd, 0] && EqQ[a~2 - b~2, 0] &% IntegerQ[m] &% !(IntegerQ[n] && ((LtQ
[m, 0] && GtQ[n, 0]) Il LtQ[O, n, m] || LtQ[m, n, 0]))

Rule 2852

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/((c_.) + (d_.)*sin[(e_.) + (
f_.)*(x_)]), x_Symbol] :> Dist[-2*(b/f), Subst[Int[1/(b*c + a*xd - d*x~2), x
1, x, b*(Cos[e + f*x]/Sqrt[a + b*Sinl[e + f*x]])], x] /; FreeQ[{a, b, c, d,

e, £}, x] && NeQ[bxc - a*xd, 0] &% EqQ[a"2 - b~2, 0] && NeQ[c™2 - d~2, 0]

Rule 3019

Int[1/(sinl(e_.) + (f_.)*(x_)1*Sqrtl(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)11*(
(c_) + (d_.)*sin[(e_.) + (£f_.)*(x_)])), x_Symbol] :> Dist[d~2/(c*(b*c - axd
)), Int[Sqrt[a + b*Sin[e + f*x]]/(c + d*Sin[e + f*x]), x], x] + Dist[1/(c*(
bxc - a*d)), Int[(b*c - a*d - bxdxSin[e + f*x])/(Sin[e + f*x]*Sqrt[a + bxSi
nle + £*x]]1), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*d, 0] &
& EqQ[a~2 - "2, 0]

Rule 3064

Int[((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)]1)/(Sqrtl(a_) + (b_.)*sin[(e_.) +
(£_.)*(x_)11*((c_.) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[(A
*b - a*B)/(bxc - a*d), Int[1/Sqrt[a + bxSin[e + f*x]], x], x] + Dist[(Bxc -
Axd)/(b*c - axd), Int[Sqrt[a + b*Sin[e + f*x]]/(c + d*Sin[e + f*x]), x], x
1 /; FreeQ[{a, b, c, 4, e, £, A, B}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b
~2, 0] && NeQ[c™2 - d°2, 0]

Rubi steps
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a+a SlIl e+ f.’E csc(e+fa:)(2ac+a,cs1n(e+fz ) dz
/ CSC(e + fCB) dr — f \/ c—csin(e+fz) ) d$ f \/a + asm(e + f.’l?)
va+asin(e + fz) (c — csin(e + fz)) 2a 2ac?
1
/ \/a+asin(e+fx)‘ fsec (e+ fz)(a+ asin(e +
B 2c 2a2¢

‘ S bt %d y by T
_Sec(€+fx)\/a+asin(e+fx) N ubs <f2a—x T,T y

acf cf
9 tanh_l ( \/CT cos(e+fx)

) tanh ™" <¢
Va+ asin(e + fz) + V2 \/a + ¢
Va'ef V2 Va

Mathematica [C] Result contains complex when optimal does not.
time = 0.30, size = 234, normalized size = 1.95

cos(e + fz) (=1 + cos (4(e + fx)) (log (1 + cos ((e + fx)) — sin (4(e + fz))) ~ log (1 = cos (4(e + fz)) +sin (3(e + f2)))) + (1 + i)(~1)" tanh " (%\ﬁ)l \>‘ n (4 »/: )) (cos (3(e + fx)) — sin (3(e + f))) — log (1 + cos (§(e + fx)) — sin (§(e + fz))) sin (3(e + fx)) +log (1~ cos (§(e + fx)) +sin (3(e + fx))) sin (3(e + fz)))

( /l) ( +fz))

Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x]/(Sqrtl[a + axSin[e + f*x]]1*(c - c*Sinl[e + f*x])),x]

[Out] (Cos[e + f*x]*(-1 + Cos[(e + f*x)/2]*(Logl[l + Cos[(e + f*xx)/2] - Sin[(e + f
*x)/2]] - Logl[l - Cos[(e + f*x)/2] + Sin[(e + f*x)/2]1]) + (1 + I)*(-1)"(3/4
)xArcTanh[(1/2 + I/2)*(-1)~(3/4)*(-1 + Tan[(e + f*x)/4])]1*(Cos[(e + f*x)/2]

- Sin[(e + f*x)/2]) - Logll + Cos[(e + f*x)/2] - Sin[(e + fx*x)/2]]1*Sin[(e

+ fxx)/2] + Logl[l - Cos[(e + fxx)/2] + Sin[(e + f*x)/2]]1*Sin[(e + f*x)/2]))
/(c*f*(-1 + Sin[e + f*x])*Sqrt[a*(1 + Sin[e + fx*x])])

Maple [A]
time = 7.60, size = 124, normalized size = 1.03

method | result

(1+sin(faz+e)) (\/7 arctanh( Va—asin(fz +e) ) 2\/a —asin (fz + ) +2a%—4arctanh< Va—a

/@

default :
2ca? cos(fa+e)y/a + asin (fz +€) 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(f*x+e)/(c-c*sin(f*x+e))/(at+a*sin(f*x+e))~(1/2),x,method=_RETURNVE
RBOSE)
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—_

[Out] 1/2*x(1+sin(f*x+e))*(27(1/2)*arctanh(1/2*(a-a*sin(f*xx+e))~(1/2)*27(1/2)/a"(
/2))*a”~2*x(a—a*sin(f*x+e))~(1/2)+2*a~ (5/2) -4*arctanh((a-a*sin(f*x+e))~(1/2)/
a~(1/2))*a"2*(a-—axsin(f*x+e))~(1/2))/c/a~(56/2) /cos(f*x+e) /(ataxsin(f*x+e))”
(1/2)/f

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(fx*x+e)/(c-c*sin(f*x+e))/(ata*sin(f*x+e))~(1/2),x, algorithm
="maxima")

[Out] -integrate(1/(sqrt(a*sin(f*x + e) + a)*(cxsin(f*x + e) - c)*sin(f*x + e)),
x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 359 vs.
2(110) = 220.

time = 0.42, size = 359, normalized size = 2.99

2V2 \/asin (T + €) + @ temipesorsinirziorin
z 2o (2 7 e L NI S )+ evamaTe

VIV cos (fz+e) Iug( e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(fx*x+e)/(c-cxsin(f*x+e))/(at+a*sin(f*x+e))~(1/2),x, algorithm
="fricas")

[Out] 1/4*(sqrt(2)*sqrt(a)*cos(f*x + e)*log(-(cos(f*x + e)~2 - (cos(f*x + e) - 2)
xsin(f*x + e) + 2xsqrt(2)*sqrt(a*sin(f*x + e) + a)*(cos(f*x + e) - sin(f*x

+ e) + 1)/sqrt(a) + 3*cos(f*x + e) + 2)/(cos(f*x + e)”2 - (cos(f*x + e) + 2
)*sin(f*x + e) - cos(f*x + e) - 2)) + 2xsqrt(a)*cos(f*x + e)*log((a*xcos(f*x

+ e)73 - 7xaxcos(f*x + e)”2 - 4*(cos(f*x + e)”2 + (cos(f*x + e) + 3)*sin(f

*x + e) - 2*cos(f*x + e) - 3)*sqrt(axsin(f*x + e) + a)*sqrt(a) - 9*axcos(fx*

x + e) + (axcos(f*x + e)72 + 8xaxcos(f*x + e) - a)*sin(fxx + e) - a)/(cos(f

*x + e)73 + cos(f*x + e)”2 + (cos(f*x + e)”2 - 1)*sin(f*x + e) - cos(f*x +

e) - 1)) + 4xsqrt(a*sin(f*x + e) + a))/(a*c*f*xcos(f*x + e))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
_f Vasin (e + fz) + a sin? (e+fz)—\/asin (e + fz) + a sin(e+f2)
c

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(c-c*sin(f*x+e))/(ata*sin(f*x+e))**(1/2),x)
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[Out] -Integral(1l/(sqrt(a*sin(e + f*x) + a)*sin(e + f*x)*x2 - sqrt(a*sin(e + f*x)
+ a)*sin(e + f*x)), x)/c

Giac [A]
time = 0.52, size = 147, normalized size = 1.22

‘ 2V2 14 in (-3m+3ratde)

2v/2 10g \/_
1.1 1
\/5* ‘ +asin(~f ] fotge )‘ 4 log(sin(—% 743 fz+31 e)+1) log(—sin(—2 m+1 fa+1e)+1) + 9
c c csin(—iw+%fz+%e)

4+/a fsgn (cos (—%ﬂ'-ﬁ- %fx+ %e))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(c-c*sin(f*x+e))/(a+ta*sin(f*x+e))~(1/2),x, algorithm
="giac")

[Out] -1/4*sqrt(2)*(2*sqrt(2)*log(abs(-2*xsqrt(2) + 4*sin(-1/4*pi + 1/2xf*xx + 1/2%
e))/abs(2*sqrt(2) + 4*sin(-1/4*pi + 1/2*f*x + 1/2%e)))/c + log(sin(-1/4+*pi

+ 1/2xf*xx + 1/2%e) + 1)/c - log(-sin(-1/4%pi + 1/2xfxx + 1/2%e) + 1)/c + 2/
(cxsin(-1/4*pi + 1/2*xf*xx + 1/2%e)))/(sqrt(a)*fxsgn(cos(-1/4*pi + 1/2xf*x +
1/2%e)))

Mupad [F]

time = 0.00, size = -1, normalized size = -0.01

1

‘ dz
/sin(e+f:v) Va+asin(e+ fr) (c—csin(e+ fz))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x))),x)

[Out] int(1/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x))), x)
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315 h v/ gsin(e + fgs_)CSi\réng}Z)asm(e + fz) I

Optimal. Leaf size=103

1 \/E\/g—cos(e-i-fz) )
2Va Vg tan (\/gsin(e—i-fx)\/a+asin(e+f$) +2560(6’+f$)\/95in(6+fx)‘\/“"‘asm(e"'f‘

cf cf

[Out] 2*arctan(cos(f*x+e)*a~(1/2)*g~(1/2)/(g*sin(f*x+e))~(1/2)/(ataxsin(f*x+e))~(
1/2))*a~(1/2)*g~(1/2) /c/f+2*sec (f*xx+e) * (gxsin (f*x+e)) ~(1/2) * (a+a*sin(f*x+e)
)~(1/2)/c/f

Rubi [A]

time = 0.31, antiderivative size = 103, normalized size of antiderivative = 1.00, number of

number of rules _ ( 159
' integrand size ’

steps used = 6, number of rules used = 6, integrand size = 40
Rules used = {3007, 2854, 211, 3009, 12, 30}

\/Eﬁcos(e+fz) >
2va ﬁArcTan( Vasin(e + fz) + a /gsin(e + fz) n 2sec(e + fz)/asin(e + fx) +a \/gsin(e + fz)
cf cf

Antiderivative was successfully verified.
[In] Int[(Sqrtlg*Sin[e + f*x]]*Sqrt[a + a*Sin[e + f*x]])/(c - c*Sin[e + f*x]),x]

[Out] (2*Sqrt[al*Sqrt[gl*ArcTan[(Sqrt[al*Sqrt[gl*Cos[e + f*x])/(Sqrt[g*Sin[e + f*
x]]*Sqrt[a + a*Sin[e + f*x]])])/(c*f) + (2+Sec[e + f*x]*Sqrt[gxSin[e + f*x]
1*Sqrt[a + axSin[e + f*x]])/(c*f)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x1]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 211

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2854

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/Sqrtl(c_.) + (d_.)*sin[(e_.)
+ (f_.)*(x_)]], x_Symbol] :> Dist[-2x(b/f), Subst[Int[1/(b + d*x~2), x], x
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, bx(Cos[e + f*x]/(Sqrt[a + b*Sin[e + f*x]]*Sqrt[c + d*Sin[e + £*x]1))], x]
/; FreeQ[{a, b, c, d, e, f}, x] &% NeQ[b*c - axd, 0] && EqQ[a"2 - b2, 0]
&& NeQ[c™2 - 472, 0]

Rule 3007

Int[(Sqrt[(g_.)*sinl(e_.) + (f_.)*(x_)]11*Sqrtl(a_) + (b_.)*sinl(e_.) + (f_.
)%(x_)11)/((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]), x_Symbol] :> Dist[g/d, In
t[Sqrt[a + b*Sin[e + f*x]]/Sqrtlg*Sinle + f*x]], x], x] - Dist[c*(g/d), Int
[Sqrt[a + b*Sin[e + f*x]]1/(Sqrt[g*Sinfe + f*x]1*(c + d*Sinl[e + f*x])), x],

x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[bxc - a*d, 0] && (EqQ[a"2 - b~
2, 0] || EqQlc~2 - 472, 0])

Rule 3009

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(Sqrtl(g_.)*sin[(e_.) + (f_.
)*¥(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[-2*(b/f
), Subst[Int[1/(b*c + a*d + cxg*x~2), x], x, bx(Cos[e + f*x]/(Sqrt[g*Sin[e

+ f*x]]*Sqrt[a + b*Sin[e + f*x]]))], x] /; FreeQl[{a, b, c, d, e, £, g}, x]

&& NeQ[bxc - a*xd, 0] && EqQ[a~"2 - b~2, 0]

Rubi steps
g/ v a + asin(
\/gsin(e+fx)‘\/a+asin(e+fx)‘dx_g Va+asin(e + fz) Vgsin(e -
¢ — csin(e + fz) Vv gsin(e + fz) (c — csin( e+fx)) ¢
2ag)Subst dz,z, acos(etfz)
_( 9) (f“”z " Vgsin(e + fzr) a + asin(e + f:
f
2\/5 \/E - ( : \/CT \/E cos(e+fx.) ) (:
B Vgsin(e + fr) \/a +asin(e + fz) o
= of
2\/5 \/E tan—1 ( : \/(7 \/E cos(e+fx.) )
B \gsin(e + fz) \/a+ asin(e + fx) +g
= of
Mathematica [C] Result contains complex when optimal does not.
time = 0.63, size = 194, normalized size = 1.88
eile+fa) (2(—1 D)) (4 giletf)) /21 4 eilet ) tan’l( 1+ e2iletsz) ) — (=i + €+ D) /1 4 e2iletin) tanh ! ( %;:;’;@ — )) gsin(e + fz) /a(1+sin(e + fz))

c(=1+ etile+fa)) f
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Antiderivative was successfully verified.

[In] Integrate[(SqrtlgxSinle + fxx]]1*Sqrt[a + a*Sin[e + f*x]])/(c - c*Sin[e + f*

x]),x]

[Out] (2*E~(I*(e + f*xx))*(2%(-1 + E~((2%I)*(e + f*xx))) - I*(-I + E~(Ix(e + f*x)))

xSqrt[-1 + ET((2*%I)*(e + f*x))]*ArcTan[Sqrt[-1 + E~((2*xI)*(e + f*x))]1] - (-
I + E"(Ix(e + f*x)))*Sqrt[-1 + E~((2xI)*(e + f*x))]*ArcTanh[E~(I*(e + f*x))
/Sqrt[-1 + ET((2xI)*(e + f*x))]1])*Sqrt[g*Sin[e + f*xx]]*Sqrt[ax(1 + Sin[e +
fxx])]1)/(cx(-1 + ET((4*xI)*(e + f*x)))*f)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 913 vs.

2(87) = 174.
time = 28.70, size = 914, normalized size = 8.87

method | result

__ —14cos(fz+e)
—1+4-cos(fz+e)

Sll’l(fil!~|—6 \/5‘ sin(fz+e)+sin(fz+e)—cos(fr+e)+1

f sin(fz+e)—sin(fz+e)In

" sin(fzte)

default sin(fote)

1 ‘
\/_M 2 sin(fz+e)—sin(fz+e)+cos(fz+e)—1

—4s

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(f*x+e))~(1/2)*(a+taxsin(f*x+e))~(1/2)/(c-c*sin(f*x+e)),x,method=_

RETURNVERBOSE)

[Out] 1/4/c/fx(4x(-(-1+cos(f*xx+e))/sin(f*x+e)) " (1/2)*27(1/2)*sin(f*x+e)-sin(f*x+e

)*¥1n(-((-(-1+cos(f*x+e))/sin(f*x+e)) ~(1/2)*27(1/2) *sin(f*x+e)+sin(f*x+e)-co
s(fxx+e)+1)/((-(-1+cos(f*x+e)) /sin(f*x+e)) ~(1/2)*27(1/2) *sin(f*x+e)-sin(f*x
+e)+cos(f*xx+e)-1))-4xsin(f*x+e)*arctan((-(-1+cos(f*x+e))/sin(f*x+e)) " (1/2)*
27 (1/2)+1) -4*sin(f*xx+e) *arctan((-(-1+cos(f*x+e))/sin(f*x+e) )~ (1/2)*27(1/2) -
1)-sin(f*x+e)*1n(-((-(-1+cos(f*x+e)) /sin(f*x+e) )~ (1/2)*2"(1/2) *sin(f*x+e)-s
in(fxx+e)+cos (f*x+e)-1)/((-(-1+cos(f*x+e))/sin(f*x+e) )~ (1/2)*2~(1/2) *sin (f*
x+e)+sin(f*x+e)-cos(f*x+e)+1))-cos(f*x+e)*1n(-((-(-1+cos(f*x+e))/sin(f*x+e)
)" (1/2)%27(1/2) *sin(f*x+e) +sin(f*x+e) —-cos (f*x+e)+1) / ((-(-1+cos(f*x+e) ) /sin(
fxx+e)) " (1/2)*27(1/2) *sin(f*x+e) -sin(f*x+e)+cos (f*x+e)-1))-4*cos (f*x+e) *arc
tan((-(-1+cos(f*x+e))/sin(f*x+e)) " (1/2)*2~(1/2)+1)-4*cos (f*x+e) *arctan((-(-
1+cos(f*x+e))/sin(f*x+e))~(1/2)*27(1/2)-1) -cos (f*x+e) *1n (- ((-(-1+cos(f*x+e)
)/sin(fxx+e)) " (1/2) %27 (1/2) *sin(f*x+e)-sin (f*x+e)+cos(f*xx+e)-1)/((-(-1+cos(
fxx+e))/sin(f*x+e)) " (1/2)*27(1/2) *sin(f*x+e)+sin(f*x+e)-cos (f*x+e)+1))+1n(-
((-(-1+cos(f*x+e)) /sin(f*x+e)) ~(1/2)*2"(1/2) *sin(f*x+e)+sin(f*x+e)-cos (f*x+
e)+1)/((-(-1+cos(f*x+e))/sin(f*x+e)) " (1/2)*27(1/2) *sin(f*x+e)-sin(f*x+e)+co
s(fxx+e)-1))+4*arctan((-(-1+cos(f*x+e))/sin(f*x+e)) ~(1/2)*27(1/2)+1) +4*arct
an((-(-1+cos(f*x+e))/sin(f*x+e)) ~(1/2)*2~(1/2)-1)+1n(-((-(-1+cos(f*x+e)) /si
n(f*x+e))~(1/2)*27(1/2) *sin(f*x+e)-sin(f*x+e)+cos(f*x+e)-1)/((-(-1+cos(f*x+
e))/sin(f*x+e))~(1/2)*27(1/2) *sin(f*x+e)+sin(f*x+e)-cos(f*x+e)+1)))*(g*ksin(
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fxx+e)) " (1/2)*x(ax(1+sin(f*x+e))) ~(1/2) /sin(f*x+e) /cos (f*x+e) /(- (-1+cos (f*x+
e))/sin(f*x+e))~(1/2)*2~(1/2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)*(ataxsin(f*x+e))~(1/2)/(c-c*sin(f*x+e)),x, a
lgorithm="maxima")

[Out] -integrate(sqrt(a*sin(f*x + e) + a)*sqrt(gxsin(f*x + e))/(c*sin(f*x + e) -
c), x)

Fricas [A]

time = 0.53, size = 480, normalized size = 4.66

Ve anige v e ) - I /
| EEEr) T |

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)*(at+a*sin(f*x+e))~(1/2)/(c-c*sin(f*x+e)),x, a
lgorithm="fricas")

[Out] [1/4*(sqrt(-a*g)*cos(f*x + e)*log((128*a*xgxcos(f*x + e)~5 - 128*a*xgkcos(f*x
+ e)”4 - 416*axgxcos(f*x + e)”3 + 128xa*gkcos(f*x + e)~2 + 289xaxg*cos (f*x
+ e) + 8*(16xcos(f*x + e)74 - 24xcos(f*x + e)73 - 66%cos(f*x + e)”2 + (16%
cos(f*x + e)73 + 40*cos(f*x + e)72 - 26%cos(f*x + e) - 51)*sin(f*x + e) + 2
Bxcos(f*x + e) + 51)xsqrt(-axg)*sqrt(a*sin(f*x + e) + a)*sqrt(g*sin(f*x + e
)) + axg + (128*axgxcos(f*x + e)~4 + 256%a*xgxcos(f*x + e)~3 - 160*a*xgkcos(f
*X + e)”2 - 288kaxgxcos(f*x + e) + axg)xsin(f*x + e))/(cos(f*x + e) + sin(f
*x + e) + 1)) + 8+sqrt(a*sin(f*x + e) + a)*sqrt(gxsin(f*x + e)))/(cxf*xcos(f
*x + e)), -1/2x(sqrt(a*xg)*arctan(l/4*sqrt(a*g)*(8*cos(f*x + e)~2 + 8*sin(f*
X + e) - 9)xsqrt(axsin(f*x + e) + a)*sqrt(gxsin(f*x + e))/(2xaxg*cos(f*x +
e)”3 + axgxcos(f*x + e)*sin(f*x + e) - 2xaxgkcos(f*x + e)))*cos(f*x + e) -
4xsqrt(axsin(f*x + e) + a)*sqrt(gxsin(f*x + e)))/(cxf*cos(f*x + e))]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

[ V/gsin (e + fz) \/asin (e + fz) +a Iz

sin (e+fz)—1
C

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))**(1/2)*(a+a*sin(f*x+e))**(1/2)/(c-c*sin(f*x+e)),x)
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[Out] -Integral(sqrt(g*sin(e + f#*x))*sqrt(a*sin(e + f*x) + a)/(sin(e + fxx) - 1),
x)/c

Giac [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)*(at+a*sin(f*x+e))~(1/2)/(c-c*sin(f*x+e)),x, a
lgorithm="giac")
[Out] Timed out

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/\/g sin(e+ fz) Va+asin(e+ fz)
: dz
c—csin(e+ fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((g*sin(e + f*x))~(1/2)*(a + a*sin(e + f*x))~(1/2))/(c - cxsin(e + f*xx)
) ,X%)
[Out] int(((g*sin(e + f*x))~(1/2)*(a + a*sin(e + £*x))~(1/2))/(c - c*sin(e + f*x)
), X)
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[ \/a+a,81n(e+f:1:)
\/g SlIl e+ f.CU) (c—csin(e+fx))

Optimal. Leaf size=43

3.16 dx

2sec(e + fz)+/gsin(e + fz) /a+ asin(e + fz)
cfg

[Out] 2*sec(f*x+e)*(gxsin(f*x+e))~(1/2)*(ata*sin(f*x+e))~(1/2)/c/f/g

Rubi [A]
time = 0.13, antiderivative size = 43, normalized size of antiderivative = 1.00, number of

number of rules
0, integrand size =0.075

steps used = 3, number of rules used = 3, integrand size = 4
Rules used = {3009, 12, 30}

Y

2sec(e + fz)+/asin(e + fz) +a \/gsin(e + fz)
cfg

Antiderivative was successfully verified.

[In] Int[Sqrt[a + a*Sin[e + f*x]]/(Sqrtlg*Sin[e + f*x]]*(c - c*Sin[e + f*x])),x]
[Out] (2*Sec[e + f*x]*Sqrt[gxSin[e + f*x]]1*Sqrtl[a + a*Sinl[e + f*x]])/(cxf*g)
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 3009

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(Sqrtl(g_.)*sin[(e_.) + (f_.
)*¥(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[-2*(b/f
), Subst[Int[1/(b*c + a*d + c*xgxx~2), x], x, bx(Cos[e + f*x]/(Sqrtl[g*Sin[e
+ f*x]]*Sqrt[a + b*Sin[e + f*x]]))], x] /; FreeQl[{a, b, c, d, e, £, g}, x]
&& NeQ[bxc - a*d, 0] && EqQ[a™2 - b~2, 0]

Rubi steps
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1 acos(e+fx)
Va+asin(e + fx) . (2a)Subst (f 20a? 07, T, Vgsin(e + fz) \/a+ asin(e + fx)
Vgsin(e + fz) (c — csin(e + fz)) f
1 acos(e+fx) \
_ (2a)Subst (f o 00 2, Vgsin(e + fz) v/a + asin(e + fz) |
cfg
_ 2sec(e+ fz)\/gsin(e + fz) \/a+asin(e + fz)
B cfg

Mathematica [A]
time = 0.15, size = 40, normalized size = 0.93

2v/a(1 +sin(e + fz)) tan(e + fz)

cf+/gsin(e + fx)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + a*Sin[e + fx*x]]/(Sqrtlg*Sin[e + f*x]]*(c - c*Sin[e + f*x
1)) ,x]

[Out] (2+Sqrt[a*x(1 + Sin[e + f*x])]*Tan[e + fx*x])/(c*f*Sqrt[g*Sinle + f*x]])

Maple [A]
time = 0.29, size = 45, normalized size = 1.05

method | result size
2y/a (1 +sin (fz +€)) sin(fate)
cf \/g sin (fCL' + 6) cos(fz+e)

default 45

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*xsin(f*x+e))~(1/2)/(c-c*sin(f*x+e))/(gxsin(f*x+e))~(1/2),x,method=_
RETURNVERBOSE)

[Out] 2/c/fx(ax(1+sin(f*x+e)))~(1/2)*sin(f*x+e)/(gxsin(f*x+e))~(1/2)/cos(f*x+e)
Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 331 vs.
2(42) = 84.

time = 0.54, size = 331, normalized size = 7.70

(V2 VA G s V2 GG snigie?
s ﬁﬁﬁ intrate ﬁﬁﬁ in(roto? sin (fz +e) cos(Te e T (conFater 1y
cos(fz+e)+1 (cos(fz+e)+1)’ cos (f.l' + 5) + 1 sin (f.l' n E) T
cos (fa+¢) +1 2V Va (e VRV 0y ()28 e

FETNEED)
9GS T g

2f

A
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))~(1/2)/(c-c*sin(f*x+e))/(gxsin(f*x+e))~(1/2),x, a
lgorithm="maxima")

[Out] -1/12%(4%((3*sqrt(2)*sqrt(a)*sqrt(g)*sin(f*x + e)/(cos(f*x + e) + 1) - sqrt
(2)*sqrt(a) *sqrt(g) *sin(f*x + e)~2/(cos(f*x + e) + 1)"2)*sqrt(sin(f*x + e)/
(cos(f*x + e) + 1)) - 2x(3xsqrt(2)*sqrt(a)*sqrt(g)*sin(f*x + e)/(cos(f*x +

e) + 1) + sqrt(2)*sqrt(a)*sqrt(g)*sin(f*x + e)~2/(cos(f*x + e) + 1)72)/sqrt
(sin(f*x + e)/(cos(f*x + e) + 1)))/(c*xg - c*g*sin(f*x + e)/(cos(f*x + e) +

1)) - (2*sqrt(2)*sqrt(a)*(sin(f*x + e)/(cos(f*x + e) + 1))~(3/2) + 3*xsqrt(2
)*sqrt(a)*sin(f*x + e)/(cos(fxx + e) + 1))/(c*sqrt(g)) - (2*sqrt(2)*sqrt(a)
*(sin(fxx + e)/(cos(f*x + e) + 1))7(3/2) - 3xsqrt(2)*sqrt(a)*sin(f*x + e)/(
cos(fxx + e) + 1))/(c*sqrt(g)))/f

Fricas [A]
time = 0.36, size = 44, normalized size = 1.02

2+v/asin (fz +e) +a \/gsin(fz +e)
cfgcos(fz+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))”(1/2)/(c-c*sin(f*x+e))/(g*sin(f*x+e))~(1/2),x, a
lgorithm="fricas")

[Out] 2*sqrt(a*xsin(f*x + e) + a)*sqrt(g*sin(f*x + e))/(c*xf*xgxcos(f*x + e))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
[ Vasin (e + fr) +a Iz
" \/gsin (e + fz) sin(etfa)-\/gsin (e + fz)
c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*sin(f*x+e))**(1/2)/(c-cxsin(f*x+e))/(gxsin(f*x+e))**(1/2),x)

[Out] -Integral(sqrt(a*sin(e + f*x) + a)/(sqrt(gxsin(e + f*x))*sin(e + f*x) - sqr
t(gxsin(e + f*x))), x)/c

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((ata*sin(f*x+e))”(1/2)/(c-c*sin(f*x+e))/(g*sin(f*x+e))~(1/2),x, a
lgorithm="giac")
[Out] integrate(-sqrt(a*sin(f*x + e) + a)/((c*sin(f*x + e) - c)*sqrt(gxsin(f*x +
e))), x)
Mupad [B]
time = 12.94, size = 52, normalized size = 1.21

2sin(2e+2fz) va (sin(e+ fz)+1)

cf (cos(2e+2fx)+1) \/gsin(e+ fz)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a*sin(e + £fx*x))~(1/2)/((g*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x))

),x)
[Out] (2*sin(2xe + 2xf*x)*(a*x(sin(e + f*xx) + 1))~(1/2))/(c*f*(cos(2*%e + 2xf*xx) +

D*(g*sin(e + £*x))~(1/2))
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I v/ gsin(e + f:z:) g
v a+ asin(e + fx) (c—csin(e+fz))

Optimal. Leaf size=114

3.17

\/E tan—1 ( fﬁcos(e+fx ) | |
V2 \/gsin(e + fzr) \/a +asin(e + fz) sec(e—l— fz)\/gsin(e + fr) \/a + asin(e + fz)
V2'Va'cf acf

[Out] 1/2*arctan(1/2*cos(f*x+e)*a~(1/2)*g~(1/2)*2"(1/2)/(g*sin(f*x+e))~(1/2)/(ata
xsin(f*x+e))~(1/2))*g~(1/2)/c/£%27(1/2) /a~(1/2) +sec (f*x+e) * (gxsin (f*x+e)) ~(

1/2) * (ataxsin(f*x+e))~(1/2)/a/c/f

Rubi [A]

time = 0.32, antiderivative size = 114, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.150,

steps used = 6, number of rules used = 6, integrand size = 40
Rules used = {3015, 2861, 211, 3009, 12, 30}

\/—\/‘(7005(6+fz) >
ﬁArCTan<f\/aS1n(e+fm +a \/gsin(e + fx) Sec(e—{-fx)\/asin(e—{—fx)—i—a'\/gSin(6+fl')‘
NN acf

Antiderivative was successfully verified.
[In] Int[Sqrtlg*Sin[e + f*x]]1/(Sqrt[a + a*Sin[e + f*x]]1*(c - c*Sin[e + f*x])),x]

[Out] (Sqrtlgl*ArcTan[(Sqrt[a]l*Sqrt[gl*Cosl[e + f*x])/(Sqrt[2]*Sqrt[g*Sinle + f*x]
1*Sqrt[a + a*Sinl[e + f*x]]1)]1)/(Sqrt[2]*Sqrt[al*c*f) + (Sec[e + f*x]*Sqrt[g*
Sin[e + f*x]]*Sqrt[a + a*Sin[e + fx*x]])/(axcxf)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQl[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 211
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2861
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Int[1/(Sqrtl(a_) + (b_.)*sinl[(e_.) + (£f_.)*(x_)]11*Sqrt[(c_.) + (d_.)*sin[(e
_) + (£_.)*(x_)11), x_Symbol] :> Dist[-2*(a/f), Subst[Int[1/(2¥b"2 - (axc
- bxd)*x"2), x], x, b*(Cos[e + f*x]/(Sqrt[a + bxSin[e + f*x]]*Sqrt[c + d*Si
nle + £*x]11))], x] /; FreeQl[{a, b, c, d, e, f}, x] && NeQ[bxc - axd, 0] &&
EqQ[a”2 - b~2, 0] && NeQ[c~™2 - d~2, 0]

Rule 3009

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(Sqrtl(g_.)*sin[(e_.) + (f_.
)*¥(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[-2*(b/f
), Subst[Int[1/(b*c + a*d + cxg*x~2), x], x, bx(Cos[e + f*x]/(Sqrt[g*Sin[e
+ fxx]]1*Sqrt[a + bxSin[e + f*x]]))], x] /; FreeQ[{a, b, c, d, e, £, g}, x]
&& NeQ[bxc - a*d, 0] && EqQ[a~"2 - b~2, 0]

Rule 3015

Int[Sqrt[(g_.)*sinl[(e_.) + (£_.)*(x_)]11/(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.
d)x(x_)11*((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> Dist[(-a)*(g
/(bxc - a*d)), Int[1/(Sqrtl[g*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]), x], x
] + Dist[cx(g/(b*c - axd)), Int[Sqrt[a + bxSin[e + f*x]]/(Sqrt[g*Sin[e + f*
x]1*(c + d*Sin[e + f*x])), x], x] /; FreeQ[{a, b, ¢, d, e, f, g}, x] && NeQ
[b*c - a*d, 0] && (EqQ[a~2 - b~2, 0] || EqQlc™2 - d~2, 01)

Rubi steps

Va+asin(e + fz) d
/ gsin(e + fx) dr — 9/ Vgsin(e + fz) (c—csin(e+fz)) ! B 9) Vgsin(e + fz)
Va+ asin(e + fz) (c — csin(e + fx)) 2a

Subst L dz,z, oot
g (f cgz? \/gSIH(6+fx) \/a-l—asin(e-l-fﬂﬁ

f
-l \/E\/Ecos(e+f$)
_ Vg 't <ﬁ\/gsin(e+fw)\/a+asin(e+fx)>
V2'\a cf
- \/E\/Ecos(e-i-fw)
\/Et <ﬁ\/gsin(e+fx)\/a+asin(e+fl')>
V2 a cf

+

Mathematica [A]
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time = 0.23, size = 133, normalized size = 1.17

csc(2(e + fx))/sin(e + fz) /gsin(e + fz) /a(l +sin(e + fx)) <2\/E Vsin(e + fz) — v/2 tan™! (qcc— w> ¢ —csin(e + fz) >
ac’/2f

Antiderivative was successfully verified.

[In] Integrate[Sqrt[g*Sin[e + f*x]]/(Sqrt[a + a*Sin[e + f*x]]*(c - c*Sin[e + f*x

1)) ,x]

[Out] (Csc[2*(e + f*x)]*Sqrt[Sin[e + f*x]]*Sqrt[g*Sin[e + f*x]]*Sqrt[ax(1 + Sin[e
+ fxx])]*(2*Sqrt [c]*Sqrt[Sin[e + f*x]] - Sqrt[2]*ArcTan[(Sqrt[2]*Sqrt[c]*S

qrt[Sin[e + f*x]])/Sqrtlc - c*Sin[e + f*x]]]1*Sqrtlc - c*Sin[e + f*x]]))/(a*

c™(3/2)*f)

Maple [A]

time = 0.32, size = 187, normalized size = 1.64

method | result

\/ g sin (f.’L' + 6) (—1+cos(f:1:+e))<\ / —% cos(fz+e)—2 arctan( —% ) cos(fz+e)+\/

default | —

cf sin(fz+e) \/a (1 + sin (fx + 6)) ‘ \/—% (—1+cos(fz+e)+

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(f*x+e))~(1/2)/(c-c*sin(f*x+e))/(ata*sin(f*x+e))~(1/2),x,method=_
RETURNVERBOSE)

[Out] -1/c/f*(gxsin(f*x+e))~(1/2)*(-1+cos(f*x+e))*((-(-1+cos(f*x+e))/sin(f*x+e))”
(1/2)*cos (f*x+e) -2*arctan( (- (-1+cos (f*x+e) ) /sin(f*x+e)) ~(1/2) ) *cos (f*x+e) +(
-(-1+cos(f*x+e))/sin(f*x+e)) " (1/2) *sin(f*x+e)+(-(-1+cos(f*x+e))/sin(f*x+e))
~(1/2))/sin(f*x+e)/(a*(1+sin(f*x+e)))~(1/2) /(-(-1+cos(f*x+e))/sin(f*x+e)) ~(
1/2)/(-1+cos(f*x+e)+sin(f*x+e))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 288 vs.

2(102) = 204.
time = 0.52, size = 288, normalized size = 2.53
. VT /7 axctan| 1| sin (fz +e) sin (fz + €) sin (fz + €)
V2 VT () _2 Vo ( cos(fote)+1 N VIV Gar g+l VRV . VT sz v 41 V2T
(\/EW G coinrzio)) (o) Va'e V@ ey V@ ctingzre @ ey YV ctingzre
\/E } \/ci;;i“;gﬁ“) L::(,«;Y:;l cos(fzte)+1 cos(fzte)+1
2f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)/(c-c*sin(f*x+e))/(a+a*sin(f*x+e))~(1/2),x, a
lgorithm="maxima")
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[Out] 1/2%(4*sqrt(2)*sqrt(g)*(sin(f*x + e)/(cos(f*x + e) + 1))7(3/2)/(sqrt(a)*c +
sqrt(a)*cxsin(f*x + e)/(cos(f*x + e) + 1) - (sqrt(a)*c + sqrt(a)*cksin(f*x

+ e)/(cos(f*x + e) + 1))*sin(f*x + e)/(cos(f*x + e) + 1)) - 2*sqrt(2)*sqrt
(g)*arctan(sqrt(sin(f*x + e)/(cos(f*x + e) + 1)))/(sqrt(a)*c) + (sqrt(2)*sq
rt(g)*sqrt(sin(f*x + e)/(cos(f*x + e) + 1)) + sqrt(2)*sqrt(g))/(sqrt(a)*c +
sqrt(a)*cxsin(f*x + e)/(cos(f*xx + e) + 1)) + (sqrt(2)*sqrt(g)*sqrt(sin(f*x

+ e)/(cos(f*x + e) + 1)) - sqrt(2)*sqrt(g))/(sqrt(a)*c + sqrt(a)*c*sin(f*x

+ e)/(cos(f*x + e) + 1)))/f

Fricas [A]
time = 0.48, size = 416, normalized size = 3.65

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)/(c-c*sin(f*x+e))/(a+a*sin(f*x+e))~(1/2),x, a
lgorithm="fricas")

[Out] [1/8*(sqrt(2)*a*sqrt(-g/a)*cos(f*x + e)*log((17*gxcos(f*x + e)~3 + 4xsqrt(2
)*(3*%cos(f*x + )72 + (3*cos(f*x + e) + 4)*sin(f*x + e) - cos(f*xx + e) - 4)

*xsqrt (a*sin(f*x + e) + a)*sqrt(gxsin(f*x + e))*sqrt(-g/a) + 3xgxcos(f*x + e

)72 - 18*gkcos(f*x + e) + (17xgxcos(f*x + e)~2 + 14xgxcos(f*x + e) - 4x*g)*s
in(f*x + e) - 4*g)/(cos(f*x + e)~3 + 3*cos(f*x + e)"2 + (cos(f*x + e)72 - 2
xcos(f*x + e) - 4)*sin(f*x + e) - 2*%cos(f*x + e) - 4)) + 8*sqrt(a*sin(f*x +

e) + a)*sqrt(g*sin(f*x + e)))/(axcxf*cos(f*x + e)), -1/4*(sqrt(2)*a*xsqrt(g
/a)*arctan(1/4*sqrt(2) *sqrt(a*sin(f*x + e) + a)*sqrt(gxsin(f*x + e))*sqrt(g
/a)*(3xsin(f*x + e) - 1)/(g*cos(f*x + e)*sin(f*x + e)))*cos(f*x + e) - 4*sq
rt(axsin(f*x + e) + a)*sqrt(g*xsin(f*x + e)))/(axc*f*xcos(f*x + e))]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
[ gsin (e + fx) dx
B Vasin (e + fz) + a sin(e+fz)—\/asin (e + fz) +a
c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))**(1/2)/(c-c*sin(f*x+e))/(at+ta*sin(f*x+e))**(1/2),x)

[Out] -Integral(sqrt(g*sin(e + f*x))/(sqrt(a*sin(e + f*x) + a)*sin(e + f*x) - sqr
t(axsin(e + f*x) + a)), x)/c

Giac [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)/(c-cxsin(f*x+e))/(ataxsin(f*x+e))~(1/2),x, a
lgorithm="giac")
[Out] Timed out
Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
Vg sin (e + fz) .
Va+asin(e+ fr) (c—csin(e+ fz))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(e + f*x))~(1/2)/((a + a*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x))
) %)
[Out] int((g*sin(e + f*x))~(1/2)/((a + axsin(e + f*x))~(1/2)*(c - c*sin(e + f*x))
), X)
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‘ 1 ‘ d.
J Vgsin(e + fx) \/a+asin(e + fx) (c-csin(e+fz))

Optimal. Leaf size=118

3.18

tan—1 ( Va \/Ecos(e-l—fx) ) | |
V2 \/gsin(e + fr) /a+asin(e + fz) ) sec(e+ fx)+/gsin(e + fz) \/a +asin(e + fz)
- +
V2 \a ef /g acfg

[Out] -1/2%arctan(1/2*cos(fxx+e)*a”(1/2)*g~(1/2)*27(1/2)/(g*sin(f*x+e))~(1/2)/(at+
axsin(f*x+e))~(1/2))/c/£*%27(1/2) /a~(1/2) /g~ (1/2) +sec (f*x+e) *(gxsin(f*x+e))~
(1/2)*(a+axsin(f*x+e))~(1/2)/a/c/f/g

Rubi [A]

time = 0.32, antiderivative size = 118, normalized size of antiderivative = 1.00, number of

number of rules _ ¢ 50,

steps used = 6, number of rules used = 6, integrand size = 40, integrand size

Rules used = {3017, 2861, 211, 3009, 12, 30}

\/CT/ \/— cos(e+fx)
sec(e + fx)\/asin(e + fz) +a \/gsin(e + fz) _ ArcTan(\/E Vasin(e + fz) 4+ a \/gsin(e + fz) )

acfg ﬁﬁcfﬁ

Antiderivative was successfully verified.

[In] Int[1/(Sqrt(g*Sin[e + fx*x]]*Sqrt[a + a*Sin[e + f*x]]1*(c - c*Sin[e + f*x])),
x]

[Out] -(ArcTan[(Sqrt[a]*Sqrt[gl*Cos[e + f*x])/(Sqrt[2]*Sqrt[g*Sin[e + f*x]]*Sqrt[
a + a*Sinf[e + f*x]])]/(Sqrt[2]*Sqrt[al*c*xf*Sqrtlgl)) + (Secle + f*x]*Sqrt(g
*xSin[e + fxx]]*Sqrt[a + a*xSin[e + f*x]])/(axcxf*g)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 211
Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2861
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Int[1/(Sqrtl(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]1]1*Sqrt[(c_.) + (d_.)*sin[(e
_) + (£_.)*(x_)11), x_Symbol] :> Dist[-2*(a/f), Subst[Int[1/(2¥b"2 - (axc
- bxd)*x"2), x], x, b*(Cos[e + f*x]/(Sqrt[a + bxSin[e + f*x]]*Sqrt[c + d*Si
nle + £*x]11))], x] /; FreeQl[{a, b, c, d, e, f}, x] && NeQ[bxc - axd, 0] &&
EqQ[a”2 - b~2, 0] && NeQ[c~™2 - d~2, 0]

Rule 3009

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(Sqrtl(g_.)*sin[(e_.) + (f_.
)*¥(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[-2*(b/f
), Subst[Int[1/(b*c + a*d + cxg*x~2), x], x, bx(Cos[e + f*x]/(Sqrt[g*Sin[e
+ fxx]]*Sqrt[a + bxSin[e + f*x]]))], x] /; FreeQ[{a, b, c, d, e, £, g}, x]
&& NeQ[bxc - a*xd, 0] && EqQ[a~"2 - b~2, 0]

Rule 3017

Int[1/(Sqrt[(g_.)*sin[(e_.) + (£_.)*(x_)]11*Sqrt[(a_) + (b_.)*sin[(e_.) + (£
_O*(x)11x((c) + (d_.)*sinl(e_.) + (f_.)*(x_)1)), x_Symbol] :> Dist[b/(b*
c - axd), Int[1/(Sqrt[g*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]), x], x] - D
ist[d/(b*c - a*d), Int[Sqrt[a + bxSin[e + f*x]]/(Sqrt[g*Sinle + fxx]]*(c +
d*Sinl[e + f*x])), x], x] /; FreeQ[{a, b, c, 4, e, f, g}, x] && NeQ[bxc - ax*
d, 0] & (EqQ[a~2 - b~2, 0] || EqQ[c~2 - d~2, 01)

Rubi steps

Va+ asin(e + fz)
1 d — Vgsin(e + fz) (c—esin(e+fz))
; ‘ T =
Vgsin(e + fr) \/a+ asin(e + fz) (c — csin(e + fz)) 2a

a cos(e+f
Subst (f eas? 40, Vgsin(e + fr) \/a-
f
tan— ( f\/— cos(e+fx)
V2 \/gsin(e + fz) \/a + asin(e
V2 Va'ef /g
tan—! ( f\/—cos (e+fz)
V2 \/gsin(e + fz) \/a + asin(e

V2 Va'ef /g

dr [ —~
+

Mathematica [A]
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time = 0.19, size = 132, normalized size = 1.12

csc(2(e + fz)) sin? (e + fx)\/a(1 + sin(e + fz)) (2\/E V/sin(e + ) + v/2 tan™! <\/\2;c\/—gcv51sri?e(iﬁ}£;j) ) c¢—csin(e + fz) )
ac®2f+/gsin(e + fz)

Antiderivative was successfully verified.

[In] Integrate[1/(Sqrt[g*Sin[e + f*x]]*Sqrt[a + axSin[e + f*x]]*(c - c*Sinf[e + £
*x1)) ,x]

[Out] (Csc[2*(e + f*xx)]*Sin[e + f*x]~(3/2)*Sqrt[a*(1 + Sin[e + f*x])]*(2*Sqrt([c]*
Sqrt[Sin[e + f*x]] + Sqrt[2]*ArcTan[(Sqrt[2]*Sqrt[c]*Sqrt[Sin[e + £*x]])/Sq

rt[c - c*Sin[e + f*x]]]1*Sqrtlc - cxSin[e + f*x]1]1))/(a*c™(3/2)*f*Sqrt [g*Sin[

e + fxx]1)

Maple [A]

time = 0.32, size = 117, normalized size = 0.99

method | result size

<2\ / —%ﬂﬁ;—e) arctan(w / —% ) COS(fw—i-e)—cos(fx+e)+sin(fw+e)+1> sin(fz+e) 7

cf (~1+cos(fa+e)+sin(fo+e)) /g sin (fz + €) \/a(l+sin(fz+e€))

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c-cxsin(f*x+e))/(ghsin(frx+e))~(1/2)/(atarsin(f*x+e))~(1/2),x,method
=_RETURNVERBOSE)

[Out] 1/c/fx(2x(-(-1+cos(f*x+e))/sin(f*x+e))~(1/2)*arctan((-(-1+cos(f*x+e))/sin(f
*x+e)) " (1/2)) *cos(f*x+e)—cos (f*x+e)+sin(f*xx+e)+1) *sin(f*x+e)/(-1+cos (f*x+e)
+sin(f*xx+e))/(g*xsin(f*x+e))~(1/2)/(ax(1+sin(f*x+e)))~(1/2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c-c*sin(f*x+e))/(g*sin(f*x+e))~(1/2)/(ata*sin(f*x+e))~(1/2),x,
algorithm="maxima")

[Out] -integrate(1/(sqrt(a*sin(f*x + e) + a)*(cxsin(f*x + e) - c)*sqrt(gxsin(f*x
+e))), x)

Fricas [A]

time = 0.51, size = 422, normalized size = 3.58




116

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c-c*sin(f*x+e))/(g*sin(f*x+e))~(1/2)/(ata*sin(f*x+e))~(1/2),x,
algorithm="fricas")

[Out] [1/8*(sqrt(2)*a*xgxsqrt(-1/(axg))*cos(f*x + e)*log(-(4*sqrt(2)*(3*cos(f*x +
e)”2 + (3*cos(f*x + e) + 4)xsin(f*x + e) - cos(f*x + e) - 4)*sqrt(a*sin(f*x

+ e) + a)*sqrt(gxsin(f*x + e))*sqrt(-1/(a*xg)) - 17*cos(f*x + e)~3 - 3*cos(
fxx + e)72 - (17*cos(f*x + e)”2 + 14*cos(f*x + e) - 4)*sin(f*x + e) + 18*co
s(f*x + e) + 4)/(cos(f*x + e)73 + 3*cos(f*x + e)”2 + (cos(f*x + e)”2 - 2*co
s(fxx + e) - 4)*sin(f*x + e) - 2xcos(f*x + e) - 4)) + 8*sqrt(a*sin(f*x + e)

+ a)*sqrt(gxsin(f*x + e)))/(axcxf*gkcos(f*x + e)), 1/4x(sqrt(2)*a*xgxsqrt(1l
/(axg))*arctan(1/4*sqrt(2) *sqrt(a*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))*sq
rt(1/(a*xg))*(3*sin(f*x + e) - 1)/(cos(f*x + e)*sin(f*x + e)))*cos(f*x + e)

+ 4xsqrt(a*xsin(fxx + e) + a)*sqrt(gxsin(f*x + e)))/(axcxfxg*cos(f*x + e))]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

- dx

1
_‘[ Vgsin (e + fz) \/asin (e + fr) + a sin(e+fz)—+/gsin (e + fz) /asin (e + fz) +a
c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c-c*sin(f*x+e))/(gxsin(f*x+e))**(1/2)/(ataxsin(f*x+e))**(1/2),
x)

[Out] -Integral(1l/(sqrt(g*sin(e + f*x))*sqrt(a*sin(e + f*x) + a)*sin(e + f*x) - s
qrt(g*sin(e + f*x))*sqrt(axsin(e + f*x) + a)), x)/c

Giac [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c-c*sin(f*x+e))/(gxsin(f*x+e))”(1/2)/(ata*sin(f*x+e))~(1/2),x,
algorithm="giac")
[Out] Timed out
Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
1

‘ ‘ dz
Vgsin(e+ fz) Ja+asin(e+ fz) (c—csin(e+ fx))

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(1/((g*sin(e + f*x))~(1/2)*(a + a*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x

))),x%)
[Out] int(1/((g*sin(e + f*x))~(1/2)*(a + axsin(e + f*x))~(1/2)*(c - c*sin(e + f*x

))), x)
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3.19 [ escle+fz)+/a+asin(e + fr) \/c— csin(e + fz)

Optimal. Leaf size=46

log(sin(e + fz))sec(e + fz)v/a+ asin(e + fz) \/c — csin(e + fz)
f

[Out] 1n(sin(f*x+e))*sec(f*x+e)*(at+axsin(fxx+e)) ~(1/2)*(c-c*sin(f*x+e))~(1/2)/f

Rubi [A]
time = 0.11, antiderivative size = 46, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.056,

steps used = 2, number of rules used = 2, integrand size = 36
Rules used = {3027, 3556}

sec(e + fr)y/asin(e + fx) +a \/c — csin(e + fz) log(sin(e + fz))
f

Antiderivative was successfully verified.
[In] Int[Csc[e + f*x]*Sqrt[a + a*Sin[e + fxx]]1*Sqrtlc - c*Sinl[e + f*x]],x]

[Out] (Log[Sin[e + f*x]]*Sec[e + f*x]*Sqrt[a + axSin[e + f*x]]*Sqrt[c - c*Sin[e +
f*xx]1)/f

Rule 3027

Int[(Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]11*Sqrt[(c_) + (d_.)*sin[(e_.)
+ (£_.)*(x_)11)/sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Dist[Sqrt[a + b*Sin[
e + fxx]]1*(Sqrt[c + d*Sin[e + f*x]]/Cos[e + f*x]), Int[Cot[e + f*x], x], x]
/; FreeQ[{a, b, c, 4, e, f}, x] && NeQ[bxc - axd, 0] && EqQ[a~2 - b~2, 0]
&& EqQ[c~2 - 472, 0]

Rule 3556
Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d

*x], x11/4, x] /; FreeQl{c, d}, x]

Rubi steps

/csc(e—l—f:r)\/a+asin(e+fx)\/c—csin(e—l—fx) dx = (sec(e—l—fm)\/a—l—asin(e—l—fx)‘ /¢ — csin(e

_log(sin(e + fz)) sec(e + fz)\/a + asin(e + fz
a f
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Mathematica [A]
time = 0.07, size = 62, normalized size = 1.35

(log (cos (1 (e + fz))) + log (sin (1 (e + fz)))) sec(e + fz)/a(l +sin(e + fz)) \/c — csin(e + fz)
f

Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x]*Sqrt[a + a*Sin[e + f*x]]*Sqrtlc - c*Sin[e + f*x]],x]

[Out] ((Logl[Cos[(e + f*x)/2]] + Logl[Sin[(e + f*x)/2]])*Sec[e + f*x]*Sqrt[ax(1l + S
in[e + f*x])]1*Sqrtl[c - cxSin[e + f*x]])/f

Maple [A]
time = 2.62, size = 74, normalized size = 1.61

method | result size

default | — (0 (asragey ) —In(— Thbepizta))) \/af(:oi_f:i)(fx +e) V/—c(sin(fr+e)—1) -4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*sin(f*x+e))”(1/2)*(c-c*sin(f*x+e))”~(1/2)/sin(f*x+e) ,x,method=_RETU
RNVERBOSE)

[Out] -1/f*x(1n(2/(1+cos(f*x+e)))-1n(-(-1+cos(f*x+e))/sin(f*x+e)))*(ax(1+sin(f*x+e
)))~(1/2)*(~c*(sin(f*x+e)-1))"(1/2) /cos (f*xx+e)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*sin(f*x+e))”(1/2)*(c-c*sin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="maxima")

[Out] integrate(sqrt(a*sin(f*x + e) + a)*sqrt(-c*sin(f*x + e) + c)/sin(f*x + e),
x)

Fricas [A]

time = 0.57, size = 216, normalized size = 4.70

256 accos(fz-+e)° ~512 ac cos(fa-+e) 337 accos( fa-+e)+ (256 cos(fz-+e)' ~512 Co:(]!+(]2+]75> Vac'\/asin(fz +e) +a \/—csin(fz +e) +c¢ ) ) V=ac (m L«,(/ug)tvj Vasin(fz + ) +a v/—csin (fz +¢) + ¢ )

o toe [ 1
ac’ log ( cos(fatey —cos(fzre) V—ac arctan ( Toaccos(fz )’ 25 accos(frte)
2f ’ f

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((at+a*sin(f*x+e))”(1/2)*(c-c*sin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="fricas")

[Out] [1/2*sqrt(axc)*log(4*(256%a*xckcos(f*x + e)~5 - 512xaxcxcos(f*x + e)~3 + 337
xaxckcos(fxx + e) + (256xcos(f*x + e)”4 - B512*cos(f*x + e)~2 + 175)*sqrt(ax*
c)*sqrt(a*sin(f*x + e) + a)*sqrt(-c*sin(f*x + e) + c))/(cos(f*x + €)~3 - co

s(fxx + e)))/f, -sqrt(-axc)*arctan(sqrt(-a*xc)*(16*cos(f*x + e)~2 - 7)*sqrt(
axsin(f*x + e) + a)*sqrt(-c*sin(f*x + e) + c)/(16*a*c*kcos(f*x + e)~3 - 25*a
kckcos (fxx + e€)))/f]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/\/a sin (e + fz)+1) /—c(sin(e+ fz) — 1) i
sin (e + fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sin(f*x+e))**(1/2)*(c-cxsin(f*x+e))**(1/2)/sin(f*x+e),x)

[Out] Integral(sqrt(ax(sin(e + f*x) + 1))*sqrt(-c*(sin(e + f*x) - 1))/sin(e + f*x
), X)

Giac [A]
time = 0.46, size = 60, normalized size = 1.30

Va' \/c log (‘2 cos (—m+1fr+ %e)2 - 1‘) sgn(cos (—im+ 3 fx+3e))sgn(sin (—im+1fr+3e))
B f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))”(1/2)*(c-c*sin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="giac")

[Out] -sqrt(a)*sqrt(c)*log(abs(2*cos(-1/4*pi + 1/2xfxx + 1/2%e)~2 - 1))*sgn(cos(-
1/4%pi + 1/2*%f*xx + 1/2%e))*sgn(sin(-1/4*pi + 1/2xfxx + 1/2%e))/f

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

Va+asin(e+ fz) \/c—csin(e+ fz)
sin (e + f x)

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + a*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x))~(1/2))/sin(e + f*x),x)

[Out] int(((a + a*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x))~(1/2))/sin(e + f*x), x
)
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f csc(e+fx) \/(l + CLSIH(G + fx) do

320 v/ ¢ — csin(e + fx)

Optimal. Leaf size=102

__acos(e+ fz)log(l —sin(e + fz)) +log(sin(e + fx))sec(e + fzx)v/a +asin(e + fz) \/c — csin(
f\/a+asin(e + fx) \/c— csin(e + fz) cf

[Out] -axcos(f*x+e)*1n(1-sin(f*x+e))/f/(ataxsin(f*x+e))~(1/2)/(c-c*xsin(f*x+e))~(1
/2)+1n(sin(f*x+e) ) *xsec (f*x+e)*x(a+a*sin(f*xx+e)) ~(1/2)*(c-c*sin(f*x+e))~(1/2)

/c/f

Rubi [A]
time = 0.29, antiderivative size = 102, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.167,

steps used = 6, number of rules used = 6, integrand size = 36
Rules used = {3021, 2816, 2746, 31, 3027, 3556}

sec(e + fz)\/asin(e + fz) +a \/c — csin(e + fx) log(sin(e + fz)) _ acos(e+ fx)log(l —sin(e + fx))
cf f/asin(e + fz) +a \/c — csin(e + fz)

Antiderivative was successfully verified.
[In] Int[(Cscle + f*x]*Sqrt[a + a*Sin[e + f*x]])/Sqrtlc - c*Sin[e + f*x]],x]
[Out] -((a*Cos[e + f*x]*Log[l - Sin[e + f*x]])/(f*Sqrt[a + a*Sin[e + f*x]]*Sqrtlc

- c*Sin[e + £*x]])) + (Log[Sin[e + f*x]]*Sec[e + f*x]*Sqrt[a + a*Sin[e + £
*x]]1*Sqrt[c - c*Sin[e + f*xx]])/(c*f)

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, xI]

Rule 2746

Int[cos[(e_.) + (£_)*(x_)]1"(p_.)*x((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m
_.), x_Symbol] :> Dist[1/(b"p*f), Subst[Int[(a + x)"(m + (p - 1)/2)*(a - x)
“((p - 1)/2), x], x, b*Sin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && In
tegerQ[(p - 1)/2] && EqQ[a~2 - b~2, 0] && (GeQlp, -1] || !'IntegerQ[m + 1/2
D

Rule 2816

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1]1/Sqrtl(c_) + (d_.)*sin[(e_.)
+ (f_.)*(x_)]]1, x_Symbol] :> Dist[a*cx(Cos[e + f*x]/(Sqrt[a + b*Sin[e + f*x
11*Sqrt[c + d*Sin[e + f*x]]1)), Int[Cosl[e + f*x]/(c + d*Sin[e + f*x]), x], x
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1 /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[bxc + a*d, 0] && EqQ[a"2 - b~2, 0]

Rule 3021

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1]1/(sinl(e_.) + (£_.)*(x_)]*Sqr
tl(c_) + (d_.)*sin[(e_.) + (£f_.)*(x_)]1]), x_Symbol] :> Dist[-d/c, Int[Sqrt[
a + bxSin[e + fxx]]1/Sqrtlc + d*Sin[e + f*x]], x], x] + Dist[1/c, Int[Sqrtla
+ bxSin[e + f*x]]*(Sqrtlc + d*Sin[e + f*x]]/Sin[e + f*x]), x], x] /; FreeQ
[{a, b, c, d, e, £}, x] && NeQ[bxc - a*d, 0] && EqQ[a"2 - b~2, 0] && EqQ[b*
c + axd, 0]

Rule 3027

Int[(Sqrtl[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1]1*Sqrtl(c_) + (d_.)*sin[(e_.)
+ (£_.)*(x_)11)/sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Dist[Sqrt[a + b*Sin[
e + fxx]]1*(Sqrt[c + d*Sin[e + f*x]]/Cos[e + f*x]), Int[Cot[e + fxx], x], x]
/; FreeQ[{a, b, c, d, e, f}, x] &% NeQ[b*c - a*d, 0] && EqQ[a"2 - b~2, 0]
&& EqQlc~2 - d~2, 0]

Rule 3556
Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d

*x], x11/4d, x] /; FreeQl{c, d}, x]

Rubi steps

/csc(e+fx)\/a+asin(e+fx) dp — [csc(e+ fr)y/a+asin(e + fx) \/c—csin(e + fz) dx N

V¢ — csin(e + fx) ¢

(accos(e + fz)) [ Mfﬂ")) dx (sec(e + fz)\/a+as
+

c—csin(e+fz

N Va+asin(e + fz) \/c— csin(e + fz)

_ log(sin(e + fz))sec(e + fx)y/a+ asin(e + fz) \/c — csin(e + f:

cf

acos(e + fz)log(l —sin(e + fz)) n log(sin(e + fx)) se

_f\/a+asin(e+fx)‘\/c—csin(e—i-fx)‘

Mathematica [C] Result contains complex when optimal does not.
time = 0.98, size = 145, normalized size = 1.42

V2 (1+ie+) (log (=1 + €/c+F2)) — 21log ((—i + €¢+/D) f) +log (1 + €c*¥2)) f)) \/a(1 + sin(e + fz))
2

\/ice—i(e+fw) (—Z + ei(e+f:c)) (Z + ei(e+fw)) f
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Antiderivative was successfully verified.

[In] Integrate[(Csc[e + f*x]*Sqrt[a + a*Sin[e + f*x]])/Sqrtlc - c*Sin[e + f*x]],
x]

[Out] (Sqrt[2]*(1 + I*E~(I*(e + f*x)))*(Log[-1 + E~(Ix(e + fxx))] - 2*Log[(-I + E
“(Ix(e + fxx)))*f] + Logl[(1 + E~(Ix(e + f*x)))*f])*Sqrt[ax(1 + Sin[e + fx*x]
)1)/(Sqrt [(Ixc*(-I + E~(Ix(e + £*x)))"2)/E"(Ix(e + f*x))]*(I + E~(Ix(e + f*
x)))*£f)

Maple [A]

time = 0.26, size = 111, normalized size = 1.09

method | result size

\/ a(1+sin(fz+e)) (—1+cos(fz+e)+sin( fx+e))<2 ln<— =l ezl “+e)>—1n(—7‘1sj§(°;;ﬁje) ))

‘ 111
F(~1+cos(fa-+e)—sin(f+e)) /—c (sin (fz + €) — 1)

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ataxsin(f*x+e))~(1/2)/sin(f*x+e)/(c-c*sin(f*x+e))~(1/2),x,method=_RETU
RNVERBOSE)

[Out] 1/fx(ax(1+sin(f*x+e))) " (1/2)*(-1+cos(fxx+e)+sin(f*x+e))*(2%1n(-(-1+cos(f*xx+
e)+sin(f*xx+e))/sin(f*x+e))-1n(-(-1+cos(f*x+e))/sin(f*x+e)))/(-1+cos(f*x+e) -
sin(fxx+e))/(-cx(sin(f*x+e)-1))~(1/2)

Maxima [A]

time = 0.51, size = 63, normalized size = 0.62

in(fz+e) in(fz+e)
2Va og( I 1) Va og( SRR

Ve Ve
f

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((ata*sin(f*x+e))~(1/2)/sin(f*x+e)/(c-c*sin(f*x+e))~(1/2),x, algor
ithm="maxima")

[Out] (2*sqrt(a)*log(sin(f*x + e)/(cos(f*x + e) + 1) - 1)/sqrt(c) - sqrt(a)*log(s
in(f*x + e)/(cos(f*x + e) + 1))/sqrt(c))/f

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((ata*sin(f*x+e))~(1/2)/sin(f*x+e)/(c-c*sin(f*x+e))~(1/2),x, algor
ithm="fricas")

[Out] integral(sqrt(a*sin(f*x + e) + a)*sqrt(-c*sin(f*x + e) + c)/(c*cos(f*x + e)
~2 + c*sin(f*x + e) - ¢), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/\/ \/a(Sm (e+ fz) +1) s

(sin (e + fx) — 1) sin (e + fz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*sin(f*x+e))**(1/2)/sin(f*x+e)/(c-cxsin(f*x+e))**(1/2),x)

[Out] Integral(sqrt(a*x(sin(e + f*x) + 1))/(sqrt(-c*(sin(e + f*x) - 1))*sin(e + fx
x)), x)

Giac [A]

time = 0.44, size = 1, normalized size = 0.01

0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sin(f*x+e))”(1/2)/sin(f*x+e)/(c-cxsin(f*x+e))~(1/2),x, algor
ithm="giac")
[Out] O
Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
/ Va+asin(e+ fz) s
sin(e+ fz) Ve—csin(e+ fz)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c - c*sin(e + f*x))~(1/2)),x)
[Out] int((a + a*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c - c*xsin(e + f*x))~(1/2)), x
)
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csc(e+fx) \/C — CSiIl(e + fx) | d

3-21 / \/a + asin(e + fx) v

Optimal. Leaf size=100

_ ccos(e+ fz)log(1 +sin(e + fx)) +log(sin(e + fx))sec(e + fzx)v/a +asin(e + fz) \/c — csin(
f\/a+asin(e + fx) \/c— csin(e + fz) af

[Out] -c*cos(f*x+e)*1n(1+sin(f*x+e))/f/(ataxsin(f*x+e))~(1/2)/(c-c*xsin(f*x+e))~(1
/2)+1n(sin(f*x+e) ) *xsec (f*x+e)*x(a+a*sin(f*xx+e)) ~(1/2)*(c-c*sin(f*x+e))~(1/2)

/a/f

Rubi [A]
time = 0.30, antiderivative size = 100, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.167,

steps used = 6, number of rules used = 6, integrand size = 36
Rules used = {3021, 2816, 2746, 31, 3027, 3556}

sec(e + fz)\/asin(e + fz) +a \/c — csin(e + fx) log(sin(e + fz)) B ccos(e + fz)log(sin(e + fz) + 1)
af f/asin(e + fz) +a \/c — csin(e + fz)

Antiderivative was successfully verified.
[In] Int[(Cscle + f*xx]*Sqrtl[c - c*Sin[e + f*x]])/Sqrt[a + a*Sin[e + f*x]],x]
[Out] -((c*Cos[e + f*x]*Logl[l + Sin[e + f*x]])/(f*Sqrt[a + a*Sin[e + f*x]]*Sqrtlc

- c*Sin[e + £*x]])) + (Log[Sin[e + f*x]]*Sec[e + f*x]*Sqrt[a + a*Sin[e + £
*x]]*Sqrt[c - c*Sin[e + f*xx]])/(a*f)

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, xI]

Rule 2746

Int[cos[(e_.) + (£_)*(x_)]1"(p_.)*x((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m
_.), x_Symbol] :> Dist[1/(b"p*f), Subst[Int[(a + x)"(m + (p - 1)/2)*(a - x)
“((p - 1)/2), x], x, b*Sin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && In
tegerQ[(p - 1)/2] && EqQ[a~2 - b~2, 0] && (GeQlp, -1] || !'IntegerQ[m + 1/2
D

Rule 2816

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1]1/Sqrtl(c_) + (d_.)*sin[(e_.)
+ (f_.)*(x_)]]1, x_Symbol] :> Dist[a*cx(Cos[e + f*x]/(Sqrt[a + b*Sin[e + f*x
11*Sqrt[c + d*Sin[e + f*x]]1)), Int[Cosl[e + f*x]/(c + d*Sin[e + f*x]), x], x
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1 /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[b*c + a*d, 0] && EqQ[a~2 - b~2, 0]

Rule 3021

Int[Sqrt[(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1]1/(sinl(e_.) + (£_.)*(x_)]*Sqr
t[(c_) + (d_.)*sin[(e_.) + (£f_.)*(x_)11), x_Symbol] :> Dist[-d/c, Int[Sqrt[
a + bxSin[e + fx*x]]1/Sqrtlc + d*Sin[e + f*x]], x], x] + Dist[1/c, Int[Sqrtl[a
+ bxSin[e + f*x]]*(Sqrtlc + d*Sin[e + f*x]]/Sin[e + f*x]), x], x] /; FreeQ
[{a, b, c, d, e, £}, x] && NeQ[bxc - a*d, 0] && EqQ[a~2 - b~2, 0] && EqQ[b*
c + a*xd, 0]

Rule 3027

Int[(Sqrtl(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]11*Sqrtl(c_) + (d_.)*sin[(e_.)
+ (£_.)*(x_)11)/sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Dist[Sqrt[a + b*Sin[
e + fxx]]1*(Sqrt[c + d*Sin[e + f*x]]/Cos[e + f*x]), Int[Cot[e + fxx], x], x]
/; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*d, 0] && EqQ[a"2 - b2, 0]
&& EqQlc~2 - d~2, 0]

Rule 3556
Int[tan[(c_.) + (d_.)*(x_)], x_Symbol]l :> Simp[-Log[RemoveContent[Cos[c + d

*x], x]1/d, x] /; FreeQl{c, d}, xI

Rubi steps

/csc(e+fx)\/c—csin(e—|—fac)dx [csc(e+ fx)y/a+ asin(e + fx) \/c— csin(e + fz) /
Va+asin(e + fz) a Ve
(accos(e + fz)) [ aﬁi&i—mdx <Sec (e+ fz)\/a+a

va+ asin(e + fz) \/c — csin(e + fz)

_ log(sin(e + fz)) sec(e + fz) Va+asin(e + fz) \/c — csin(e + fa

af
ccos(e + fz)log(l + sin(e + fx)) N log(sin(e + fz)) sec
fv/a+asin(e+ fr) /c—csin(e + fx)

Mathematica [C] Result contains complex when optimal does not.
time = 1.00, size = 148, normalized size = 1.48

VZ (1 — i) (log (=1 + ee+2)) £) — 2log ((i + €€+/) £) + log (1 + €€+) £)) v/c — csin(e + fz)

(i + efera)) | —jae=tlerta) (j 1 eilcrsa)? f
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Antiderivative was successfully verified.

[In] Integrate[(Csc[e + f*x]*Sqrtlc - c*Sin[e + f*x]])/Sqrtl[a + a*Sin[e + f*x]],
x]

[Out] (Sqrt[2]*(1 - I*E~(Ix(e + f*x)))*(Log[(-1 + E~(Ix(e + f*x)))*f] - 2*Log[(I
+ E"(Ix(e + fxx)))*f] + Logl[(1 + E~(I*x(e + f*x)))*f])*Sqrtlc - c*Sin[e + fx*
x]1)/((-I + E~(I*(e + fxx)))*Sqrt[((-I)*ax(I + E~(Ix(e + £*x)))"2)/E~(I*(e

+ £*x))]*£f)

Maple [A]

time = 0.25, size = 113, normalized size = 1.13

method | result size

(~1+cos(fa-+e)—sin(fo+e)) /—c (sin (fz + €) — 1) (210 (- tteoslforelmonlfete) )y (_ =tieosfete) ))

‘ 113
f \/CL (]. + sin (f.’E + 6)) (—1+4-cos(fz+e)+sin(fz+e))

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c-cxsin(f*x+e))”(1/2)/sin(f*x+e)/(a+a*sin(f*x+e))~(1/2),x,method=_RETU
RNVERBOSE)

[Out] 1/f*x(-1+cos(f*x+e)-sin(f*x+e))*(-cx(sin(fxx+e)-1))"(1/2)*(2*1n(-(-1+cos(f*x
+e)-sin(f*xx+e))/sin(f*x+e))-1n(-(-1+cos(f*x+e))/sin(f*x+e)))/(a*x(1+sin(f*xx+
e)))~(1/2)/(-1+cos(f*x+e)+sin(f*x+e))

Maxima [A]

time = 0.54, size = 63, normalized size = 0.63

2/C ton (it ) Ve os(afish)
Va Va
f

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((c-c*sin(f*x+e))~(1/2)/sin(f*x+e)/(ata*sin(f*x+e))~(1/2),x, algor
ithm="maxima")

[Out] (2*sqrt(c)*log(sin(f*x + e)/(cos(f*x + e) + 1) + 1)/sqrt(a) - sqrt(c)*log(s
in(f*x + e)/(cos(f*x + e) + 1))/sqrt(a))/f

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((c-c*sin(f*x+e))~(1/2)/sin(f*x+e)/(ata*sin(f*x+e))~(1/2),x, algor
ithm="fricas")
[Out] integral(-sqrt(a*sin(f*x + e) + a)*sqrt(-cxsin(f*x + e) + c)/(a*cos(f*x + e

)"2 - axsin(f*x + e) - a), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

c(sin(e+ fz) —1)
\/a (sin (e + fz) + 1) sin (e + fz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sin(f*x+e))**(1/2)/sin(f*x+e)/(a+axsin(f*x+e))**(1/2),x)

[Out] Integral(sqrt(-c*(sin(e + fxx) - 1))/(sqrt(ax(sin(e + f*x) + 1))*sin(e + fx
x)), x)

Giac [A]

time = 0.47, size = 117, normalized size = 1.17

\/Elog sm( 7r+ fz+ ) +1 \/Elog 2 sin(—lfr—l—l fav+l 6)2—1 .
\/_‘ f f ( asgrg cos(—— m+1 2fz+ : )) ) - asggl‘(cos(—itr%-;fz—l—;e)) D Sgn<S1n (_i T+ % fx + % 6))
2f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sin(f*x+e))~(1/2)/sin(f*x+e)/(at+ta*sin(f*x+e))~(1/2),x, algor
ithm="giac")

[Out] 1/2*sqrt(2)*sqrt(a)*sqrt(c)*(sqrt(2)*log(-sin(-1/4*pi + 1/2*f*x + 1/2%e)"2
+ 1)/(a*sgn(cos(-1/4*pi + 1/2%f*x + 1/2%e))) - sqrt(2)*log(abs(2*sin(-1/4*p

i+ 1/2%f*x + 1/2%e)”2 - 1))/(axsgn(cos(-1/4*pi + 1/2*xf*x + 1/2%e))))*sgn(s
in(-1/4xpi + 1/2*f*x + 1/2xe))/f

Mupad [F]

time = 0.00, size = -1, normalized size = -0.01

/ Ve—csin(e+ fz) i
sin(e+ fz) Va+asin(e+ fz)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c - c*sin(e + f*x))~(1/2)/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)),x)

[Out] int((c - c*sin(e + f*x))~(1/2)/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)), x
)
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csc(e+fx) dz

/ va+asin(e + fz) y/c— csin(e + fr)

Optimal. Leaf size=46

3.22

cos(e + fxz)log(tan(e + fz))
fva+asin(e+ fr) \/c—csin(e + fx)

[Out] cos(f*x+e)*1n(tan(f*x+e))/f/(at+axsin(fxx+e))~(1/2)/(c-c*sin(f*x+e))~(1/2)

Rubi [A]
time = 0.12, antiderivative size = 46, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.033,

steps used = 3, number of rules used = 3, integrand size = 36
Rules used = {3025, 2700, 29}
cos(e + fxz)log(tan(e + fz))
f\/asin(e + fz) +a \/c—csin(e + fx)

Antiderivative was successfully verified.
[In] Int[Csc[e + f*x]/(Sqrtla + a*Sinl[e + f*x]]*Sqrt[c - c*Sinle + f*x]]),x]

[Out] (Cos[e + fxx]*Logl[Tan[e + fxx]])/(f*Sqrt[a + a*Sin[e + f*x]]*Sqrt[c - c*Sin
[e + £xx]])

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Loglx], x]

Rule 2700

Int[cscl(e_.) + (f_.)*(x_)]1 " (m_.)*sec[(e_.) + (f_.)*(x_)]1"(n_.), x_Symbol]
:> Dist[1/f, Subst[Int[(1 + x~2)"((m + n)/2 - 1)/x"m, x], x, Tan[e + f*xx]],
x] /; FreeQ[{e, f}, x] && IntegersQ[m, n, (m + n)/2]

Rule 3025

Int[1/(sin[(e_.) + (f_.)*(x_)1*Sqrtl[(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]1%S
qrt[(c_) + (d_.)*sin[(e_.) + (£f_.)*(x_)]1]), x_Symbol] :> Dist[Cos[e + f*x]/
(Sqrt[a + b*Sin[e + f*x]]*Sqrt[c + d*Sin[e + fx*x]]), Int[1/(Cos[e + f*x]*Si
nle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] &&
EqQ[a~2 - b"2, 0] &% EqQ[c™2 - 472, 0]

Rubi steps
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/ csc(e + frx) cos(e + fz) [ csc(e + fz)sec(e + fz)dx
‘ -dz = ‘ ‘
Va+asin(e + fzr) \/c — csin(e + fx) Va+asin(e + fx) \/c — csin(e + fz)
_ cos(e+ fx)Subst( [ 1dz,z,tan(e + fz))
a fv/a+asin(e + fz) \/c —csin(e + fz)
B cos(e + fx)log(tan(e + fz))
a fv/a+asin(e + fz) \/c —csin(e + fz)

Mathematica [A]
time = 0.13, size = 63, normalized size = 1.37

(log(cos(e + fx)) — log(sin(e + fz)))sec(e + fz)+/a(l +sin(e + fz)) \/c — csin(e + fz)
acf

Antiderivative was successfully verified.

[In] Integrate[Csc[e + f*x]/(Sqrt[a + a*Sin[e + f*x]]*Sqrt[c - c*Sin[e + fx*x]]),

x]

[Out] -(((Log[Cos[e + f*x]] - Log[Sin[e + f*x]])*Sec[e + f*xx]*Sqrt[ax(1 + Sin[e +
f*x])]1*Sqrt[c - c*Sinl[e + f*x]])/(axc*f))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 110 vs.

2(42) = 84.

time = 0.25, size = 111, normalized size = 2.41

method | result size

—1+cos(fz+e)+sin(fz+e) —14cos(fr+e)—sin(fz+e) —1+cos(fote)
default _ (1n<_ cos sin(fw+:) >+ln<_ cos sin(fm+:) )_111(_ Si:(c’;x+e) )) cos(fz+e)

f/a(l+sin(fz+e)) /—c(sin(fr+e)—1)

111

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(f*x+e)/(ata*sin(f*x+e))”~(1/2)/(c-c*sin(f*x+e))~(1/2),x,method=_RE
TURNVERBOSE)

[Out] -1/f*x(In(-(-1+cos(f*x+e)+sin(f*x+e))/sin(f*x+e))+1n(-(-1+cos(f*x+e)-sin(f*x
+e))/sin(f*x+e))-1n(-(-1+cos(f*x+e))/sin(f*x+e)) ) *cos(f*x+e)/(ax (1+sin(f*x+

e)))~(1/2)/(-c*(sin(f*x+e)-1))~(1/2)

Maxima [C] Result contains complex when optimal does not.
time = 0.64, size = 202, normalized size = 4.39

16 (cos(2 fz+2 ) +sin(2 fr+2€)?+2 cos(zfac+2e)+l)> 9 (_1)4 cos(2 fz+2€) arctan ( 4sin(2 fz+2e) 4(cos(2 fet+2e)+1

(=1)* G729 cosh (4sin (2 fz + 2€)) log ( ( T Ta e e e =>)—1\> sinh (47sin (2 fz + 2¢))
2va Ve f
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(ata*sin(f*x+e))~(1/2)/(c-cxsin(f*x+e))~(1/2),x, alg
orithm="maxima")

[Out] -1/2%((-1)"(4*cos(2*f*x + 2xe))*cosh(4*pi*sin(2xfxx + 2*e))*Llog(16*(cos(2*f
*x + 2%e)”2 + sin(2%f*x + 2%e)”2 + 2%kcos(2xf*x + 2%e) + 1)/(axcxabs(e” (2*Ix*

fxx + 2%I*xe) - 1)72)) - 2*I*(-1)~(4*cos(2*f*x + 2%e))*arctan2(4*sin(2*f*x +

2xe) /(sqrt(a)*sqrt(c)*abs(e” (2xIxf*xx + 2%Ixe) - 1)), 4x(cos(2xf*x + 2%e) +

1)/ (sqrt(a)*sqrt(c)*abs(e” (2+I*f*x + 2xI*e) - 1)))*sinh(4*pixsin(2*xf*x + 2
*e)))/(sqrt(a)*sqrt(c)*f)

Fricas [A]
time = 0.48, size = 205, normalized size = 4.46

4 <2arCos(faH»e)s72accos(fx+e)3+accos(fz+e)f\/QC (2 cos(fﬁe)hl) asin(fz+e€)+a \/—csin(fz+e)+c )
Vac' log 5 ¥ —— v—ac \asin(fr+e)+a \/—csin(fr+e) +c
cosl(fu+e)’—cos(fate) —ac arctan 2accos(fate)’ —accos(fate)
2acf ! acf

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(fxx+e)/(at+axsin(f*x+e))~(1/2)/(c-cxsin(f*x+e))~(1/2),x, alg
orithm="fricas")

[Out] [1/2*sqrt(a*c)*log(-4*(2xa*c*cos(f*x + e)~5 - 2*xaxcxcos(f*x + e)~3 + a*c*co
s(fxx + e) - sqrt(axc)*(2xcos(f*x + e)~2 - 1)*sqrt(a*sin(f*x + e) + a)*sqrt
(-c*sin(f*x + e) + c))/(cos(f*x + e)~5 - cos(f*x + e)~3))/(a*xc*f), sqrt(-ax
c)*arctan(sqrt(-a*xc)*sqrt(a*sin(f*x + e) + a)*sqrt(-c*sin(f*x + e) + c)/(2%
axckxcos(f*x + e)73 - akcxcos(f*x + e)))/(axc*f)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
1

: ‘ dz
/ Va(sin(e+ fx) +1) \/—c(sin(e + fx) — 1) sin (e + f2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(a+ta*sin(f*x+e))*x(1/2)/(c-c*sin(f*x+e))**(1/2),x)
[Out] Integral(1l/(sqrt(a*(sin(e + fx*x) + 1))*sqrt(-c*(sin(e + f*x) - 1))*sin(e +
f*x)), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 187 vs. 2(46) =
92.
time = 0.52, size = 187, normalized size = 4.07

Ja e log((— cos(~ L m+1 fa+] ) +1) B 2 1og([2 cos(—} m+1 fa+1e)’-1)) 2 log(|cos (1 w4} fot+d o))
acsgn(cos(— L m+1 fz+5e))sgn(sin(— 1 7+3 fa+3e)) acsgn(cos(— L m+1 fz+1e))sgn(sin(— L r+3 fa+3e)) acsgn(cos(— L m+1 fo+3e))sgn(sin(— 1 7+3 fo+3e))

2f
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(ata*sin(f*x+e))”(1/2)/(c-cxsin(f*x+e))~(1/2),x, alg
orithm="giac")

[Out] 1/2*sqrt(a)*sqrt(c)*(log(-cos(-1/4*pi + 1/2*f*x + 1/2%e)~2 + 1)/(axc*sgn(co
s(-1/4xpi + 1/2xf*x + 1/2%e))*sgn(sin(-1/4*pi + 1/2xf*xx + 1/2xe))) - 2*log(
abs(2*cos(-1/4*pi + 1/2%f*x + 1/2%e)”2 - 1))/(a*c*sgn(cos(-1/4*pi + 1/2xfx*x

+ 1/2xe) ) *sgn(sin(-1/4*pi + 1/2xfxx + 1/2%e))) + 2xlog(abs(cos(-1/4x*pi + 1
/2%f*x + 1/2%e)))/(axc*sgn(cos(-1/4xpi + 1/2*f*x + 1/2xe))*sgn(sin(-1/4+*pi

+ 1/2xf*x + 1/2%e))))/f

Mupad [F]

time = 0.00, size = -1, normalized size = -0.02

1

/sin(e—l—fx) Va+asin(e+ fz) /c—csin(e+ fz) &

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(e + f*xx)*(a + a*sin(e + f*xx))~(1/2)*(c - c*sin(e + f*x))~(1/2)),
X)
[Out] int(1/(sin(e + f*x)*(a + a*sin(e + f*xx))~(1/2)*(c - c*sin(e + f*x))~(1/2)),
X)
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f csc(e+fx) \/(l + CLSIH(G + fx) do

3.23 ctdsin(e+f)

Optimal. Leaf size=105

2\/(? tanh_l ( \/(7 c.os(e-i-fx) ) 2\/(? \/E ta,nh_l ( \/Ef cos(.e—l—fx) )
_ Va+asin(e + fz) n Ve+d y/a+asin(e + fz)

cf cvVe+d f

[Out] -2*arctanh(cos(f*x+e)*a~(1/2)/(at+axsin(f*x+e))~(1/2))*a~(1/2)/c/f+2*arctanh
(cos(f*xx+e)*a~(1/2)*d"~(1/2)/(c+d)~(1/2)/(a+a*sin(f*x+e))~(1/2))*a~(1/2)*d~(
1/2)/c/f/(c+d)~(1/2)

Rubi [A]
time = 0.20, antiderivative size = 105, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.121,

steps used = 5, number of rules used = 4, integrand size = 33
Rules used = {3013, 2852, 212, 214}

2\/3\/67 tanh_l < \/E\/ECOS(C+fm) > 2\/5 tanh_l ( \/Ecos(e-l-fm) )
Ve+d asin(e+ fz) +a ) Jasin(e + fz) + a

cfVe+d cf

Antiderivative was successfully verified.
[In] Int[(Cscle + f*x]*Sqrtl[a + a*Sinl[e + f*x]]1)/(c + dxSin[e + f*x]),x]

[Out] (-2*Sqrt[al*ArcTanh[(Sqrt[al*Cos[e + f*x])/Sqrtl[a + a*Sin[e + f*x]11)/(c*f)
+ (2+Sqrt[al*Sqrt [d]*ArcTanh[(Sqrt[a]l *Sqrt [d]*Cos[e + f*x])/(Sqrtlc + dl*S
qrt[a + a*Sin[e + f*x]]1)])/(cxSqrtlc + d]l*f)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 2]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 2852

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/((c_.) + (d_.)*sin[(e_.) + (
f_.)*(x_)]), x_Symbol] :> Dist[-2*(b/f), Subst[Int[1/(b*c + a*d - d*x~2), x
1, x, bx(Cos[e + f*x]/Sqrt[a + b*Sin[e + f*x]]1)], x] /; FreeQ[{a, b, c, d,
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e, £}, x] &% NeQ[b*c - a*d, 0] && EqQ[a"2 - b~2, 0] &% NeQ[c™2 - d"2, 0]

Rule 3013

Int[Sqrt[(a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)]11/(sinl(e_.) + (f_.)*(x_)1*((c
) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> Dist[1/c, Int[Sqrt[a + b
*Sin[e + f*x]]/Sin[e + fx*x], x], x] - Dist[d/c, Int[Sqrt[a + b*Sin[e + fx*x]
1/(c + d*Sin[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*xc -
axd, 0] & EqQ[a~2 - b~2, 0]

Rubi steps

/csc(e—l—fa:) Va+asin(e + fz) dp — _ Jesc(e+ fx)\/a+asin(e+ fz) d df Va —'c;zsslf(leff:) fz) a

¢+ dsin(e + fz) c c

2a)Subst | [ —L; dz, z a cos(etfz) ) 2ad)S bt(
(a)us(fax v " Va+asin(e + fzr) (2ad)Subst | |
= — Cf —+

2\/5 ta,nh_l ( \/Ecos(e-l—fz) ) 2\/{7\/5 tanh_l (

_ Va +asin(e + fz) + Ve-

cf C\/Z

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 23.96, size = 746, normalized size = 7.10

Antiderivative was successfully verified.

[In] Integrate[(Csc[e + f*x]*Sqrt[a + axSin[e + f*x]])/(c + d*Sin[e + f*x]),x]

[Out] ((-1/8 + I/8)*((4 + 4*I)*Sqrtlc + dl*(Logl[l + Cos[(e + f*x)/2] - Sin[(e + f
*x)/2]] - Logl[l - Cos[(e + f*x)/2] + Sin[(e + £*x)/2]]) + Sqrt[d]*RootSum[-

d + (2xI)*cxE~(Ixe)*#172 + d*E~((2*%I)*e)*#1°4 & , ((1 + I)*d*Sqrt[E~((-I)*e
YIxfxx - (2 - 2*%I)*d*Sqrt[E~((-I)*e)]*Log[E~((I/2)*f*x) - #1] - IxSqrt[d]*S

qrtlc + dl*f*x*#1 + 2*xSqrt[d]*Sqrtlc + dl*Log[E~((I/2)*f*x) - #1]*#1 + ((1

- I)*cxfxxx#172) /Sqrt [ET((-I)*e)] + ((2 + 2*I)*c*Log[E~((I/2)*f*x) - #1]*#1
~2)/8qrt[E((-I)*e)] - Sqrt[d]*Sqrtl[c + d]I*E~(Ixe)*f*xxx#1~3 - (2xI)*Sqrt[d]
*Sqrt [c + d]1*E~(I*e)*Log[E~((I/2)*f*x) - #11*#173)/((-I)*d - c*E~(Ixe)*#1"2

) & 1*(Cos[e/2] + IxSin[e/2]) + Sqrt[d]*RootSum[-d + (2*I)*c*E~(I*e)*#172 +
d*E"((2*I)*e)*#1°4 & , ((1 - I)*d*Sqrt[E~((-I)*e)]*f*x + (2 + 2*I)*d*Sqrt[
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E~((-I)*e)]*Log[E~((I/2)*f*x) - #1] + Sqrt[d]l*Sqrtlc + d]l*f*x*#1 + (2xI)*Sq
rt[d]*#Sqrt[c + dl*Logl[E~((I/2)*f*x) - #1]*#1 - ((1 + I)*cxf*x*#172)/Sqrt[E”
((-I)*e)] + ((2 - 2xI)*cxLog[E~((I/2)*f*xx) - #1]1*#172)/Sqrt[E~((-I)*e)] - I
*Sqrt [d] *Sqrt[c + d]*E~(I*e)*f*xx*#1~3 + 2xSqrt[d]*Sqrt[c + d]*E~(I*e)*LoglE
“((I/2)*f*x) - #1]1*#173)/(d - I*c*E~(I*e)*#172) & ]*(Cos[e/2] + IxSin[e/2])
)*Sqrt[a*(1 + Sin[e + f*x])])/(c*Sqrtlc + dl*fx(Cos[(e + fxx)/2] + Sin[(e +
fxx)/2]))

Maple [A]
time = 9.70, size = 120, normalized size = 1.14

method | result

2(1+sin(fz+e)) \/_a (sin (.f-'L' + 6) - 1) | (darctanh( \/_a (\8/12 Efi—;)ec)l_ 1) | d) a? —arctanh (—CL(SII]

default

Va cr/a(c+d)d cos(fate)\/a+asin(fz +e€) 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atax*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+d*sin(f*x+e)),x,method=_RETURNVERB
0SE)

[Out] 2/a"(1/2)*(1+sin(f*x+e))*(-a*(sin(f*x+e)-1))~(1/2)*(d*arctanh((-a*(sin(f*x+
e)-1))"(1/2)*d/ (ax(c+d) *d) ~(1/2) ) *a~ (3/2) —arctanh ((-a*(sin(f*x+e)-1))~(1/2)
/a~(1/2))*a*(ax(c+d)*d) ~(1/2))/c/(a*(c+d)*d) ~(1/2) /cos (f*x+e) /(ata*sin (f*x+
e))~(1/2)/f

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+axsin(f*x+e))~(1/2)/sin(f*x+e)/(c+d*sin(f*x+e)),x, algorithm="
maxima")

[Out] integrate(sqrt(a*sin(f*x + e) + a)/((d*sin(f*x + e) + c)*sin(f*x + e)), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 261 vs.
2(89) = 178.
time = 0.76, size = 833, normalized size = 7.93

=
|

| ’ |
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+d*sin(f*x+e)),x, algorithm="
fricas")
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[Out] [1/2*(sqrt(axd/(c + d))*log((a*d~2xcos(f*x + e)~3 - a*c™2 - 2xaxc*d - axd~2
- (6*axc*d + T*axd"2)*cos(fxx + e)”2 + 4*((cxd + d"2)*cos(f*x + e)”2 - ¢c~2
- 4xckd - 3*d"2 - (c72 + 3*ckd + 2xd"2)*cos(f*x + e) + (c72 + 4xc*d + 3*d”
2 + (c*d + d™2)*cos(f*x + e))*sin(f*x + e))*sqrt(axsin(f*x + e) + a)*sqrt(a
*d/(c + d)) - (a*c™2 + 8xaxc*d + 9xa*xd”2)*cos(f*x + e) + (axd™2*cos(f*x + e
)72 - a*c”2 - 2*a*c*d - axd”2 + 2x(3*xakxckd + 4xaxd"2)*cos(fxx + e))*sin(f*x
+ e))/(d"2*xcos(f*x + e)”3 + (2xckd + d"2)*cos(f*x + €)”2 - ¢c72 - 2%c*d - d
"2 - (c72 + d72)*cos(f*x + e) + (d"2xcos(f*x + e)~2 - 2*c*d*cos(f*x + e) -
c"2 - 2%c*d - d”2)*sin(f*x + e))) + sqrt(a)*log((a*cos(f*x + e)~3 - T7*xaxcos
(f*x + e)72 - 4x(cos(f*x + e)”2 + (cos(fxx + e) + 3)*sin(f*x + e) - 2xcos(f
*x + e) - 3)xsqrt(axsin(f*x + e) + a)*sqrt(a) - 9*axcos(f*x + e) + (axcos(f
*x + e)”2 + 8xaxcos(f*x + e) - a)*sin(f*xx + e) - a)/(cos(f*x + e)”3 + cos(f
*x + )72 + (cos(f*x + e)”2 - 1)*sin(f*x + e) - cos(fxx + e) - 1)))/(c*f),
1/2%(2*sqrt(-a*d/(c + d))*arctan(1/2*sqrt(a*sin(f*x + e) + a)*(d*sin(f*x +
e) - ¢ - 2xd)*sqrt(-a*d/(c + d))/(axd*cos(f*x + e))) + sqrt(a)*log((a*cos(f
*x + e)”3 - Txaxcos(f*x + e)”2 - 4x(cos(f*x + e)”2 + (cos(f*x + e) + 3)*sin
(fxx + e) - 2*cos(f*x + e) - 3)*sqrt(a*sin(f*x + e) + a)*sqrt(a) - 9xax*cos(
f*x + e) + (a*xcos(f*x + e)”2 + 8*a*cos(f*x + e) - a)*sin(f*x + e) - a)/(cos
(f*x + e)73 + cos(f*x + e)”2 + (cos(f*x + e)”2 - 1)*sin(f*x + e) - cos(f*x

+e) - 1)))/(cxf)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ Va(sin (e + fr)+1)
(c+dsin(e+ fz))sin (e + fz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sin(f*x+e))**(1/2)/sin(f*x+e)/(c+d*sin(f*x+e)),x)
[Out] Integral(sqrt(ax(sin(e + fxx) + 1))/((c + d*sin(e + f*x))*sin(e + f*x)), x)

Giac [A]
time = 0.49, size = 148, normalized size = 1.41

/2 ( 1 | i ) \/E -2 \/E+4 Sin(*i'ﬂ'#’%fl“i’%e)
dsin(—gz m+3 fotge log
2 ﬁdarctan( \/_Cd — - )sgn(cos(fi 7r+% fz+% e)) R \/2_‘+4 sin(—% W+% fz+% e)

V—cd —d? ¢ °

)sgn(cos(—‘l1 1r+§ fz+§ e))

NG Va

2f
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((at+a*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+d*sin(f*x+e)),x, algorithm="
giac")

[Out] 1/2*sqrt(2)*(2*sqrt(2)*d*arctan(sqrt(2)*d*sin(-1/4*pi + 1/2xfxx + 1/2%e)/sq
rt(-c*d - d72))*sgn(cos(-1/4*pi + 1/2*f*x + 1/2xe))/(sqrt(-cxd - d~2)*c) -
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sqrt (2) *log(abs(-2*sqrt(2) + 4*sin(-1/4xpi + 1/2*f*x + 1/2%e))/abs(2*sqrt(2
) + 4*xsin(-1/4xpi + 1/2%f*x + 1/2%e)))*sgn(cos(-1/4xpi + 1/2xf*x + 1/2xe))/
c)*sqrt(a)/f

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ Va+asin(e+ fz) s
sin(e+ fx) (c+dsin(e+ fz))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c + d*sin(e + f*x))),x)

[Out] int((a + a*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c + d*sin(e + f*x))), x)
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f csc(e+fa;)‘ dx
v a + asin(e + fx) (c+dsin(e+fz))

Optimal. Leaf size=165

91 h—l \/Ecos(e+f$) ) \/5 ta; h—l ( \/CTcos(e—i—fz) ) 2d3/2 ta, h_l (—\/(7\/;
o <\/a—|-asin(e—|—fx) ! V2 \/a + asin(e + fz) ! Ve+da-

- i Va' (c—d)f - Va'c(c—d)Ve

3.24

Va'cf

[Out] -2*arctanh(cos(f*x+e)*a~(1/2)/(a+a*sin(f*x+e))~(1/2))/c/f/a~(1/2)+arctanh(l
/2*cos (f*xx+e)*a~(1/2)*27(1/2)/ (a+a*sin(f*x+e))~(1/2))*2°(1/2)/(c-d) /f/a~(1/
2)-2*%d~ (3/2)*arctanh(cos (f*x+e)*a~(1/2)*d~(1/2)/(c+d) ~(1/2)/ (a+a*sin(f*x+e)
)=(1/2))/c/(c-d)/f/a~(1/2)/(c+d)~(1/2)

Rubi [A]

time = 0.31, antiderivative size = 165, normalized size of antiderivative = 1.00, number of

number of rules _ 0.182,

steps used = 8, number of rules used = 6, integrand size = 33, integrand size

Rules used = {3019, 2852, 214, 3064, 2728, 212}

2d3/2 tanh_l ( \/(?\/(7005(6+fz) ) \/5‘ tanh_l ( \/CTcos(e+fz) ) 2tanh_1 ( \/E cos(e+fx) )

Ve+d \asin(e+ fz)+a N V2 \/asin(e + fz) +a _ Vasin(e + fz) +a
Va'ef(c—d)Ve+d Va f(c—d) Vva'cf

Antiderivative was successfully verified.
[In] Int[Cscle + f*x]/(Sqrtl[a + a*Sin[e + f*x]]1*(c + d*Sin[e + f*x])),x]

[Out] (-2*ArcTanh[(Sqrt[al*Cos[e + f*x])/Sqrt[a + a*Sin[e + f*x]1]1)/(Sqrt[a]*c*f)
+ (Sqrt[2]*ArcTanh[(Sqrt[a]*Cos[e + f*x])/(Sqrt[2]*Sqrt[a + a*Sin[e + f*x]

1)1)/(Sqrt[al*(c - d)*f) - (2%d~(3/2)*ArcTanh[(Sqrt[a]l*Sqrt[d]*Cos[e + f*x]

)/ (Sqrtlc + d]l*Sqrt[a + a*Sin[e + f*x]])])/(Sqrtlal*c*x(c - d)*Sqrtlc + d]*f

)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])]1, x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 2728

Int[1/Sqrtl(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Dist[-2/d, S
ubst[Int[1/(2*%a - x72), x], x, b*(Cos[c + d*x]/Sqrt[a + b*Sin[c + d*x]])],
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x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b~2, 0]

Rule 2852

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/((c_.) + (d_.)*sin[(e_.) + (
f_.)*(x_)]), x_Symbol] :> Dist[-2*%(b/f), Subst[Int[1/(b*c + a*xd - d*x~2), x
1, x, bx(Cos[e + f*x]/Sqrt[a + b*Sin[e + f*x]1])], x] /; FreeQ[{a, b, c, d,
e, £}, x] &% NeQ[b*c - a*d, 0] && EqQ[a"2 - b~2, 0] &% NeQ[c™2 - d"2, 0]

Rule 3019

Int[1/(sin[(e_.) + (f_.)*(x_)]1*Sqrtl[(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1]1*(
(c_) + (d_.)*sin[(e_.) + (£f_.)*(x_)]1)), x_Symbol] :> Dist[d~2/(c*(b*c - a*xd
)), Int[Sqrtl[a + b*Sin[e + f*x]]1/(c + d*Sin[e + f*x]), x], x] + Dist[1/(c*(
bxc - a*d)), Int[(b*c - a*d - bxdxSin[e + f*x])/(Sin[e + f*x]*Sqrt[a + bxSi
nle + fxx]1), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*d, 0] &
& EqQ[a~2 - "2, 0]

Rule 3064

Int[((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)]1)/(Sqrtl(a_) + (b_.)*sin[(e_.) +
(f_)*x(x_)11*((c_.) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[(A
*b - a*B)/(bxc - a*d), Int[1/Sqrt[a + bxSin[e + f*x]], x], x] + Dist[(Bxc -
Axd)/(b*c - axd), Int[Sqrt[a + b*Sin[e + fx*x]]/(c + d*Sin[e + f*x]), x], x
1 /; FreeQ[{a, b, c, 4, e, f, A, B}, x] && NeQ[b*c - a*d, 0] && EqQ[a~2 - b
=2, 0] && NeQ[c™2 - d~2, 0]

Rubi steps
csc(e+fz)(ac—ad— adsm(e+fz)) dz a + asin(e + f.’L'
/ csc(e + fx) dp — J Va+asin(e + fz) + a [ v c+dsm(e(+fw) )
Va+ asin(e + fz) (c+ dsin(e + fz)) ac(c — d) ac(c — d)

1
B [csc(e+ fr)\/a+asin(e + fz) dx B / va + asin(e 4
B ac c—d
2d3/% tanh ™! ( Va Vd cstersa) > 2Subst
B Ve+d v/a+asin(e + fz) B
Vva'clc—d)Ve+d f

2tanh~! ( v /e sf;(fgf)fx)) V2 tanh™! ( £\
(

~- Jacf -
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Mathematica [C] Result contains complex when optimal does not.
time = 1.58, size = 331, normalized size = 2.01

21 AeVETT taah™ ((§-+4) (-1 (=14 tan (et 1))+ e &) VETT log (1 con (e -+ 1)) = sin (3e-+ 1)) = VT T g (1 —co (e + o)) -+ i (e -+ 23)) + VT T o (1 —con (e + 1)) - i (e -+ 1)) -+ &g (s (b + £2) (VT + VT con (e -+ 1) = VA in (e -+ £2))) =g (e (e + 1) (VETT VT con 3o+ £2) + VA sin (3= 1)) ) ) e (e + 1)+ sin (e + )

Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x]/(Sqrtl[a + axSin[e + f*x]]1*(c + d*Sinl[e + f*x])),x]

[Out] -((((2 + 2*xI)*(-1)"(3/4)*c*Sqrt[c + dl*ArcTanh[(1/2 + I/2)*(-1)"(3/4)*(-1 +
Tan[(e + f*x)/4]1)] + (c - d)*Sqrt[c + dl*Log[l + Cos[(e + f*x)/2] - Sin[(e
+ fxx)/2]] - c*Sqrtlc + dl*Log[l - Cos[(e + f*x)/2] + Sin[(e + fx*x)/2]] +
dxSqrt[c + d]l*Logl[l - Cos[(e + f*x)/2] + Sin[(e + f*x)/2]] + d~(3/2)*Logl[Se
cl(e + £*x)/4]72*%(Sqrt[c + d] + Sqrt[d]*Cos[(e + f*x)/2] - Sqrt[d]*Sin[(e +
fxx)/2]1)] - d~(8/2)*Logl[Sec[(e + f*x)/4]"2*(Sqrt[c + d] - Sqrt[d]*Cos[(e +
fxx)/2] + Sqrt[d]*Sin[(e + £*x)/2])]1)*(Cos[(e + f*x)/2] + Sin[(e + fx*x)/2]
))/(cx(c - d)*Sqrtlc + dl*f*Sqrt[a*x(1 + Sinl[e + f*x])]))

Maple [A]
time = 10.94, size = 208, normalized size = 1.26

method | result

(1+sin(fa+e)\/—a (sin (fz +€) — 1) <2d2 arctanh( Va—asin(fz +e) d) V) amtanh( a—a

Vacd +ad?

default | —

5
a2 c(c—

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(f*x+e)/(c+d*sin(f*x+e))/(ata*sin(f*x+e))~(1/2),x,method=_RETURNVE
RBOSE)

[Out] -(1+sin(f*x+e))*(-a*(sin(f*x+e)-1))~(1/2)*(2*d"2*arctanh((a-a*sin(f*x+e))~(
1/2)*d/ (a*c*d+axd~2)~(1/2))*a~(5/2) -2 (1/2) *arctanh(1/2*(a-a*sin(f*x+e)) " (1
/2)%27(1/2) /a~(1/2)) *cxa~2x (a*x (c+d) *d) ~ (1/2) +2*arctanh ((a-a*sin (f*x+e)) ~(1/
2)/a~(1/2))*a"2*(a*x(c+d) *d) ~(1/2) *c-2*xarctanh ((a-a*sin(f*x+e))~(1/2)/a~(1/2
))*a~2x% (ax (c+d)*d) ~(1/2)*d) /a~(5/2) /c/ (c-d) / (a* (c+d) *d) ~(1/2) /cos (f*x+e) / (a
+axsin(f*x+e))~(1/2)/f

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(c+d*sin(f*x+e))/(a+ta*sin(f*x+e))”(1/2),x, algorithm
="maxima")
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[Out] integrate(1/(sqrt(a*sin(f*x + e) + a)*(d*sin(f*x + e) + c)*sin(f*x + e)), x

)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 410 vs.
2(142) = 284.
time = 1.74, size = 1118, normalized size = 6.78

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(c+d*sin(f*x+e))/(a+a*sin(f*x+e))~(1/2),x, algorithm
="fricas")

[Out] [-1/2*(a*xd*sqrt(d/(a*xc + axd))*log((d~2*cos(f*x + e)~3 - (B*c*d + 7*d~2)*co
s(fxx + e)72 - c¢72 - 2xcxd - d72 + 4*((c*d + d"2)*cos(f*x + e)”2 - c™2 - 4%
ckd - 3%d”2 - (c72 + 3%ckd + 2*d"2)*cos(fxx + e) + (c72 + 4*cxd + 3*%d"2 + (
ckd + d"2)*cos(f*x + e))*sin(f*x + e))*sqrt(a*sin(f*x + e) + a)*sqrt(d/(axc
+ axd)) - (c”2 + 8xcxd + 9*d~2)*cos(f*x + e) + (d"2*cos(f*x + e)”2 - c™2 -
2%c*kd - d72 + 2%(3xcxd + 4xd"2)*cos(f*x + e))*sin(f*x + e))/(d"2*cos(f*x +
e)”3 + (2%cxd + d"2)*cos(f*x + e)72 - ¢c”2 - 2%cxd - d72 - (c72 + d72)*cos(
fxx + e) + (d72xcos(f*x + e)”2 - 2*c*d*cos(f*x + e) - ¢c”2 - 2%c*d - d72)*si
n(f*x + e))) + sqrt(2)*sqrt(a)*c*log(-(cos(f*x + e)"2 - (cos(f*x + e) - 2)*
sin(fxx + e) - 2*sqrt(2)*sqrt(a*sin(f*x + e) + a)*x(cos(f*x + e) - sin(fx*x +
e) + 1)/sqrt(a) + 3*cos(f*x + e) + 2)/(cos(f*x + e)”2 - (cos(f*x + e) + 2)
xsin(f*x + e) - cos(f*x + e) - 2)) - sqrt(a)*(c - d)*log((axcos(f*x + e)~3
- Txaxcos(f*x + e)”2 - 4*(cos(f*x + e)”2 + (cos(f*x + e) + 3)*sin(f*x + e)
- 2xcos(f*x + e) - 3)*sqrt(a*xsin(f*x + e) + a)*sqrt(a) - 9*a*xcos(f*x + e) +
(axcos(f*x + e)”2 + 8xa*cos(f*x + e) - a)*sin(f*x + e) - a)/(cos(f*x + e)~
3 + cos(f*x + e)”2 + (cos(f*x + )72 - 1)*sin(f*x + e) - cos(f*xx + e) - 1))
)/ ((a*xc™2 - axcxd)*f), -1/2*%(2*axd*sqrt(-d/(a*xc + a*d))*arctan(1/2*sqrt(a*s
in(f*x + e) + a)*(d*sin(f*x + e) - ¢ - 2*d)*sqrt(-d/(a*xc + a*d))/(d*cos(f*x
+ e))) + sqrt(2)*sqrt(a)*c*log(-(cos(f*x + e)~2 - (cos(f*x + e) - 2)*sin(f
*x + e) - 2*sqrt(2)*sqrt(a*sin(f*x + e) + a)*x(cos(f*x + e) - sin(f*x + e) +
1)/sqrt(a) + 3xcos(f*x + e) + 2)/(cos(f*x + e)”2 - (cos(f*x + e) + 2)*sin(
fxx + e) - cos(f*x + e) - 2)) - sqrt(a)*(c - d)*log((a*cos(f*x + e)~3 - 7*a
xcos(f*x + e)72 - 4x(cos(f*x + e)”2 + (cos(f*x + e) + 3)*sin(f*x + e) - 2*c
os(f*x + e) - 3)*sqrt(axsin(f*x + e) + a)*sqrt(a) - 9*axcos(f*x + e) + (a*c
os(f*x + e)”2 + 8xa*xcos(f*xx + e) - a)*sin(f*x + e) - a)/(cos(f*x + )73 + ¢
os(f*x + e)”2 + (cos(f*x + e)72 - 1)*sin(f*x + e) - cos(f*xx + e) - 1)))/((a
*C"2 - axcxd)*f)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1

: dz
Va(sin (e + fz) + 1) (c+ dsin (e + fx))sin (e + fz)




142

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(c+d*sin(f*x+e))/(ata*sin(f*x+e))**(1/2),x)
[Out] Integral(1l/(sqrt(a*(sin(e + fxx) + 1))*(c + d*sin(e + f*x))*sin(e + f*x)),
x)

Giac [A]
time = 0.50, size = 195, normalized size = 1.18

“2V/2 tasin(-Lnt] rerde
Zﬁd2arctan \/2_‘dsin(7%7r+%fz+%g) ﬁlog ‘ 2 +4 ( g17+g fet+g )’
NG vV—cd — d? n ‘2 V2 sasn(-} g rerg ) 4 loglein(—gmtg fotie)+l) _ log(—sin(—fmty fo+ie)+l)
(c2—cd) \/—Cd —d? ¢ c—d c—d

2+/a fsgn (cos (—3m+ 3 fz+1e))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(c+d*sin(f*x+e))/(a+ta*sin(f*x+e))~(1/2),x, algorithm
="giac")

[Out] -1/2%sqrt(2)*(2*sqrt(2)*d~2*arctan(sqrt(2)*d*sin(-1/4*pi + 1/2*xf*x + 1/2%e)
/sqrt(-cxd - d72))/((c™2 - c*d)*sqrt(-c*d - d~2)) + sqrt(2)*log(abs(-2*sqrt

(2) + 4xsin(-1/4*pi + 1/2xfxx + 1/2%e))/abs(2*sqrt(2) + 4*sin(-1/4*pi + 1/2

xfxx + 1/2xe)))/c + log(sin(-1/4*pi + 1/2xfxx + 1/2xe) + 1)/(c - d) - log(-
sin(-1/4*pi + 1/2xfxx + 1/2xe) + 1)/(c - d))/(sqrt(a)*f*sgn(cos(-1/4*pi + 1
/2xf*xx + 1/2%e)))

Mupad [F]

time = 0.00, size = -1, normalized size = -0.01

1
/ : dz
sin(e+ fz) Va+asin(e+ fz) (c+dsin(e+ fx))
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))),x)

[Out] int(1/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))), x)
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gsin(e + fx) \/a + asin(e + fz)
3.25 f \/ ( c+)dsi\n/(e+fx) ( ) dx

Optimal. Leaf size=149

a an~! \/E\/Ecos(e-l-fw) a +/c¢ an~! \/E\/E\/a
_2fﬁt <\/gsin(e+fz)\/a+asin(e+fx))+2ffﬁt (\/C-i-d\/gSin(e"‘fx)
df dve+d f

[Out] -2xarctan(cos(f*x+e)*a~(1/2)*g~(1/2)/(g*sin(f*x+e))~(1/2)/(ata*sin(f*x+e))~
(1/2))*a~(1/2)*g~(1/2) /d/f+2*arctan(cos (f*x+e)*a~(1/2)*xc~(1/2)*g~(1/2) / (c+d

)~ (1/2)/(gxsin(f*x+e) )~ (1/2) /(ata*xsin(f*xx+e)) ~(1/2))*a~ (1/2)*c~(1/2)*xg~(1/2
)/d/f/(c+d)~(1/2)

Rubi [A]

time = 0.34, antiderivative size = 149, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.103,

steps used = 5, number of rules used = 4, integrand size = 39
Rules used = {3007, 2854, 211, 3009}

\/E\/Efcos(e+fz) ﬁfcos(e+fz)
2ﬁ\/EﬁAICTan<\/c+d‘\/asin(e—l—f:c) +a‘\/gsin(e+fx)‘> B 2ﬁﬁArCTan<\/asin(e+fm) +a‘\/gsin(e+fx)‘>
dfve+d df

Antiderivative was successfully verified.

[In] Int[(Sqrtlg*Sinl[e + f*x]]1*Sqrt[a + a*Sin[e + f*x]])/(c + d*Sinl[e + f*x]),x]
[Out] (-2*Sqrt[al*Sqrt[g]*ArcTan[(Sqrt[a]l*Sqrt[gl*Cos[e + f*x])/(Sqrt[g*Sin[e + f
*x]]*Sqrt[a + axSin[e + f*x]])])/(d*f) + (2xSqrt[a]l*Sqrt[c]*Sqrt[g]l*ArcTan[
(Sqrt[a]l *Sqrt [c]*Sqrt [g]l *Cos[e + f*x])/(Sqrtlc + d]*Sqrt([g*Sin[e + fx*x]]*Sq

rt[a + axSin[e + fx*x]]1)])/(d*Sqrt[c + d]*f)

Rule 211

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2854

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/Sqrtl(c_.) + (d_.)*sin[(e_.)
+ (£_.)*(x_)]1], x_Symbol] :> Dist[-2*(b/f), Subst[Int[1/(b + d*x~2), x], x
, bx(Cos[e + f*x]/(Sqrt[a + bxSin[e + f*x]]*Sqrt[c + d*Sin[e + f*x]]1))], x]
/; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b~2, 0]
&& NeQ[c™2 - d~2, 0]

Rule 3007

Int[(Sqrt[(g_.)*sin[(e_.) + (f_.)*(x_)]11*Sqrtl[(a_) + (b_.)*sin[(e_.) + (f_.
)*(x_)11)/((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]), x_Symbol] :> Dist[g/d, In
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t[Sqrt[a + b*Sin[e + f*x]]/Sqrtlg*Sin[e + f*x]], x], x] - Dist[c*(g/d), Int
[Sgrt[a + b*Sin[e + f*x]]/(Sqrt[g*Sinle + f*x]]*(c + d*Sinl[e + f*x])), x],
x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[b*c - axd, 0] & (EqQ[a"2 - b~
2, 0] || EqQ[c™2 - a~2, 01)

Rule 3009

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(Sqrtl(g_.)*sin[(e_.) + (f_.
)*(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[-2*(b/f
), Subst[Int[1/(b*c + a*d + c*xgxx~2), x], x, bx(Cos[e + f*x]/(Sqrtl[g*Sin[e

+ f*x]]*Sqrt[a + b*Sin[e + f*x]]))], x] /; FreeQl[{a, b, c, d, e, £, g}, x]

&& NeQ[bxc - axd, 0] &% EqQ[a"2 - b2, 0]

Rubi steps

Va+ asm(e + fz)

T

/ Va+asin(e + fx) d

Vgsin(e + fz) \/a +asin(e + fz) dp — Vgsin(e + fz) cg) | Vgsin(e + fz) (c+dsin(e
¢+ dsin(e + fx) a d d
2ag)Subst [ L d, =, s
_( ag) ubs (f a+gx? z,T \/g SiIl(e + f;];) \/a +a Sil’l(e + .
0 tan-1 \/(Tﬁcos(e-i-fw) )
o Va /g tan (\/gsin(e-l‘fw) \/a+asin(6+f$) +

Mathematica [C] Result contains complex when optimal does not.
time = 50.50, size = 661, normalized size = 4.44

e __‘—.7 T gt | (o) VT | o i)
(14 gt ) VAT + (4 gt ) VTR (TR ST \ VIVE o4 iVETE VTR ) / £ \or V-5

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[g*Sin[e + f*x]]*Sqrt[a + a*Sin[e + fx*x]])/(c + d*Sin[e + f*
x]),x]

[Out] ((1/2 + I/2)*(-1 + E"((2*I)*(e + £*xx)))~(5/2)*((I + (c - d)/Sqrt[-c"2 + 472
1)*Sqrt[-1 + ET((2*I)*(e + f*x))] + (I + (-c + d)/Sqrt[-c”2 + d72])*Sqrt[-1
+ ET((2*%I)*(e + f*x))] - (2%I)*(Sqrt[-1 + E~((2*xI)*(e + f*xx))] - ArcTan[Sq
rt[-1 + ET((2*xI)*(e + £xx))]]1) + ((I + (-c + d)/Sqrt[-c~2 + d~2])*(Sqrt[2]*
Sqrt [c]*Sqrt[c + I*Sqrt[-c™2 + d~2]]1*ArcTan[(d - ((-I)*c + Sqrt[-c~2 + d~2]
)¥E~(Ix(e + £*x)))/(Sqrt[2]*Sqrt[c]*Sqrt[c + I*Sqrt[-c~2 + d~2]]*Sqrt[-1 +
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ET((2%D)x(e + f*x))])] + ((-I)*c + Sqrt[-c”2 + d~2])*ArcTanh[E~(I*(e + f*x)
)/Sqrt[-1 + E"((2xI)*(e + f*x))]]))/d + ((I + (c - d)/Sqrt[-c~2 + d"2])*(Sq
rt[2]*Sqrt [c]*Sqrt[c - IxSqrt[-c~2 + d~2]]*ArcTan[(d + (I*c + Sqrt[-c”2 + d
~2])*#E"(I*x(e + £#*x)))/(Sqrt[2]*Sqrt[c]l*Sqrtlc - I*Sqrt[-c”2 + d~2]]1*Sqrt[-1
+ E((2*I)*(e + £xx))]1)] - (I*c + Sqrt[-c”2 + d72])*ArcTanh[E~(I*(e + f*x)
)/Sqrt[-1 + E~((2%I)*(e + £*x))]1]))/d)*Sqrt[g*Sin[e + f*x]]*Sqrt[ax(1 + Sin
[e + £xx])])/(Sqrt[2]*d*E~(((5%I)/2)*(e + £*xx))*(((-I)*(-1 + E~((2%I)*(e +

£*x))))/E"(Ix(e + £*x)))~(5/2)*f*(Cos[(e + £*x)/2] + Sin[(e + f*x)/2])*Sqrt
[Sin[e + f*x]])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1024 vs.
2(117) = 234.
time = 0.51, size = 1025, normalized size = 6.88

method | result size

default | Expression too large to display | 1025

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(f*x+e))~(1/2)*(at+a*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e)),x,method=_
RETURNVERBOSE)

[Out] 1/2/fx(gxsin(f*x+e))~(1/2)*(a*x(1+sin(f*x+e)))~(1/2)*(-1+cos(f*x+e))*(2*27 (1
/2)*(((-(c=d)*(c+d) )~ (1/2)+d) *c) " (1/2) *arctanh (c* (- (-1+cos (f*x+e) ) /sin (f*x+
e))~(1/2)/(((-(c-d) *(c+d) )~ (1/2)-d)*c)~(1/2) ) *(-(c-d) *(c+d) ) " (1/2) *c+2*2~ (1
/2) % (((=(c-d)*(c+d))~(1/2)+d) *c) ~(1/2) *arctanh(c*x (- (-1+cos (f*x+e)) /sin(f*x+
e))~(1/2)/(((-(c-d) *(c+d) )~ (1/2)-d) *c)~(1/2) ) *c~2-2%27 (1/2) * (( (- (c-d) * (c+d)
)~ (1/2)+d)*c) ~(1/2)*arctanh (c*x (- (-1+cos (f*x+e) ) /sin(f*x+e)) ~(1/2) / (((-(c-d)
*x(c+d))~(1/2)-d) *c) ~(1/2) ) *c*d-2x2~(1/2) * (((-(c=d) *(c+d) )~ (1/2)-d) *c) ~(1/2)
xarctan(c* (- (-1+cos(f*x+e))/sin(f*x+e))~(1/2)/(((-(c-d) *(c+d))~(1/2)+d) *c) "~
(1/2))*(-(c-d) *(c+d) ) ~(1/2) *c+2%2~ (1/2) * (((-(c-d) *(c+d) ) ~(1/2)-d) *c) ~(1/2) *
arctan(cx(-(-1+cos(f*x+e))/sin(f*x+e))~(1/2)/(((-(c-d)*(c+d)) ~(1/2)+d) *c) ~(
1/2))*c™2-2x27(1/2) * (((-(c=d) *(c+d) )~ (1/2)-d) *c) "~ (1/2) *arctan(cx (- (-1+cos(f
xx+e)) /sin(fxx+e))~(1/2)/(((-(c-d)*(c+d))~(1/2)+d)*c) ~(1/2) ) *c*kd+(((-(c-d) *
(c+d))~(1/2)+d) *c)~(1/2) * (((-(c-d) *(c+d)) ~(1/2)-d) *c) ~(1/2) *1n (- ((- (-1+cos(
fxx+e))/sin(f*x+e)) " (1/2)*27(1/2) *sin(f*x+e)+sin(f*x+e)-cos (f*x+e)+1) / ((-(-
1+cos(f*x+e))/sin(f*x+e)) " (1/2) %27 (1/2) *sin (f*x+e)-sin(f*x+e)+cos (f*x+e)-1)
)*(=(c-d)*(c+d))~(1/2)+4x (((-(c-d)*(c+d) ) ~(1/2)+d) *c) ~(1/2) * (((-(c-d) *(c+d)
)~ (1/2)-d)*c) " (1/2)*arctan((-(-1+cos(f*x+e))/sin(f*x+e) )~ (1/2) %27 (1/2) +1) *(
—(c=d)*(c+d) )~ (1/2)+4* (((-(c-d) *(c+d) )~ (1/2)+d) *c) = (1/2) * (((- (c-d) * (c+d) ) ~(
1/2)-d)*c) " (1/2)*arctan((-(-1+cos(f*x+e))/sin(f*x+e) )~ (1/2)*2"(1/2)-1)*(-(c
-d)*(c+d)) " (1/2)+(((-(c=d)*(c+d) )~ (1/2)+d) *c) " (1/2) *(((-(c-d) *(c+d) ) ~(1/2) -
d)*c) " (1/2) *1n(-((-(-1+cos(f*x+e) ) /sin(f*x+e)) ~(1/2) %2~ (1/2) *sin(f*x+e) -sin
(fxx+e)+cos(f*xx+e)-1)/((-(-1+cos(f*x+e))/sin(f*x+e)) " (1/2)*27(1/2) *sin (f*x+
e)+sin(f*x+e)-cos(f*x+e)+1))*(-(c-d)*(c+d))~(1/2))/sin(f*x+e)/(-1+cos(f*x+e
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)-sin(f*x+e))/(-(-1+cos(f*x+e))/sin(f*x+e)) " (1/2)*2(1/2)/d/(-(c-d)*(c+d) )"~
(1/2)/ (((=(c=d) *(c+d))~(1/2)-d) *c)~(1/2) / (((-(c-d) *(c+d) )~ (1/2)+d) *c)~(1/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)*(at+ta*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e)),x, a
lgorithm="maxima")

[Out] integrate(sqrt(a*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))/(d*sin(f*x + e) + c

), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 287 vs.
2(123) = 246.
time = 1.70, size = 3409, normalized size = 22.88

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)*(at+ta*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e)),x, a
lgorithm="fricas")

[Out] [1/4*(sqrt(-a*xc*xg/(c + d))*1log(((128xaxc~4 + 256xaxc~3xd + 160*axc”2xd"2 +
32xaxcxd~3 + axd~4)*gkcos(f*x + e)”5 - (128%a*c™4 + 192%a*c”3*d + 64*a*xc”2x%
d”2 - 4*axcxd”3 - axd"4)*gkxcos(f*x + e)”4 - 2x(208*axc”4 + 368*axc”3*xd + 19
Bkaxc~2+%d"2 + 32*axcxd~3 + axd"4)*gxcos(f*x + e)”3 + 2x(64*axc”4 + 94*xaxc”3
xd + 29xaxc”2*d"2 - 4*akxc*d”3 - a*d”4)*gkxcos(fxx + e)”2 + (289%axc”4 + 480%
a*c”™3*d + 230%a*c”2*%d”2 + 32xaxcxd”3 + axd"4)x*gxcos(f*x + e) + 8% ((16%xc™4 +
40%c”3*d + 34xc”2%d"2 + 11*c*xd"3 + d™4)*cos(f*x + e)”4 + 51xc”4 + 110*c~3*
d + 76*%c™2+%d"2 + 18*%cxd”3 + d”4 - (24xc”4 + 52%c”3*d + 35xc”2*d"2 + T*c*xd"3
)*cos(f*x + e)”3 - (66%xc”4 + 149xc™3*d + 110*%c”™2+d”2 + 29%c*xd~3 + 2*d~4)*co
s(f*x + e)”2 + (25%c”™4 + 53%c™3*d + 35%c™2*d"2 + T*c*d~3)*cos(f*xx + e) - (5
1¥c™4 + 110%c™3*d + 76*c™2*d"2 + 18*c*d"3 + d”4 - (16*c”™4 + 40*c~3*d + 34xc
“2%d"2 + 11%c*d”3 + d”4)*cos(f*xx + e)”3 - (40%c™4 + 92xc™3*d + 69%c™2xd"2 +
18*%c*d™3 + d"4)*cos(f*x + e)”2 + (26%c™4 + 57*c™3*d + 41%c™2%d"2 + 11*c*d”
3 + d"4)*cos(f*x + e))*sin(f*x + e))*sqrt(-axc*g/(c + d))*sqrt(a*sin(f*x +
e) + a)*sqrt(g*sin(f*x + e)) + (a*c™4 + 4*a*xc™3xd + 6*a*xc™2xd"2 + 4*xaxcxd™3
+ axd~4)xg + ((128*axc™4 + 256xaxc”3*d + 160*a*c™2*xd"2 + 32xa*c*d™3 + axd”
4)*gxcos(f*x + e)”4 + 4x(64*a*xc™4 + 112%a*xc™3*d + 56xa*xc”2*d"2 + T*akxc*d~3)
xgxcos (fxx + e)”3 - 2%(80*axc™4 + 144xaxc”3*d + 83*axc™2+%d"2 + 18*a*xcxd~3 +
a*d~4)xgxcos(fxx + e)72 - 4%(72%a*xc™4 + 119%axc”3xd + 56*a*c”™2*%d”2 + T*a*c
*d~3)xgxcos(f*x + e) + (axc™4 + 4*a*xc™3xd + 6*axc”2+xd”"2 + 4xaxc*d”™3 + axd~4
)*g)*sin(f*x + e))/(d"4*cos(f*x + e)”5 + (4xc*d™3 + d"4)*cos(f*x + e)”4 + ¢
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"4 + 4%c”3*d + 6%cT2%d"2 + 4xckd™3 + d74 - 2%(3%c”2xd"2 + d"4)*cos(f*x + e)
73 - 2%(2%c73xd + 3%c”2xd"2 + 4xcxd”3 + d"4)*cos(fxx + e)”2 + (c74 + 6*%cT2*
d”2 + d"4)*cos(f*x + e) + (d"4xcos(f*x + e)”"4 - 4*c*d"3*cos(f*x + e)”"3 + ¢~
4 + 4xc”3*%d + 6%c™2%d"2 + 4*kckd™3 + d74 - 2%(3xcT2xd"2 + 2%xcxd”3 + d74)*cos
(f*x + )72 + 4x(c™3*d + cxd"3)*cos(f*x + e))*sin(f*x + e))) + sqrt(-a*xg)*l
og((128*a*gkcos(f*x + e)~5 - 128xa*gkcos(f*x + e)~4 - 416*xaxg*cos(f*x + e)~
3 + 128*a*gkcos(f*x + e)~2 + 289xa*xg*cos(f*x + e) - 8*(16xcos(f*x + e)"4 -
24*cos(f*x + e)”3 - 66*cos(f*x + e)”2 + (16*cos(f*x + e)~3 + 40*cos(f*x + e
)72 - 26%cos(f*x + e) - B51)*sin(f*x + e) + 25*xcos(f*x + e) + 51)*sqrt(-axg)
xsqrt (axsin(f*x + e) + a)*sqrt(gxsin(f*x + e)) + a*xg + (128*axgxcos(f*x + e
)~4 + 256xaxgkcos(f*x + e)~3 - 160*axgxcos(f*x + e)~2 - 288*axgxcos(f*x + e
) + axg)*sin(f*x + e))/(cos(f*x + e) + sin(f*x + e) + 1)))/(d*f), -1/4x(2%s
qrt (axc*g/(c + d))*arctan(1/4*((8*c~2 + 8*c*d + d~2)*cos(f*x + e)”2 - 9*c™2
- 8%cxd - d72 + 2%(4xc”2 + 3*kcxd)*sin(f*x + e))*sqrt(axc*g/(c + d))*sqrt(a
*sin(f*x + e) + a)*sqrt(gxsin(fxx + e))/(a*xc™2xgxcos(f*x + e)*sin(f*x + e)
+ (2xa*xc™2 + axckxd)*gkxcos(fxx + e)~3 - (2*a*xc™2 + axcxd)*gxcos(f*x + e))) -
sqrt (-axg) *log((128*a*g*cos(f*x + e)~5 - 128*axgxcos(f*x + e)~4 - 416*axgk
cos(fxx + e)~3 + 128*axgxcos(f*x + e)~2 + 289*axgxcos(f*x + e) - 8x(16x*cos(
fxx + e)”4 - 24*cos(f*x + e)~3 - 66*cos(f*x + e)”2 + (16*cos(f*x + e)"3 + 4
Oxcos(f*x + e)”2 - 26%cos(f*x + e) - Bl)*sin(f*x + e) + 25*cos(f*x + e) + 5
1) *sqrt (-a*g) *sqrt (a*sin(f*x + e) + a)*sqrt(gxsin(f*x + e)) + axg + (128xax
gxcos(f*x + e)~4 + 256*axgxcos(f*x + e)~3 - 160*a*gkcos(f*x + e)~2 - 288xax
gxcos(f*x + e) + axg)*sin(f*x + e))/(cos(f*x + e) + sin(f*xx + e) + 1)))/(d*
f), 1/4*%(2xsqrt(a*g)*arctan(1/4*sqrt(a*xg)*(8*cos(f*x + e)~2 + 8xsin(f*x + e
) - 9)*sqrt(axsin(f*x + e) + a)*sqrt(g*sin(f*x + e))/(2xa*xgxcos(f*x + e)~3
+ axgxcos(f*x + e)*sin(f*x + e) - 2xaxgkcos(f*x + e))) + sqrt(-a*xcxg/(c + d
))*xlog(((128*axc™4 + 256%axc”3*%d + 160*a*c”2*d"2 + 32xaxc*d”™3 + axd~4)*g*co
s(fxx + e)75 - (128%axc™4 + 192%axc”3*d + 64*axc”2*d”2 - 4*axc*d~3 - a*xd~4)
xgxcos(fxx + e)”4 - 2x(208*a*xc™4 + 368*a*xc”™3*%d + 195%a*c”2%d”2 + 32*axc*d”3
+ axd™4)*xgxcos(f*xx + e)73 + 2% (64*a*c”4 + 94*xaxc™3*d + 29%axc”2xd"2 - 4xax
c*d™3 - axd~4)x*gxcos(f*xx + e)”2 + (289%axc”4 + 480*a*xc”3*d + 230*axc”2*d”2
+ 32*%axcxd~3 + axd~4)*xgxcos(f*x + e) + 8x((16%xc™4 + 40%c™3*d + 34*c™2xd"2 +
11%c*d"3 + d~4)*cos(f*x + e)74 + 51*c™4 + 110%c™3xd + 76%c™2%d"2 + 18*c*d”
3 + d74 - (24xc™4 + 52%c™3%d + 35xc"2*%d"2 + T*xc*kd"3)*cos(f*x + e)~3 - (66%c
"4 + 149%c”3*d + 110%c™2*d"2 + 29%c*xd~3 + 2xd"4)*cos(f*x + e)72 + (25%xc”4 +
B3*c”™3*d + 35*%cT2%d"2 + Txckd"3)*cos(fxx + e) - (51%c™4 + 110%c™3*d + 76%c
"2%d”2 + 18%cxd”3 + d”4 - (16%c”4 + 40*c”3*d + 34%c”2*d"2 + 11*c*d~3 + d~4)
*xcos(f*x + )73 - (40%c™4 + 92%c™3%d + 69*c™2*%d"2 + 18*c*d~3 + d~4)*cos(f*x
+ e)72 + (26%xc™4 + B57*c”3xd + 41xc™2*%d"2 + 11xc*xd™3 + d~4)*cos(f*x + e))*s
in(f*x + e))*sqrt(-a*xcxg/(c + d))*sqrt(a*sin(f*x + e) + a)*sqrt(gxsin(f*x +
e)) + (axc™4 + 4*axc™3xd + 6*%axc”2+%d"2 + 4xaxc*d”™3 + axd~4)xg + ((128xaxc”
4 + 256%axc”3*d + 160*a*xc™2*d"2 + 32xaxcxd”3 + axd~4)*gxcos(f*x + e)"4 + 4x
(64*axc™4 + 112*%axc~3*d + B6*a*xc™2xd"2 + T*axcxd~3)*gxcos(f*x + e)~3 - 2%(8
Oxaxc™4 + 144xaxc™3*%d + 83*axc~2xd”2 + 18*a*xcxd~3 + a*d~4)*gkxcos(f*x + e)~2
- 4x(72%a*c™4 + 119%a*c™3*d + B6*a*xc™2*%d™2 + T*akxckd™3)*gxcos(f*x + e) + (
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a*c™4 + 4*akxc”3xd + 6*a*c”2%d"2 + 4*xaxcxd”3 + a...

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ Va(sin(e+ fr)+1) \/gsin(e+ fz) i
c+dsin (e + fz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(f*x+e))**(1/2)*(ata*sin(f*x+e))**(1/2)/(c+d*sin(f*x+e)) ,x)

[Out] Integral(sqrt(a*(sin(e + fx*x) + 1))*sqrt(gxsin(e + f*x))/(c + d*sin(e + f*x
)), x)

Giac [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)*(at+a*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e)),x, a
lgorithm="giac")

[Out] Timed out

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ Vgsin(e+ fz) Va+asin(e+ fz)
- dz
c+dsin(e+ fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((g*sin(e + f*x))~(1/2)*(a + a*sin(e + f*x))~(1/2))/(c + d*sin(e + fxx)
) %)
[Out] int(((g*sin(e + f*x))~(1/2)*(a + axsin(e + f*x))~(1/2))/(c + d*sin(e + f*x)
), X)
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3.96 I \/a—l—asm(e+fa:) g
Vgsin(e + fx) (c+dsin(e+fz))
Optimal. Leaf size=83
. V& VE | antersa)
2y ten (\/c+d\/gsin(e+fx!)]\/a+asin(e+fx))

Veve+d g

[Out] -2xarctan(cos(f*x+e)*a~(1/2)*c~(1/2)*g~(1/2)/(c+d)~(1/2)/(gxsin(f*x+e))~(1/
2)/(ataxsin(fxx+e))~(1/2))*a~(1/2)/£/c~(1/2)/(c+d)~(1/2) /g~ (1/2)

Rubi [A]
time = 0.14, antiderivative size = 83, normalized size of antiderivative = 1.00, number of
number of rules
, = 0.051,
integrand size

steps used = 2, number of rules used = 2, integrand size = 39
Rules used = {3009, 211}

a ArcTan Va' Vc /g cos(etfz)
2va ArcT (\/c+d¢asin(e+fw)+a\/gsin(€+f~’”))
ﬁfﬁ\/C-{—d

Antiderivative was successfully verified.
[In] Int([Sqrtl[a + a*Sin[e + f*x]]/(Sqrtl[g*Sin[e + f*x]]*(c + d*Sin[e + f*x])),x]

[Out] (-2*Sqrt[al*ArcTan[(Sqrt([al*Sqrt[c]l*Sqrt[gl*Cosl[e + f*x])/(Sqrtlc + dl*Sqrt
[gxSin[e + f*x]]*Sqrt[a + a*Sin[e + f*x]])])/(Sqrtlcl*Sqrtlc + d]l*f*Sqrt[g]
)

Rule 211

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 3009

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(Sqrtl(g_.)*sin[(e_.) + (f_.
)*(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[-2*(b/f
), Subst[Int[1/(bxc + axd + cxg*x~2), x], x, b*(Cos[e + f*x]/(Sqrt[gxSin[e
+ fxx]]*Sqrt[a + b*Sin[e + f*x]]))], x] /; FreeQ[{a, b, c, d, e, £, g}, x]
&& NeQ[bxc - a*xd, 0] && EqQ[a~"2 - b~2, 0]

Rubi steps
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1 acos(e+fx)
Va+ asin(e + fz) P (2a)Subst (f wtadtgs® 40T Vgsin(e + fz) \/a + asin(e -
vV gsin(e + fz) (c+ dsin(e + fx)) f
1 Va /€ /G cos(e+fa) )
_ _2\/5 tan <\/c+ d \/gsin(e + fr) /a +asin(e + fz)
Ve ve+d fi/g

Mathematica [C] Result contains complex when optimal does not.
time = 47.76, size = 436, normalized size = 5.25

—— | D i (eI
‘gﬁyy(\w, VT (e id+ /th)mr‘( (Gl Jemersarmen )Axrﬂ\ﬂ‘wﬂ (*w”“v—ﬂwf‘\w"( -
R e e S T ) / Bt

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[a + a*Sin[e + fx*x]]/(Sqrt[g*Sin[e + f*x]]*(c + d*Sin[e + f*x
1)) ,x]

[Out] ((1/4 + I/4)*g*(Sqrtlc + I*Sqrt[-c”2 + d~2]]*(I*c - I*d + Sqrt[-c”2 + d72])
xArcTan[(d - ((-I)*c + Sqrt[-c”2 + d72])*(Cos[e + f*x] + I*Sin[e + f*x]))/(

Sqrt [2]*Sqrt [c]*Sqrt[c + I*Sqrt[-c”2 + d~2]]*Sqrt[-1 + Cos[2*(e + f*x)] + I
xSin[2*%(e + f*x)]])] + Sqrtlc - I*Sqrt[-c~2 + d~2]]*((-I)*c + I*d + Sqrt[-c

~2 + d72])*ArcTan[(d + (I*c + Sqrt[-c”2 + d"2])*(Cos[e + f*x] + I*Sin[e + £
*x]))/(Sqrt [2] #Sqrt [c]*Sqrt[c - I*Sqrt[-c~2 + d"2]]1*Sqrt[-1 + Cos[2*(e + f*

x)] + I*Sin[2x(e + f*x)]1]1)])*Sqrt[ax(1 + Sin[e + f*x])]I*(Cos[(3*(e + f*x))/

2] - IxSin[(3%(e + f*x))/2])*(-1 + Cos[2x(e + f*x)] + I*Sin[2*(e + f*xx)])~(
3/2))/(Sqrt[2] *Sqrt [c]*d*Sqrt [-c~2 + d~2]*f*(Cos[(e + f*x)/2] + Sin[(e + f*
x)/2])*(gxSin[e + £*x]1)~(3/2))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 525 vs.
2(63) = 126.
time = 0.31, size = 526, normalized size = 6.34

method | result

. [ —l—f-cos(fw-i-e)
924/ _% \/a (]_ —+ sin (f.’L' + 6)) | sin(fz+e) | arctan sin{fzte) B RY. (w

\/<\/—(c—d)(c+d) —I—d)c

default | —

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((ataxsin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(gxsin(f*x+e))~(1/2),x,method=_
RETURNVERBOSE)

[Out] -2/f*(-(-1+cos(f*x+e))/sin(f*x+e))~(1/2)*(a*x(1+sin(f*x+e)) )~ (1/2) *sin(f*x+e
Y*(arctan(c* (- (-1+cos(f*x+e) ) /sin(f*x+e) )~ (1/2)/ (((-(c-d) *(c+d) )~ (1/2)+d) *c
)~ (1/2))*(((-(c-d) *(c+d) )~ (1/2)-d) *c) " (1/2) * (- (c-d) *(c+d) ) ~(1/2) -arctan(c*(
-(-1+cos(f*x+e))/sin(f*x+e))~(1/2)/ (((-(c-d)*(c+d)) ~(1/2)+d)*c)~(1/2) ) *(((-
(c-d)*(c+d))~(1/2)-d)*c) " (1/2) *c+arctan(c* (- (-1+cos(f*x+e)) /sin(f*x+e) )~ (1/
2)/(((-(c-d) *(c+d))~(1/2)+d)*c)~(1/2) ) * (((-(c=d) *(c+d) )~ (1/2)-d) *c) ~(1/2) *d
—arctanh(cx(-(-1+cos(f*x+e))/sin(f*x+e)) " (1/2)/(((-(c-d)*(c+d) )~ (1/2)-d) *c)
~(1/2))*(((-(c-d)*(c+d) )~ (1/2)+d) *c) ~(1/2) * (- (c-d) *(c+d) ) " (1/2) —arctanh (c*(
-(-1+cos (f*x+e))/sin(f*x+e))~(1/2) /(((-(c-d) *(c+d) )~ (1/2)-d)*c)~(1/2))*(((-
(c-d)*(c+d))~(1/2)+d) *c) ~(1/2) *c+arctanh(c* (- (-1+cos(f*x+e) ) /sin(f*x+e) )~ (1
/2)/ (((-(c=-d)*(c+d))~(1/2)-d) *c)~(1/2)) *(((-(c-d) *(c+d) ) ~(1/2)+d) *c) " (1/2) *
d)/(g*sin(f*xx+e))~(1/2) /(-1+cos(f*x+e)-sin(f*x+e)) /(- (c-d)*(c+d))~(1/2)/(((
=(c=d)*(c+d))~(1/2)-d)*c)~(1/2) / (((-(c-d) *(c+d) ) ~(1/2)+d) *c) ~(1/2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(g*sin(f*x+e))~(1/2),x, a
lgorithm="maxima")

[Out] integrate(sqrt(a*sin(f*x + e) + a)/((d*sin(f*x + e) + c)*sqrt(g*sin(f*x + e
))), %)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 176 vs.

2(66) = 132.

time = 1.05, size = 1341, normalized size = 16.16

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(g*sin(f*x+e))~(1/2),x, a
lgorithm="fricas")

[Out] [1/4*sqrt(-a/((c”2 + cxd)*g))*1log(((128xa*xc™4 + 256xa*c”3*d + 160*a*xc”~2xd~2
+ 32*%axcxd”3 + axd"4)*cos(f*x + e)”5 + a*xc™4 + 4xaxc”3*d + 6*axc”2xd"2 + 4
xa*xc*d”™3 + axd™4 - (128*axc”4 + 192*a*c”3*d + 64*axc”2xd"2 - 4xaxc*xd”3 - ax
d"4)*xcos(fxx + e)~4 - 2%(208*axc”™4 + 368xaxc”3*d + 195*a*xc”2xd"2 + 32xaxc*d
3 + a*d"4)*cos(f*x + e)”3 + 2*%(64*axc™4 + 94*axc”3*xd + 29*axc”2*d"2 - 4xax
cxd”3 - a*d"4)*cos(f*x + e)”2 - 8%(51xc”5 + 110*%c™4*xd + 76%c~3*d"2 + 18%c~2
*d~3 + c*d”4 + (16%c™5 + 40*c™4*d + 34*xc”™3*d"2 + 11*xc”™2*d"3 + c*xd”4)*cos(fx*
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X + e)”4 - (24%c™5 + 52*%c”4*d + 35%c”3*%d"2 + T*c"2+%d"3)*cos(f*x + e)"3 - (6
6%c”5 + 149%c™4xd + 110%c™3*d"2 + 29*%c™2*xd"3 + 2*xcxd"4)*cos(f*x + e)”2 + (2
5%c”5 + 53%c74xd + 35%c”3*%d"2 + T*c"2*%d"3)*cos(f*x + e) - (51%c”5 + 110%c”™4
*d + 76%c”3%d"2 + 18*%c”2*xd"3 + c*d"4 - (16%c”5 + 40*c~4*d + 34*c~3*%d"2 + 11
*Cc"2*xd"3 + c*d"4)*cos(fxx + e)”3 - (40%c”5 + 92*%c~4*d + 69*%c”"3*xd"2 + 18%c”2
*d~3 + c*d"4)*cos(fxx + e)”2 + (26%c”5 + 57*c”™4*xd + 41*xc~3*%d"2 + 11%c~2*d"3
+ cxd~4)xcos(f*x + e))*sin(f*x + e))*sqrt(axsin(f*x + e) + a)*sqrt(g*sin(f
*x + e))*sqrt(-a/((c”2 + cxd)*g)) + (289*a*xc™4 + 480*a*xc”~3*d + 230*a*xc”2*d”
2 + 32%akxcxd"3 + axd"4)*cos(f*x + e) + (axc™4 + 4xaxc”3xd + 6*a*c”2*%d"2 + 4
*a*xc*d”™3 + axd™4 + (128*axc”4 + 256*a*c”3*d + 160*axc”2xd"2 + 32*a*c*d~3 +
a*d~4)*cos(f*x + e)”4 + 4x(64*xaxc™4 + 112*xa*xc™3*d + 56*a*c™2xd"2 + T*a*xcxd”
3)*cos(f*x + e)~3 — 2*%(80*axc™4 + 144xaxc”3*d + 83*axc”2*d"2 + 18*a*xc*d~3 +
axd~4)*cos(f*x + e)72 - 4x(72xaxc™4 + 119*%a*xc™3*d + 56*a*xc™2*%d~2 + T*a*c*d
~3)*cos(f*x + e))*sin(f*x + e))/(d"4*xcos(f*x + e)”5 + (4*cxd”3 + d~4)*cos(f
*X + e)74 + c74 + 4%c”3*d + 6*c”2+%d"2 + 4*kc*d”3 + d74 - 2% (3*%c”2xd"2 + d74)
xcos(f*x + e)73 - 2% (2%c™3*d + 3*%c"2*%d"2 + 4*xc*d"3 + d"4)*cos(fxx + e)”2 +
(c™4 + 6%c™2%d"2 + d"4)*cos(f*xx + e) + (d"4*cos(f*x + e)~4 - 4xcxd~3*cos(f*
X + e)”3 + c74 + 4%c”3%d + 6%c”2%d"2 + 4xcxd”3 + d"4 - 2%(3%c”2xd"2 + 2xc*xd
“3 + d"4)*cos(f*x + e)”2 + 4x(c"3*%d + c*d"3)*cos(f*x + e))*sin(f*x + e)))/f
, 1/2xsqrt(a/((c™2 + c*d)*g))*arctan(1/4*((8*c™2 + 8*c*d + d~2)*cos(f*x + e
)72 - 9%c”2 - 8kcxd - d72 + 2x(4*%c”2 + 3*ckd)*sin(fxx + e))*sqrt(axsin(f*x
+ e) + a)*xsqrt(gxsin(f*x + e))*sqrt(a/((c”2 + c*xd)*g))/((2*xaxc + a*d)*cos(f
*x + e)”3 + akxckcos(fxx + e)*sin(f*x + e) - (2*axc + axd)*cos(f*xx + e)))/f]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

Va(sin (e + fr) +1)
Vgsin(e+ fz) (c+dsin(e+ fz))

Verification of antiderivative is not currently implemented for this CAS.

dzx

[In] integrate((ata*sin(f*x+e))**(1/2)/(c+d*sin(f*xx+e))/(gxsin(f*x+e))**(1/2),x%)

[Out] Integral(sqrt(a*(sin(e + f*x) + 1))/(sqrt(g*sin(e + f*x))*(c + d*sin(e + fx
x))), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(gxsin(f*x+e))~(1/2),x, a
lgorithm="giac")
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[Out] integrate(sqrt(a*sin(f*x + e) + a)/((d*sin(f*x + e) + c)*sqrt(g*sin(f*x + e

))), %)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

\/a—l-asm(e-l—fx)
Vgsin(e+ fz) (c+dsin(e+ fx))

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a*sin(e + f*x))~(1/2)/((g*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))
) ,X)
[Out] int((a + a*sin(e + f*x))~(1/2)/((g*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))
), X)
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I \/g sin(e + fx) g
v a + asin(e + fx) (c+dsin(e+fz))

Optimal. Leaf size=166

3.27

an~1 \/CT\/Ecos(e—i-fw) - an-1 ﬁ\/g\/.ac(,s(e
V2V (ﬁ\/gsin(e+fx)\/a+asin(e+fx))_2f\/g—t (\/c+d\/gsin(e+fx)\/5
Va (c—d)f Va' (c—d)Ve+d f

[Out] arctan(1/2*cos(f*x+e)*a”(1/2)*g~(1/2)*2~(1/2)/(g*sin(f*x+e))~(1/2)/(ata*sin
(f*x+e))~(1/2))*2°(1/2)*g~(1/2)/(c-d) /£/a~ (1/2) -2*arctan(cos (f*x+e) *a~(1/2)
*xc~(1/2)*g~(1/2)/ (c+d)~(1/2) / (g*sin(f*x+e) )~ (1/2) / (a+a*sin(f*x+e) )~ (1/2) ) *c
~(1/2)*g~(1/2)/(c-d) /£/a~(1/2) / (c+d) " (1/2)

Rubi [A]
time = 0.35, antiderivative size = 166, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.103,

steps used = 5, number of rules used = 4, integrand size = 39
Rules used = {3015, 2861, 211, 3009}

rcTan ﬁﬁ°°5(5+fz) c rcTan \/E\/Efcos(e+fz)
V2 Vg AT (\/5\/asin(e-i-fm)+a‘\/gsin(e+fx)‘> _ 2Ve Vg ArT (\/c—i—d‘\/asin(e-i—fz)+a‘\/gsin(e+fx)‘)

Va' f(c—d) Va fle—d)Ve+d

Antiderivative was successfully verified.
[In] Int[Sqrtlg*Sin[e + f*x]]1/(Sqrt[a + a*Sin[e + f*x]]1*(c + d*Sin[e + f*x])),x]

[Out] (Sqrt[2]*Sqrt[gl*ArcTan[(Sqrt[a]l*Sqrt[g]l*Cos[e + f*x])/(Sqrt[2]*Sqrt[g*Sin[
e + fxx]]*Sqrt[a + axSin[e + f*x]]1)]1)/(Sqrtlal*(c - d)*f) - (2*xSqrt[c]*Sqrt
[g]l *ArcTan [(Sqrt [a] *Sqrt [c]*Sqrt [g] *Cos[e + f*x])/(Sqrtlc + d]*Sqrt[g*Sin[e

+ f*x]]*Sqrt[a + a*Sin[e + f*x]])])/(Sqrtlal*(c - d)*Sqrtlc + d]*f)

Rule 211

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2861

Int[1/(Sqrt[(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]1*Sqrtl(c_.) + (d_.)=*sin[(e
_) + (£_.)*(x_)11), x_Symbol] :> Dist[-2#(a/f), Subst[Int[1/(2*b"2 - (a*c
- bxd)*x~2), x], x, b*(Cos[e + f*x]/(Sqrt[a + bxSin[e + f*x]]*Sqrtl[c + d*Si
nle + £*xx11))], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*xd, 0] &&
EqQ[a~2 - b~2, 0] && NeQ[c™2 - d~2, 0]

Rule 3009
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Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(Sqrtl(g_.)*sin[(e_.) + (f_.
)*¥(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[-2*(b/f
), Subst[Int[1/(b*c + a*d + c*xgxx~2), x], x, bx(Cos[e + f*x]/(Sqrtl[g*Sin[e
+ f*x]]*Sqrt[a + b*Sin[e + f*x]]))], x] /; FreeQl[{a, b, c, d, e, £, g}, x]
&& NeQ[bxc - a*d, 0] && EqQ[a~2 - b~2, 0]

Rule 3015

Int[Sqrt[(g_.)*sin[(e_.) + (£_.)*(x_)]11/(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.
dx(x_)]11*((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> Dist[(-a)*(g
/(bxc - a*d)), Int[1/(Sqrt[g*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]), x], x
1 + Dist[cx(g/(b*c - a*d)), Int[Sqrt[a + b*Sin[e + f*x]]/(Sqrtlg*Sin[e + f*
x]1*(c + d*Sin[e + f*x])), x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] && NeQ
[bxc - a*d, 0] &% (EqQ[a~2 - b~2, 0] || EqQ[c™2 - d~2, 01)

Rubi steps

/ gsin(e + fz) dz:_gf \/gsin(e+fx)\/a+asin(e+fx)dx+(cg)f;
Va

+ asin(e + fz) (c+ dsin(e + fz)) c—d

2ag)Subst | [ s5t— dz, a cos(etfz)
(2ag) (f 207 age? \/9 sin(e + fx) \/a + asin(

(c—d)f
V& |7 12
zﬁﬁt (ﬁ\/gsin(e+fx)\/a+asin(e—|—fr)
Va'(c—d)f

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 2568 vs.
2(166) = 332.
time = 24.66, size = 2568, normalized size = 15.47

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[g*Sin[e + f*x]]/(Sqrt[a + a*Sin[e + f*x]]*(c + d*Sin[e + f*x
1)) ,x]

[Out] ((-((Sgrtlcl*(c - d + Sqrt[-c~2 + d~2])*ArcTan[(Sqrt[2]*Sqrt[-d + Sqrt[-c~2
+ d"2]]*Sqrt[Tan[(e + f*x)/4]1]1)/(Sqrtlc]*Sqrt[-1 + Tan[(e + f*x)/4]1°2])1)/

(Sqrt[-c™2 + d72]*Sqrt[-d + Sqrt[-c™2 + d72]]1)) + 2xArcTanh[(Sqrt[2]*Sqrt[T

an[(e + f*x)/4]1]1)/Sqrt[-1 + Tan[(e + f*x)/4]172]] - (Sqrtlcl*(-c + d + Sqrtl[
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-c”2 + d72])*ArcTanh[(Sqrt [2]*Sqrt[d + Sqrt[-c™2 + d72]]1*Sqrt[Tan[(e + f*x)
/411)/(Sqrt[c]*Sqrt[-1 + Tan[(e + £*x)/4]172])]1)/(Sqrt[-c~2 + d"2]*Sqrt[d +
Sqrt[-c”2 + d~2]]))*Sec[(e + f*x)/4]"2*Sqrt([Sin[e + f*x]]*Sqrt[g*Sin[e + f*
x]1)/(Sqrt[2]*(c - d)*f*Sqrt[a*x(1 + Sin[e + f*x])]*(c + d*Sin[e + f*x])*Sqr
t[Tan[(e + f*x)/4]1*Sqrt[-1 + Tan[(e + f*x)/4]1°2]1*(-1/4*%((-((Sqrtlcl*(c - d
+ Sqrt[-c”2 + d72])*ArcTan[(Sqrt[2]*Sqrt[-d + Sqrt[-c~2 + d~2]]*Sqrt[Tan[(
e + £xx)/4]1]1)/(Sqrt[c]*Sqrt[-1 + Tan[(e + £*x)/4]172])]1)/(Sqrt[-c~2 + d~2]*S
qrt[-d + Sqrt[-c™2 + d72]1]1)) + 2*ArcTanh[(Sqrt[2]*Sqrt[Tan[(e + £*x)/4]11)/S
qrt[-1 + Tan[(e + f*x)/4]172]] - (Sqrtlcl*(-c + d + Sqrt[-c”2 + d~2])*ArcTan
h[(Sqrt[2]*Sqrt[d + Sqrt[-c~2 + d~2]1*Sqrt[Tan[(e + f*x)/4]1])/(Sqrt[c]*Sqrt
[-1 + Tan[(e + £*x)/4172])]1)/(Sqrt[-c~2 + d~2]*Sqrt[d + Sqrt[-c~2 + d72]1))
xSec[(e + f*x)/4]"4xSqrt([Sin[e + fxx]]1*Sqrt[Tan[(e + f*x)/41])/(Sqrt[2]*(c
- d)*(-1 + Tan[(e + £*x)/4]172)"(3/2)) - ((-((Sqrtlcl*(c - 4 + Sqrt[-c”2 + d
~2])*ArcTan[(Sqrt [2]*Sqrt [-d + Sqrt[-c”2 + d"2]]1*Sqrt[Tan[(e + £x*x)/411)/(S
qrt[c]*Sqrt[-1 + Tan[(e + f*x)/4172]1)]1)/(Sqrt[-c”2 + d~2]*Sqrt[-d + Sqrt[-c
2 + d”2]]1)) + 2%ArcTanh[(Sqrt[2]*Sqrt[Tan[(e + f*x)/4]1])/Sqrt[-1 + Tan[(e
+ fxx)/4]1°2]] - (Sqrtlcl*(-c + d + Sqrt[-c”2 + d~2])*ArcTanh[(Sqrt[2]*Sqrt[
d + Sqrt[-c”2 + d"2]]1*Sqrt[Tan[(e + f#*x)/4]]1)/(Sqrtlcl*Sqrt[-1 + Tan[(e + £
*xx)/41°21)1)/(Sqrt[-c~2 + d~2]1*Sqrt[d + Sqrt[-c~2 + d72]1]1))*Sec[(e + f*x)/4
174xSqrt[Sin[e + £*x]]1)/(8+Sqrt[2]*(c - d)*Tan[(e + f*x)/4]"(3/2)*Sqrt[-1 +
Tan[(e + f*x)/4]172]) + ((-((Sqrtlcl*(c - d + Sqrt[-c™2 + d72])*ArcTan[(Sqr
t[2]*Sqrt[-d + Sqrt[-c™2 + d~2]]*Sqrt[Tan[(e + £*x)/4]1]1)/(Sqrtlcl*Sqrt[-1 +
Tan[(e + f*x)/4]172]1)]1)/(Sqrt[-c~2 + d~2]*Sqrt[-d + Sqrt[-c”2 + d~2]]1)) + 2
*ArcTanh [(Sqrt [2]*Sqrt [Tan[(e + f*x)/4]1]1)/Sqrt[-1 + Tan[(e + f*x)/4]172]] -
(Sqrt[cl*(-c + d + Sqrt[-c”2 + d~2])*ArcTanh[(Sqrt[2]*Sqrt[d + Sqrt[-c~2 +
d~2]1#Sqrt[Tan[(e + £*x)/4]1]1)/(Sqrt[c]l*Sqrt[-1 + Tan[(e + f*x)/4]1°2]1)]1)/(Sq
rt[-c™2 + d72]*Sqrt[d + Sqrt[-c”2 + d~2]]))*Cos[e + f*xx]*Sec[(e + f*x)/4]"2
)/ (2xSqrt[2]*(c - d)*Sqrt[Sin[e + f*x]]*Sqrt[Tan[(e + f*x)/4]1]1*Sqrt[-1 + Ta
nl(e + £*x)/4]172]) + ((-((Sqrtlcl*(c - d + Sqrt[-c~2 + d~2])*ArcTan[(Sqrt[2
1#Sqrt[-d + Sqrt[-c™2 + d72]]1*Sqrt[Tan[(e + f*x)/4]1]1)/(Sqrtlcl*Sqrt[-1 + Ta
n[(e + £*x)/41°2]1)1)/(Sqrt[-c"2 + d"2]*Sqrt[-d + Sqrt[-c”2 + d~2]]1)) + 2#Ar
cTanh [(Sqrt [2]*Sqrt[Tan[(e + f*x)/4]1])/Sqrt[-1 + Tan[(e + f*x)/4]1°2]] - (Sq
rtlcl*(-c + d + Sqrt[-c”2 + d~2])*ArcTanh[(Sqrt[2]*Sqrt[d + Sqrt[-c~2 + d~2
11#Sqrt [Tan[(e + f*x)/41]1)/(Sqrtlcl*Sqrt[-1 + Tan[(e + f*x)/4]172]1)1)/(Sqrtl
-c”2 + d72]*Sqrt[d + Sqrt[-c”2 + d~2]]))*Sec[(e + f*x)/4]"2xSqrt[Sin[e + fx*
x]1*Sqrt[Tan[(e + f*x)/4]1]1)/(2*Sqrt[2]*(c - d)*Sqrt[-1 + Tan[(e + f*x)/4]72
1) + (Secl[(e + f*x)/4]"2+Sqrt[Sin[e + f*xx]]*((2x(-1/2*%(Sec[(e + f*x)/4]" 2T
an[(e + f*x)/4]17(3/2))/(Sqrt[2]*(-1 + Tan[(e + f*x)/4]172)"(3/2)) + Secl(e +
fxx)/4]172/(4%Sqrt [2] *Sqrt [Tan[(e + f*x)/4]]1*Sqrt[-1 + Tan[(e + fx*x)/4]°2])
))/ (1 - (2*%Tan[(e + f*x)/4]1)/(-1 + Tan[(e + f*x)/4]172)) - (Sqrtlcl*(c - d +
Sqrt[-c~2 + d~2])*(-1/2%(Sqrt[-d + Sqrt[-c~2 + d~2]1]1*Sec[(e + f*x)/4]~2%Ta
nl(e + £*x)/4]17(3/2))/(Sqrt[2]*Sqrt[cl*(-1 + Tan[(e + £f*x)/4]1°2)~(3/2)) + (
Sqrt[-d + Sqrt[-c~2 + d~2]]*Sec[(e + f*x)/4]72)/(4*Sqrt[2]*Sqrt[c]*Sqrt[Tan
[(e + f*x)/4]]1*Sqrt[-1 + Tan[(e + £x*x)/4]1°2]1)))/(Sqrt[-c"2 + d~2]*Sqrt[-d +
Sqrt[-c”2 + d72]]1*(1 + (2%(-d + Sqrt[-c”2 + d~2])*Tan[(e + f*x)/4])/(c*x(-1
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+ Tan[(e + £*x)/4]172)))) - (Sqrtlcl*(-c + d + Sqrt[-c™2 + d~2])*(-1/2*(Sqr
t[d + Sqrt[-c”2 + d"2]]1*Sec[(e + f*x)/4]"2+Tan[(e + £*x)/4]17(3/2))/(Sqrt[2]
*Sqrt [c]*(-1 + Tan[(e + f*x)/4]172)"(3/2)) + (Sqrt[d + Sqrt[-c~2 + d~2]]*Sec
[(e + f*xx)/4]172)/(4*Sqrt[2]*Sqrt[c]*Sqrt[Tan[(e + f*x)/4]]*Sqrt[-1 + Tan[(e

+ f*xx)/41°2])))/(Sqrt[-c~2 + d~2]*Sqrt[d + Sqrt[-c™2 + d72]11*(1 - (2x(d +
Sqrt[-c”2 + d72])*Tan[(e + £*x)/4])/(c*x(-1 + Tan[(e + £*x)/4]172))))))/(Sqrt
[2]*(c - d)*Sqrt[Tan[(e + f#*x)/4]]1*Sqrt[-1 + Tan[(e + £*x)/4]172])))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 612 vs.

2(131) = 262.
time = 0.37, size = 613, normalized size = 3.69

method | result

default

g sin (f:l? + 6) (—14-cos(fz+e)—sin(fz+e)) 2a,rcta,n< __—1;—;(0;;]—:1—)}-6) > \/_ (C - d) (C + d) | < - (‘

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(ata*xsin(f*x+e))~(1/2),x,method=_

RETURNVERBOSE)

[Out] 1/f*x(g*sin(f*x+e))~(1/2)*(-1+cos(f*x+e)-sin(f*x+e))*(2*xarctan((-(-1+cos(f*x

+e))/sin(f*x+e))~(1/2))*(-(c-d)*(c+d)) ~(1/2) * (((-(c-d) *(c+d) )~ (1/2)-d) *c)~(
1/2)*(((-(c-d) *(c+d) )~ (1/2)+d) *c) " (1/2)-arctan(c* (- (-1+cos(f*x+e) ) /sin(f*x+
e))~(1/2)/(((-(c-d) *(c+d) )~ (1/2)+d) *c)~(1/2) ) *(((-(c-d) *(c+d) ) ~(1/2)-d) *c)~
(1/2)*(=(c-d)*(c+d) )~ (1/2) *c+arctan(cx (- (-1+cos (f*x+e)) /sin(f*x+e)) ~(1/2) /(
((=(c=d)*(c+d) )~ (1/2)+d) *c) ~(1/2))*(((-(c-d) *(c+d) ) ~(1/2)-d) *c) ~(1/2) *c"2-a
rctan(c*x(-(-1+cos(f*x+e))/sin(f*xx+e))~(1/2)/(((-(c-d)*(c+d))~(1/2)+d) *c)~ (1
/2))*(((-(c-d)*(c+d) )~ (1/2)-d) *c) ~(1/2) *c*d+(((-(c-d) *(c+d) )~ (1/2)+d) *c) ~ (1
/2)*arctanh (c* (- (-1+cos(f*x+e))/sin(f*x+e))~(1/2)/(((-(c-d) *(c+d))~(1/2)-d)
*xc)~(1/2))*(-(c-d)*(c+d) ) ~(1/2) *c+(((-(c-d) *(c+d) )~ (1/2)+d) *c) ~(1/2) *arctan
h(c*(-(-1+cos(f*x+e)) /sin(f*x+e))~(1/2)/(((-(c-d)*(c+d))~(1/2)-d)*c)~(1/2))
*c"2-(((-(c-d) *(c+d) )~ (1/2)+d) *c) ~(1/2) *arctanh (c* (- (-1+cos (f*x+e) ) /sin(f*x
+e))~(1/2)/ (((-(c-d) *(c+d) )~ (1/2)-d) *c) " (1/2) ) *c*d) / (a*x (1+sin(f*x+e))) ~(1/2
)/sin(f*x+e) /(- (-1+cos (f*x+e))/sin(f*x+e))~(1/2)/(c-d) /(- (c-d) *(c+d))~(1/2)
/(((=(c-d)*(c+d))~(1/2)-d) *c)~(1/2) / (((-(c-d) *(c+d) )~ (1/2)+d) *c) ~(1/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((g*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(ataxsin(f*x+e))~(1/2),x, a
lgorithm="maxima")

[Out] integrate(sqrt(g*sin(f*x + e))/(sqrt(axsin(f*x + e) + a)*(d*sin(f*x + e) +

c)), x)

Fricas [A]
time = 1.81, size = 3170, normalized size = 19.10

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(ataxsin(f*x+e))~(1/2),x, a
lgorithm="fricas")

[Out] [-1/4*(sqrt(2)*sqrt(-g/a)*log((17*gxcos(f*x + e)~3 - 4xsqrt(2)*(3*cos(f*x +
e)”2 + (3*cos(f*x + e) + 4)*sin(f*x + e) - cos(f*x + e) - 4)*sqrt(axsin(f*
X + e) + a)xsqrt(gxsin(f*x + e))*sqrt(-g/a) + 3xg*cos(f*x + e)~2 - 18xg*cos
(fxx + e) + (17*xgxcos(f*x + e)”2 + 14xgxcos(f*x + e) - 4xg)*sin(f*x + e) -
4xg)/(cos(f*x + e)~3 + 3*cos(f*x + e)”2 + (cos(f*x + e)”2 - 2*cos(f*x + e)
- 4)*sin(f*x + e) - 2%cos(f*x + e) - 4)) + sqrt(-c*xg/(axc + axd))*log(((128
*C"4 + 256*%c”3%d + 160*%c”2+d"2 + 32*c*d"3 + d~4)*gkxcos(f*x + e)”5 - (128%c”
4 + 192%c”3*%d + 64%c”2xd"2 - 4xcxd”3 - d"4)*gxcos(f*x + e)"4 - 2%x(208%c”4 +
368xc~3*%d + 195%c”2*%d"2 + 32%cxd~3 + d~4)*gkxcos(f*x + e)”3 + 2x(64%c”4 + 9
4xc~3%d + 29%c”2xd"2 - 4*c*xd"3 - d”4)*g*cos(fxx + e)”2 + (289%c”4 + 480%c”3
*d + 230*%c™2%d"2 + 32%c*xd"3 + d"4)*gkcos(f*x + e) + 8x((16%c™4 + 40*c”~3*d +
34%c”™2xd"2 + 11%c*d™3 + d"4)*cos(f*x + e)"4 + 51xc™4 + 110%c™3*d + 76*c™ 2%
d™2 + 18*%c*xd”3 + d74 - (24xc”4 + 52xc”3xd + 3b5%c"2*d"2 + Txc*d"3)*cos(f*x +
e)”3 - (66xc”4 + 149xc™3*d + 110%c™2+d"2 + 29%c*xd™3 + 2*d"4)*cos(f*x + e)~
2 + (25%c™4 + B3*c”3xd + 35*%c”2%d"2 + T*c*d"3)*cos(f*x + e) - (51xc™4 + 110
*C"3*d + T6*c"2*%d"2 + 18*%cxd”"3 + d"4 - (16*c”4 + 40%c~3*d + 34*c”2xd"2 + 11
*xc*xd~3 + d74)*cos(f*x + e)73 - (40%c™4 + 92%c”3*d + 69*xc”2*%d"2 + 18*%c*xd~3 +
d"4)*cos(f*x + e)”2 + (26%c™4 + 57*c™3*d + 41%c™2%d"2 + 11*c*d™3 + d~4)*co
s(fxx + e))*sin(f*x + e))*sqrt(a*sin(f*x + e) + a)*sqrt(gxsin(f*x + e))*sqr
t(-cxg/(axc + a*xd)) + (c™4 + 4xc™3*%d + 6xc™2*%d"2 + 4xc*d”3 + d"4)*g + ((128
*C~4 + 256%c”3*d + 160*c”2+%d"2 + 32*cxd"3 + d~4)*g*cos(fxx + e)~4 + 4x(64xc
"4 + 112%c”™3*d + 56*c”2*%d"2 + T*c*d"3)*gkcos(f*x + e)~3 - 2x(80%c”4 + 144xc
“3%d + 83%c”2xd"2 + 18%c*d”3 + d”4)*gkcos(fxx + e)72 - 4x(72%c”4 + 119%c™3%
d + 56%c”2%d"2 + Txc*xd~3)*g*cos(f*x + e) + (c™4 + 4*c™3*d + 6*%c™2%xd"2 + 4x*c
*d~3 + d"4)*g)*sin(f*x + e))/(d"4*cos(f*x + e)~5 + (4*c*d™3 + d~4)*cos(f*x
+ e)74 + c”4 + 4xc”3xd + 6%xc”2xd"2 + 4xcxd”3 + d74 - 2x(3*%c”2*%d"2 + d~4)*co
s(fxx + e)”3 - 2%(2%c™3*%d + 3*c"2*%d"2 + 4*c*d™3 + d"4)*cos(f*x + e)”2 + (c~
4 + 6%c™2xd"2 + d"4)*cos(f*x + e) + (d"4*cos(f*x + e)”4 - 4*ckd"3xcos(f*x +
e)”"3 + c74 + 4xc”3*kd + 6%c”2*d"2 + 4*c*kd”3 + d74 - 2% (3*%c"2%d”2 + 2%c*xd”3
+ d74)*cos(f*x + e)”2 + 4x(c”3*d + c*d"3)*cos(f*x + e))*sin(f*x + e))))/((c
- d)*f), -1/4x(sqrt(2)*sqrt(-g/a)*log((17*g*cos(f*x + e)~3 - 4xsqrt(2)*(3*
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cos(fxx + e)”2 + (3xcos(f*x + e) + 4)*sin(f*x + e) - cos(f*x + e) - 4)*sqrt
(axsin(f*x + e) + a)*sqrt(gxsin(f*x + e))*sqrt(-g/a) + 3xgxcos(f*x + e)~2 -
18*g*xcos(f*x + e) + (17xgxcos(f*x + e)”2 + 14*xgkcos(f*x + e) - 4xg)*sin(f*
x + e) - 4xg)/(cos(f*x + e)”3 + 3*cos(f*x + e)72 + (cos(f*x + e)72 - 2*cos(
fxx + e) - 4)*sin(f*x + e) - 2xcos(f*x + e) - 4)) - 2*sqrt(cxg/(axc + axd))
xarctan(1/4*((8*c~2 + 8*cxd + d"2)*cos(f*x + e)”2 - 9%c™2 - 8xc*xd - d72 + 2
*x(4*c”2 + 3*c*kd)*sin(f*x + e))*sqrt(axsin(f*x + e) + a)*sqrt(gksin(f*x + e)
)xsqrt (cxg/(axc + axd))/((2xc”2 + cxd)*g*cos(f*x + e)~3 + c"2*xgkxcos(f*x + e
Yksin(fxx + e) - (2%c”2 + cxd)*gxcos(f*x + e))))/((c - d)*f), -1/4x(2*xsqrt(
2)*sqrt(g/a)*arctan(1/4*sqrt(2) *sqrt(a*sin(f*x + e) + a)*sqrt(gxsin(f*x + e
))*sqrt(g/a)*(3*sin(f*x + e) - 1)/(gxcos(f*x + e)*sin(f*x + e))) + sqrt(-c*
g/ (axc + a*d))*log(((128*c™4 + 256%c~3*d + 160*c~2xd"2 + 32*c*d~3 + d~4)*g*
cos(fxx + e)75 - (128%c™4 + 192%c™3*d + 64*c~2xd"2 - 4xcxd~3 - d~4)*g*cos(f
*x + e)"4 - 2%(208*%c”™4 + 368%c”3*d + 195%c™2xd"2 + 32%c*d”~3 + d~4)*gxcos(fx*
X + e)73 + 2x(64*c™4 + 94xc™3*d + 29%c”2xd"2 - 4xcxd"3 - d"4)*gxcos(f*x + e
)72 + (289%c”4 + 480%c”3*d + 230*%c™2xd"2 + 32%c*d~3 + d~4)*gxcos(f*x + e) +
8% ((16%c™4 + 40%c™3*d + 34*c™2xd"2 + 11*c*d™3 + d"4)*cos(f*x + e)~4 + Blxc
4 + 110%c”3*d + 76%c”2xd"2 + 18%c*d”3 + 474 - (24*c™4 + 52xc”3*d + 35*%c”2*
d™2 + Txcxd"3)*cos(f*x + )73 - (66%c”™4 + 149%c™3*d + 110*%c™2%d"2 + 29*c*d™
3 + 2xd74)*cos(f*x + e)~2 + (25%c™4 + 53*c”3*d + 35%c”2*d"2 + 7*c*xd~3)*cos(
fxx + e) - (B1xc™4 + 110%c”™3*d + 76%c™2%d"2 + 18*%c*d™3 + d"4 - (16*%c™4 + 40
*c"3%d + 34%c”2*d"2 + 11%c*xd”3 + d"4)*cos(f*x + e)73 - (40%c™4 + 92%c”3*d +
69%c”2%d"2 + 18*c*kd™3 + d"4)*cos(f*x + e)”2 + (26%c™4 + B7*c”3*d + 41%c”™2x
d"2 + 11%c*d"3 + d~4)*cos(f*x + e))*sin(f*x + e))*sqrt(axsin(f*x + e) + a)x*
sqrt(gxsin(f*x + e))*sqrt(-c*g/(axc + axd)) + (c™4 + 4*c™3*d + 6%c™2%d"2 +
4xcxd”3 + d74)*g + ((128*%c™4 + 256%c~3*d + 160*c™2xd"2 + 32*c*d~3 + d~4)*g*
cos(fxx + e)”4 + 4*x(64xc™4 + 112xc™3*d + 56*%c™2*xd"2 + T*c*xd"3)*gxcos(f*x +
e)”3 - 2x(80%c™4 + 144xc™3*d + 83*%c”2xd"2 + 18%c*d"3 + d~4)*g*cos(f*x + e)”
2 - 4x(72*%c”4 + 119%c™3%d + 56%c”2*d"2 + T*xcxd"3)*g*cos(f*x + e) + (c™4 + 4
*xC™3*d + 6%c™2*d"2 + 4*xckd™3 + d74)*g)*sin(f*x + e))/(d"4*cos(f*x + e)75 +
(4xc*d™3 + d™4)*cos(f*x + e)74 + c™4 + 4xc”3xd + 6%c”2+d"2 + 4xc*d"3 + d"4
- 2%(3%c™2xd"2 + d"4)*cos(f*x + e)73 - 2x(2%c”3*d + 3*c”2*d"2 + 4*xc*d”3 + d
“4)*xcos(f*x + e)”2 + (c™4 + 6%xc”2*%d"2 + d"4)*cos(f*x + e) + (d"4xcos(f*x +
e)"4 - 4xcxd"3*cos(f*x + €)73 + c74 + 4%c”3xd + 6%c”2xd"2 + 4xcxd”3 + d74 -
2% (3*xc™2xd"2 + 2xcxd”3 + d74)*cos(f*x + )72 + 4*%(c”3*d + cxd"3)*cos(f*x +
e))*sin(f*x + e))))/((c - d)*£f), -1/2x(sqrt(2)...

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
gsin (e + fz)

dz
Va(sin(e+ fz) +1) (c+dsin (e + fz))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(fx*x+e))**(1/2)/(c+d*sin(f*x+e))/(at+ta*sin(f*x+e))**(1/2),x)
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[Out] Integral(sqrt(g*sin(e + f*x))/(sqrt(ax(sin(e + f*x) + 1))*(c + d*sin(e + fx
x))), x)

Giac [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(ataxsin(f*x+e))~(1/2),x, a
lgorithm="giac")
[Out] Timed out

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ VIaIn) “
Va+asin(e+ fz) (c+dsin(e+ fz))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(e + f*x))~(1/2)/((a + a*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))
) %)
[Out] int((g*sin(e + f*x))~(1/2)/((a + axsin(e + £f*x))~(1/2)*(c + d*sin(e + f*x))
), X)
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1
1 1 d!‘
J Vgsin(e + fx) \/a+ asin(e + fx) (c+dsin(e+fz))

Optimal. Leaf size=168

3.28

an~! \/E\/Ecos(e+fz) an~! \/E\/E\/*COS(HM
_\/Et (\/5\/gsin(e—|—fﬂc)\/a+asin(e—i—fav))_i_2dt (\/c+d\/gsin(e+fx)\/a+asin(
Va (c—d)f/g Va' e (c—d)Ve+d fi/g

[Out] -arctan(1/2*cos(f*x+e)*a~(1/2)*g~(1/2)*27(1/2)/(g*sin(f*x+e))~(1/2)/(ata*si
n(f*xx+e))~(1/2))*2~(1/2)/(c-d)/£/a~(1/2) /g~ (1/2) +2*d*arctan(cos (f*x+e)*a~ (1
/2)*c™(1/2)*g~(1/2) / (c+d) ~(1/2) / (g*sin(f*x+e) ) ~(1/2) / (ata*sin(f*x+e))~(1/2)

)/ (c-d)/f/a~(1/2)/c~(1/2)/(c+d)~(1/2) /g~ (1/2)

Rubi [A]

time = 0.35, antiderivative size = 168, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.103,

steps used = 5, number of rules used = 4, integrand size = 39
Rules used = {3017, 2861, 211, 3009}

\/(T\/Eﬁcos(e+fz) ) ( \/Eﬁcos(e+fz) )
2dArcTan(\/c +d /asin(e + fz) +a \/gsin(e + fz) V2 ArcTan V2 \/asin(e + fz) +a \/gsin(e + fz)

Va Ve fg (c—d)vetd - Va f/g (c—d)

Antiderivative was successfully verified.

[In] Int[1/(Sqrtlg*Sin[e + f*x]]*Sqrt[a + a*Sin[e + f*x]]*(c + d*Sin[e + fx*x])),
x]

[Out] -((Sqrt([2]*ArcTan[(Sqrt[al*Sqrt[g]l*Cos[e + f*x])/(Sqrt[2]*Sqrt[g*Sin[e + fx*
x]]*Sqrt[a + a*Sin[e + f*x]])])/(Sqrtlal*(c - d)*fxSqrtlgl)) + (2xdxArcTan[
(Sqrt[al *Sqrt [c]*Sqrt [g]l *Cos[e + f*x])/(Sqrtlc + d]*Sqrt[g*Sin[e + f*x]]*Sq

rt[a + axSin[e + f*x]]1)])/(Sqrt[al*Sqrtlcl*(c - d)*Sqrtlc + dl*f*Sqrt[gl)

Rule 211

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2861

Int[1/(Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]11*Sqrt[(c_.) + (d_.)*sin[(e
_) + (£_.)*(x_)11), x_Symbol] :> Dist[-2*(a/f), Subst[Int[1/(2¥b"2 - (axc
- b*xd)*x~2), x], x, b*x(Cos[e + f*x]/(Sqrt[a + b*Sin[e + f*x]]*Sqrt[c + d=*Si
nle + £*x]11))], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[bxc - axd, 0] &&
EqQ[a~2 - b~2, 0] &% NeQ[c™2 - d"2, 0]

Rule 3009
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Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(Sqrtl(g_.)*sin[(e_.) + (f_.
)*(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[-2*(b/f
), Subst[Int[1/(b*c + a*d + c*xgxx~2), x], x, bx(Cos[e + f*x]/(Sqrtl[g*Sin[e
+ f*x]]*Sqrt[a + b*Sin[e + f*x]]))], x] /; FreeQl[{a, b, c, d, e, £, g}, x]
&& NeQ[bxc - a*d, 0] && EqQ[a~2 - b™2, 0]

Rule 3017

Int[1/(Sqrtl(g_.)*sinl(e_.) + (£f_.)*(x_)]11*Sqrt[(a_) + (b_.)*sin[(e_.) + (£
_Ox(x )11x((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)])), x_Symbol] :> Dist[b/(b*
c - a*d), Int[1/(Sqrtlg*Sin[e + fxx]]*Sqrt[a + b*Sin[e + f*x]]), x], x] - D
ist[d/(b*c - a*d), Int[Sqrt[a + bxSin[e + f*x]]/(Sqrt[g*Sin[e + f*xx]]*(c +
d*Sin[e + f*x])), x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[bxc - ax
d, 0] & (EqQ[a~2 - b~2, 0] || EqQlc™2 - d~2, 01)

Rubi steps

dz

1
1 d — / Vgsin(e + fz) \/a+ asin(e + fz)

Vgsin(e + fr) \/a+ asin(e + fz) (c+ dsin(e + fz)) c—d

2a)Subst s dx, T,
(a)us(f2a+ag:c z,Z Jgsin(e +
(c—d)f
V2 tan_l( Va /g cos(e+ 1)

V2 \/gsin(e + fz) \/a+a
va (c—d)fVg

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 3062 vs.
2(168) = 336.
time = 24.89, size = 3062, normalized size = 18.23

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[1/(Sqrt[g*Sin[e + f*x]]*Sqrt[a + a*Sin[e + f*x]]*(c + d*Sin[e + £
*x])) ,x]

[Out] -(((-(d*(c - d + Sqrt[-c~2 + d~2])*Sqrt[d + Sqrt[-c”2 + d~2]]*ArcTan[(Sqrt[
2] *Sqrt[-d + Sqrt[-c”2 + d"2]]1*Sqrt[Tan[(e + fx*x)/4]1]1)/(Sqrtlcl*Sqrt[-1 + T
an[(e + f*x)/4]172])]) + 2xSqrtlc]l*Sqrt[-c”2 + d"2]*Sqrt[-d + Sqrt[-c"2 + 4~
2]1*Sqrt[d + Sqrt[-c~2 + d"2]]*ArcTanh[(Sqrt[2]*Sqrt[Tan[(e + f*x)/4]1])/Sqr
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t[-1 + Tan[(e + f*x)/4]72]] - d*Sqrt[-d + Sqrt[-c”2 + d72]]1*(-c + d + Sqrtl[
-c”2 + d72])*ArcTanh[(Sqrt [2]*#Sqrt[d + Sqrt[-c™2 + d72]]1*Sqrt[Tan[(e + f*x)
/411)/(Sqrt[c]*Sqrt[-1 + Tan[(e + f*x)/4]172])])*Sec[(e + f*x)/4]"2xSqrt[Sin
[e + £xx]]1)/(Sqrt[2]*Sqrtcl*(c - d)*Sqrt[-c"2 + d"2]*Sqrt[-d + Sqrt[-c~2 +
d~2]]*Sqrt[d + Sqrt[-c~2 + d~2]]*f*Sqrt[g*Sin[e + f*x]]*Sqrt[ax(1 + Sin[e
+ fxx])]*(c + d*Sin[e + fx*x])*Sqrt[Tan[(e + f*x)/4]1]1*Sqrt[-1 + Tan[(e + f*x
)/4]172]1*(((-(d*(c - d + Sqrt[-c”2 + d"2])*Sqrt[d + Sqrt[-c~2 + d~2]]*ArcTan
[(Sqrt[2]*Sqrt[-d + Sqrt[-c™2 + d~2]1*Sqrt[Tan[(e + f*x)/4]11)/(Sqrt[cl*Sqrt
[-1 + Tan[(e + f*x)/4]172])]) + 2*Sqrtlc]*Sqrt[-c~2 + d"2]*Sqrt[-d + Sqrt[-c
~2 + d°2]1*Sqrt[d + Sqrt[-c~2 + d"2]]*ArcTanh[(Sqrt[2]*Sqrt[Tan[(e + f*x)/4
11)/8qrt[-1 + Tan[(e + f*x)/4]172]] - d*Sqrt[-d + Sqrt[-c™2 + d72]]1*(-c + d
+ Sqrt[-c”2 + d72])*ArcTanh[(Sqrt[2]*Sqrt[d + Sqrt[-c~2 + d~2]]1*Sqrt[Tan[(e
+ £xx)/4]11)/(Sqrt[c]*Sqrt[-1 + Tan[(e + f*x)/4]172])]1)*Sec[(e + f*x)/4] 4%S
qrt[Sin[e + f*xx]]*Sqrt[Tan[(e + f*xx)/4]1])/(4*Sqrt[2]*Sqrt[c]*(c - d)*Sqrt[-
c”2 + d72]*Sqrt[-d + Sqrt[-c”2 + d~2]]1*Sqrt[d + Sqrt[-c”2 + d"2]]*(-1 + Tan
[(e + £*x)/4]172)"(3/2)) + ((-(d*(c - d + Sqrt[-c”2 + d~2])*Sqrt[d + Sqrt[-c
~2 + d"2]]*ArcTan[(Sqrt[2]*Sqrt[-d + Sqrt[-c~2 + d~2]]*Sqrt[Tan[(e + f*x)/4
11)/(Sqrt [c]*Sqrt[-1 + Tan[(e + £*x)/4]172])]) + 2+Sqrtlcl*Sqrt[-c~2 + d~2]*
Sqrt[-d + Sqrt[-c”2 + d~2]]1*Sqrt[d + Sqrt[-c”2 + d~2]]*ArcTanh[(Sqrt[2]*Sqr
t[Tan[(e + f*x)/4]]1)/Sqrt[-1 + Tan[(e + f*x)/4]72]] - d*Sqrt[-d + Sqrt[-c~2
+ d72]]1*(-c + d + Sqrt[-c”2 + d~2])*ArcTanh[(Sqrt[2]*Sqrt[d + Sqrt[-c~2 +
d~2]]1#Sqrt[Tan[(e + £*x)/4]1]1)/(Sqrtlcl*Sqrt[-1 + Tan[(e + fx*x)/4]1°2])])*Sec
[(e + f*x)/4]"4*Sqrt([Sin[e + fx*x]])/(8*Sqrt[2]*Sqrt[cl*(c - d)*Sqrt[-c~2 +
d~2]*Sqrt[-d + Sqrt[-c”2 + d72]]*Sqrt[d + Sqrt[-c”2 + d"2]]1*Tan[(e + f*x)/4
17(3/2)*Sqrt[-1 + Tan[(e + f*x)/4]172]) - ((-(d*(c - d + Sqrt[-c™2 + d72])*S
grtld + Sqrt[-c™2 + d~2]]*ArcTan[(Sqrt[2]*Sqrt[-d + Sqrt[-c”2 + d~2]]*Sqrt[
Tan[(e + f*x)/4]1]1)/(Sqrtlcl*Sqrt[-1 + Tan[(e + £*x)/4]172])]) + 2xSqrt([c]*Sq
rt[-c™2 + d72]*Sqrt[-d + Sqrt[-c”2 + d~2]]*Sqrt[d + Sqrt[-c~2 + d~2]]*ArcTa
nh[(Sqrt [2]*Sqrt[Tan[(e + fx*x)/4]1]1)/Sqrt[-1 + Tan[(e + f*x)/4]72]] - d*Sqrt
[-d + Sqrt[-c”2 + d"2]]*(-c + d + Sqrt[-c~2 + d~2])*ArcTanh[(Sqrt[2]*Sqrt[d
+ Sqrt[-c”2 + d"2]]1*Sqrt[Tan[(e + £*x)/4]1]1)/(Sqrt[cl*Sqrt[-1 + Tan[(e + f*
x)/4]172])])*Cos[e + fxx]*Sec[(e + fxx)/4]72)/(2*Sqrt[2]*Sqrt[c]l*(c - d)*Sqr
t[-c"2 + d72]*Sqrt[-d + Sqrt[-c”2 + d"2]]1*Sqrt[d + Sqrt[-c~2 + d~2]]1*Sqrt[S
in[e + f*x]]*Sqrt[Tan[(e + f#*x)/4]]1*Sqrt[-1 + Tan[(e + f*x)/4]1°2]) - ((-(dx
(c - d + Sqrt[-c”2 + d72])*Sqrt[d + Sqrt[-c”2 + d~2]]*ArcTan[(Sqrt[2]*Sqrt[
-d + Sqrt[-c™2 + d~2]1*Sqrt[Tan[(e + f*x)/41]1)/(Sqrtlc]l*Sqrt[-1 + Tan[(e +
f*xx)/4]172])]) + 2xSqrtlcl*Sqrt[-c”2 + d"2]*Sqrt[-d + Sqrt[-c~2 + d~2]]*Sqrt
[d + Sqrt[-c™2 + d~2]]*ArcTanh[(Sqrt[2]*Sqrt[Tan[(e + f*x)/4]])/Sqrt[-1 + T
an[(e + f*x)/4]72]] - d*Sqrt[-d + Sqrt[-c”2 + d72]]1*(-c + 4 + Sqrt[-c”2 + d
~2])*ArcTanh [(Sqrt [2]#Sqrt[d + Sqrt[-c~2 + d~2]]1*Sqrt[Tan[(e + fx*x)/4]11)/(S
qrt[c]*Sqrt[-1 + Tan[(e + f*x)/4]172])]1)*Sec[(e + f*xx)/4]1 2*Sqrt[Sin[e + f*x
11*Sqrt[Tan[(e + f*x)/41]1)/(2%Sqrt[2]*Sqrt[cl*(c - d)*Sqrt[-c~"2 + d~2]*Sqrt
[-d + Sqrt[-c”2 + d~2]]*Sqrt[d + Sqrt[-c~2 + d~2]]*Sqrt[-1 + Tan[(e + f*x)/
4]1°2]) - (Sec[(e + fx*x)/4]"2xSqrt[Sin[e + f*xx]]*((2*Sqrt[c]l*Sqrt[-c~2 + d~2
1*Sqrt[-d + Sqrt[-c”2 + d"2]]1*Sqrt[d + Sqrt[-c”2 + d"2]]*(-1/2*(Sec[(e + £fx
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x) /4]~ 2*Tan[(e + £*x)/417(3/2))/(Sqrt[2]*(-1 + Tan[(e + f*x)/4172)~(3/2)) +
Sec[(e + f*x)/4]1°2/(4%Sqrt[2]1*Sqrt[Tan[(e + f*x)/4]11*Sqrt[-1 + Tan[(e + f*
x)/4172]1)))/(1 - (2*Tan[(e + f*x)/4]1)/(-1 + Tan[(e + f*x)/4]172)) - (d*(c -
d + Sqgrt[-c”2 + d"2])*Sqrt[d + Sqrt[-c”2 + d~2]]*(-1/2%(Sqrt[-d + Sqrt[-c~2
+ d~2]]1*Sec[(e + f*x)/4]"2+Tan[(e + f*x)/4]17(3/2))/(Sqrt[2]*Sqrt[c]*(-1 +
Tan[(e + £*x)/4]172)~(3/2)) + (Sqrt[-d + Sqrt[-c~2 + d~2]]1*Sec[(e + f*x)/4]1"
2)/ (4xSqrt[2]*Sqrt [c]*Sqrt[Tan[(e + f*x)/4]]1*Sqrt[-1 + Tan[(e + f*x)/4]172])
))/ (1 + (2%(-d + Sqrt[-c™2 + d"2])*Tan[(e + f*x)/4])/(c*(-1 + Tan[(e + f*x)
/4172))) - (d*Sqrt[-d + Sqrt[-c~2 + d"2]]1*(-c + d + Sqrt[-c~2 + d~2])*(-1/2
*x(Sqrt[d + Sqrt[-c™2 + d~2]]1*Sec[(e + fx*x)/4]"2*Tan[(e + f*x)/4]1°(3/2))/(Sq
rt[2]*Sqrt[c]*(-1 + Tan[(e + f*x)/4]172)"(3/2)) + (Sqrtld + Sqrt[-c™2 + 472]
1*Sec[(e + £*x)/4]172)/(4%Sqrt[2]*Sqrt[c]l*Sqrt[Tan[(e + f*x)/4]1*Sqrt[-1 + T
an[(e + f*x)/4]172]1)))/(1 - (2%(d + Sqrt[-c~2 + d~2])*Tan[(e + f*x)/4])/(c*(
-1 + Tan[(e + f*x)/4]172)))))/(Sqrt[2]1*Sqrtlcl*(c - d)*Sqrt[-c~2 + d~2]*Sqrt
[-d + Sqrt[-c™2 + d~2]1*Sqrt[d + Sqrt[-c”2 + d~2]]*Sqrt[Tan[(e + f*x)/4]1]%*S
qrt[-1 + Tan[(e + f*x)/4]172]))))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 620 vs.
2(133) = 266.
time = 0.26, size = 621, normalized size = 3.70

method | result

—% (—14-cos(fz+e)—sin(fz+e)) sin(fz+e) 2arctan< —%m > \/— (C — d) (C + d) \/>(

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c+d*sin(f*x+e))/(ghsin(rx+e))~(1/2)/(atarsin(f*x+e))~(1/2),x,method
=_RETURNVERBOSE)

[Out] 1/f*x(-(-1+cos(f*x+e))/sin(f*x+e)) (1/2)*(-1+cos(f*x+e)-sin(f*x+e))*sin(f*x+
e)*(2xarctan((-(-1+cos(f*x+e))/sin(f*x+e)) " (1/2))*(-(c-d) *(c+d) )~ (1/2)*(((-
(c-d)*(c+d))~(1/2)-d)*c) " (1/2) *(((-(c-d) *(c+d) )~ (1/2)+d) *c) ~(1/2) - (((-(c-d)
*(c+d)) ~(1/2)-d) *c) ~(1/2)*arctan(cx (- (-1+cos(f*x+e))/sin(f*x+e))~(1/2)/(((-
(c-d)*(c+d))~(1/2)+d)*c)~(1/2) ) *(-(c-d) *(c+d) )~ (1/2) *d+arctan(c* (- (-1+cos (f
xx+e)) /sin(fxx+e))~(1/2)/(((-(c-d)*(c+d))~(1/2)+d)*c)~(1/2) ) *(((-(c-d) *(c+d
))~(1/2)-d)*c)~(1/2) *c*d- (((-(c-d) *(c+d)) ~(1/2)-d) *c) " (1/2) *arctan(c* (- (-1+
cos(f*x+e))/sin(f*xx+e))~(1/2)/(((-(c-d) *(c+d))~(1/2)+d) *c)~(1/2))*d"2+arcta
nh(c*(-(-1+cos(f*xx+e))/sin(f*x+e)) ~(1/2)/(((-(c-d) *(c+d))~(1/2)-d) *c)~(1/2)
)*(((-(c-d)*(c+d))~(1/2)+d) *c) ~(1/2) *(-(c-d) *(c+d) )~ (1/2) *d+ (((-(c-d) *(c+d)
)~ (1/2)+d)*c) " (1/2) *arctanh(c* (- (-1+cos(f*x+e) ) /sin(f*x+e) )~ (1/2) / (((-(c-d)
*(c+d)) " (1/2)-d)*c) " (1/2) ) *cxd-arctanh(cx (- (-1+cos (f*x+e)) /sin(f*x+e))~(1/2
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)/ (((=(c=d)*(c+d))~(1/2)-d) *c) " (1/2) ) * (((-(c-d) *(c+d) )~ (1/2)+d) *c) " (1/2) *d~
2)/(gxsin(f*x+e))~(1/2)/(a*(1+sin(f*x+e)))~(1/2)/(-1+cos(f*x+e))/(c-d)/(-(c
-d)*(c+d))~(1/2) / (((-(c-d) *(c+d) ) ~(1/2)-d) *c) ~(1/2) / (((-(c-d) *(c+d) )~ (1/2)+
d)*c)~(1/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c+d*sin(f*x+e))/(gxsin(f*x+e))~(1/2)/(a+a*sin(f*x+e))~(1/2),x,
algorithm="maxima")

[Out] integrate(1l/(sqrt(a*sin(f*x + e) + a)*(d*sin(f*x + e) + c)*sqrt(g*sin(f*x +

e))), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 323 vs.
2(139) = 278.
time = 1.88, size = 3297, normalized size = 19.62

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c+d*sin(f*x+e))/(g*sin(f*x+e))~(1/2)/(ata*sin(f*x+e))~(1/2),x,
algorithm="fricas")

[Out] [-1/4*(sqrt(2)*(axc”2 + axcxd)*gxsqrt(-1/(a*g))*Llog((4*sqrt(2)*(3*cos(f*x +
e)”2 + (3*cos(f*x + e) + 4)xsin(f*x + e) - cos(f*x + e) - 4)*sqrt(axsin(f*
X + e) + a)xsqrt(gxsin(f*x + e))*sqrt(-1/(a*xg)) + 17xcos(f*x + e)~3 + 3*cos
(fxx + e)72 + (17xcos(f*x + e)”2 + 14xcos(f*x + e) - 4)*sin(f*xx + e) - 18%c
os(fxx + e) - 4)/(cos(f*x + e)73 + 3*cos(f*x + e)”2 + (cos(f*x + e)”2 - 2%c
os(f*xx + e) - 4)xsin(f*x + e) - 2%cos(f*x + e) - 4)) - sqrt(-(axc™2 + axcxd
) *g) *d*log(((128*a*c™4 + 256%a*c”~3*d + 160*a*xc”2+xd”2 + 32*a*xcxd~3 + a*xd™4)x*
gxcos(f*x + e)”5 - (128xa*xc™4 + 192xa*c”3*d + 64*axc”2*%d"2 - 4xa*c*d™3 - ax
d~4)*gxcos(f*x + e)”4 - 2x(208xa*c”4 + 368*a*c”3*d + 195*a*xc”2xd"2 + 32%a*c
*d~3 + axd~4)*g*cos(f*x + e)”3 + 2x(64*axc”4 + 94xa*xc”3*d + 29%a*xc”2*d"2 -
4xaxc*d”™3 - axd~4)*xgxcos(f*x + e)”2 + (289*a*xc”™4 + 480*a*xc”3xd + 230*axc”2*
d~2 + 32xaxc*d”™3 + axd"4)x*gxcos(f*x + e) + 8*%((16%c™3 + 24*c™2xd + 10*c*d~2
+ d”"3)*cos(f*xx + e)74 - (24%c™3 + 28%c™2xd + T*c*d~2)*cos(f*x + e)~3 + b51%
c™3 + 59*%c”2+d + 17*c*d"2 + 473 - (66%c”3 + 83*c”2xd + 27*cxd"2 + 2*d~3)*co
s(f*x + e)72 + (25%c™3 + 28%c™2%d + 7T*c*d~2)*cos(f*x + e) + ((16%c™3 + 24*c
“2%d + 10%c*d”2 + d”3)*cos(f*x + e)73 - 51%c”3 - 59xc”2%d - 17*c*d"2 - d73
+ (40%c™3 + 52%c™2xd + 17*c*d™2 + d"3)*cos(f*x + e)”™2 - (26%c™3 + 31*xc™2xd
+ 10*%cxd~2 + d~3)*cos(f*x + e))*sin(f*x + e))*sqrt(-(a*c”™2 + axc*d)*g)*sqrt
(axsin(f*x + e) + a)*sqrt(gxsin(f*x + e)) + (axc™4 + 4xaxc™3*d + 6xaxc”2*d”
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2 + 4xaxc*d”3 + axd”4)*g + ((128xa*c”4 + 256%a*c”~3*d + 160*a*xc”2+xd"2 + 32*a
xcxd~3 + axd~4)*xgxcos(f*x + e)”4 + 4x(64*axc”4 + 112%axc”3*d + 56*akxc”2xd"2
+ Txaxckd"3)*xgxcos(f*xx + e)”3 - 2% (80*a*c™4 + 144*a*c”3*d + 83*axc™2xd"2 +
18%a*xc*kd~3 + a*xd~4)*gxcos(f*x + e)”2 - 4%(72%a*c™4 + 119%axc”3*d + L6*a*xc”
2%d~2 + Tkakxcxd"3)x*gxcos(f*x + e) + (axc™4 + 4xaxc™3*d + 6xaxc™2xd"2 + 4*ax
c*d™3 + axd~4)*g)*sin(f*x + e))/(d"4*cos(f*x + e)"5 + (4xc*d”3 + d~4)*cos(f
*X + e)74 + c74 + 4%c”3%d + 6%cT2%d"2 + 4xcxd”3 + d74 - 2x(3*%c”2*%d"2 + d74)
xcos(fxx + e)73 - 2x(2%c™3*d + 3*%c"2*%d"2 + 4*c*d”™3 + d”4)*cos(f*x + e)72 +
(c™4 + 6%c™2xd"2 + d"4)*cos(f*x + e) + (d"4*cos(f*x + e)”4 - 4*c*xd"3xcos(fx*
X + e)73 + c74 + 4xc”3%d + 6xcT2xd"2 + 4xcxd”3 + d74 - 2x(3%c”2%d"2 + 2%c*d
~3 + d74)*cos(f*x + e)72 + 4%(c”3*d + cxd"3)*cos(f*x + e))*sin(f*x + e))))/
((a*c™3 - a*xc*xd™2)*f*xg), 1/4%(2*sqrt(2)*(axc™2 + a*xc*d)*gksqrt(1/(a*g))*arc
tan(1/4*sqrt(2) *sqrt (a*sin(f*x + e) + a)*sqrt(gxsin(f*x + e))*sqrt(1/(a*g))
*(3xsin(f*x + e) - 1)/(cos(f*x + e)*sin(f*x + e))) + sqrt(-(axc™2 + a*xcxd)x*
g)*d*xlog(((128*%a*xc™4 + 256%axc~3*d + 160*a*xc”2*d"2 + 32xaxc*d”™3 + axd™4)*g*
cos(f*x + e)75 - (128*axc™4 + 192xa*c”3xd + 64*a*xc”2xd”"2 - 4*axc*d™3 - axd”
4)*gxcos(f*x + e)”4 - 2x(208xaxc”4 + 368*a*xc”3*d + 195*a*xc”2xd"2 + 32*a*xc*d
"3 + a*d”4)*gkxcos(f*x + e)”3 + 2x(64*a*c”4 + 94*xaxc”3*d + 29%axc”2xd"2 - 4x
axcxd~3 - axd"4)*gxcos(f*x + e)”2 + (289*axc™4 + 480*a*xc”3*d + 230*a*xc”2xd~
2 + 32xa*xcxd™3 + a*xd"4)*gkcos(f*x + e) + 8%((16%c™3 + 24xc”2+d + 10%cxd™2 +
d~3)xcos(f*x + e)74 - (24*c™3 + 28xc”2*d + Txc*d"2)*cos(f*x + e)~3 + 5l*c~
3 + B9xc™2xd + 17*c*d"2 + d”3 - (66%c™3 + 83*%c™2*xd + 27*c*d”2 + 2%d~3)*cos(
fxx + e)72 + (26%xc”3 + 28%c”2+d + T*c*d"2)*cos(f*x + e) + ((16%c™3 + 24xc~2
*d + 10*c*d”2 + d73)*cos(f*x + e)”3 - 51*%c™3 - 59*c”2*d - 17*cxd"2 - d”3 +
(40%c™3 + 52xc™2%d + 17*c*d™2 + d~3)*cos(f*x + e)”2 - (26%c™3 + 31*c™2xd +
10%c*xd™2 + d~3)*cos(f*x + e))*sin(f*x + e))*sqrt(-(a*c”™2 + axc*d)*g)*sqrt(a
xsin(f*x + e) + a)*sqrt(gxsin(f*x + e)) + (axc™4 + 4*xaxc™3*d + 6xaxc”2*d"2
+ 4xaxc*d™3 + axd"4)xg + ((128xa*xc”4 + 256xa*c”3*d + 160*a*xc™2xd~2 + 32%a*c
*d~3 + axd"4)*gxcos(f*x + e)”4 + 4*x(64*a*xc”™4 + 112%a*c”3*d + 56*axc”2xd"2 +
Txaxckd™3) *gxcos (f*xx + e)”3 - 2%(80%a*c™4 + 144*a*xc”3%d + 83*a*xc™2*d™2 + 1
8*axcxd~3 + axd~4)*xgxcos(f*x + e)”2 - 4x(72*%axc™4 + 119%axc”3*d + 56*akxc”™2x
d~2 + T*axcxd~3)*gxcos(f*x + e) + (axc™4 + 4*a*xc™3xd + 6*axc™2xd"2 + 4*xaxcx
d"3 + a*d”4)*g)*sin(f*x + e))/(d"4*cos(f*x + e)~5 + (4*c*d™3 + d~4)*cos(f*x
+ e)74 + cT4 + 4xc”3xd + 6xc”2xd"2 + 4xcxd”3 + d74 - 2%(3%c”2+d"2 + d"4)*c
os(f*x + e)73 - 2%(2xc”3%d + 3*xc™2%d"2 + 4xc*d”"3 + d"4)*cos(f*x + e)”2 + (c
T4 + 6%c”2xd”2 + d”4)*cos(fxx + e) + (d74*cos(fxx + e)”4 - 4xc*kd™3*cos(f*x
+ e)73 + c74 + 4xc”3xd + 6xc”2xd"2 + 4xcxd”3 + d74 - 2x(3%c”2%d"2 + 2%c*d”3
+ d"4)*cos(f*x + e)”2 + 4x(c"3*d + c*d"3)*cos(f*x + e))*sin(f*x + e))))/((
axc”3 - akxckd"2)*fxg), -1/4x(sqrt(2)*(a*xc”™2 + axcx*d)*gxsqrt(-1/(a*xg))*1log((
4xsqrt (2) *(3*cos(f*x + e)72 + (3*cos(f*x + e) + 4)*sin(f*x + e) - cos(f*x +
e) - 4)xsqrt(a*sin(f*x + e) + a)*sqrt(g*sin(f*xx + e))*sqrt(-1/(axg)) + 17*
cos(f*x + e)73 + 3*cos(f*x + e)”2 + (17xcos(f*x + e)~2 + 14xcos(f*x + e) -
4)xsin(f*xx + e) - 18*cos(f*x + e) - 4)/(cos(f*x + e)~3 + 3*cos(f*x + e)”2 +
(cos(fxx + )72 - 2xcos(f*x + e) - 4)*sin(f*x + e) - 2*cos(f*x + e) - 4))
+ 2xsqrt((axc™2 + axc*d)*g)*d*arctan(1/4*x((8*%c”™2 + 8xc*d + d~2)*cos(f*x + e
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)72 - 9%c”2 - 8*cxd - d72 + 2x(4*c”2 + 3*ckd)*sin(fxx + e))*sqrt((a*c”2 + a
xcxd) xg) *sqrt (a*xsin(f*x + e) + a)*sqrt(gxsin(f*x + e))/((2%a*c™3 + 3*a*xc™2x%
d + axcxd"2)*gxcos(f*x + e)”3 + (axc”3 + axc™2x...

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
Va(sin(e+ fz)+1) \/gsin(e+ fz) (c+ dsin (e + fz))

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c+d*sin(fx*x+e))/(gxsin(f*x+e))**(1/2)/(ata*xsin(f*x+e))**(1/2),
x)

[Out] Integral(1l/(sqrt(a*(sin(e + fx*x) + 1))*sqrt(g*sin(e + f*x))*(c + dxsin(e +
fxx))), x)

Giac [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c+d*sin(f*x+e))/(gxsin(f*x+e))~(1/2)/(ata*sin(f*x+e))~(1/2),x,
algorithm="giac")
[Out] Timed out
Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
1

Vgsin(e+ fz) Va+asin(e+ fz) (c+dsin(e+ fx)) &

Verification of antiderivative is not currently implemented for this CAS.
[In] int(1/((g*sin(e + f*x))~(1/2)*(a + a*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x
))),x)

[Out] int(1/((g*sin(e + f*x))~(1/2)*(a + a*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x
))), %)
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f csc(e+fx) \/a + bSiH(G + fﬂ?) |

3.29 c+csin(e+fz) dz
Optimal. Leaf size=238
+b . + 1
E(i(e— 1+ f2)|2) Vatbsinfe+ fz) (@ —OFG(e—5+ o)1) \/“ S;nfb fz) +2aH(2; |
Cf\/a+b51n(e+fm) cfv/a+bsin(e + fz)
a+b

[Out] cos(f*x+e)*(a+b*sin(f*x+e))”~(1/2)/f/(c+c*sin(f*x+e))-(sin(1/2*e+1/4%Pi+1/2x%
fxx)~2)~(1/2)/sin(1/2*%e+1/4*Pi+1/2*f*x) *E1llipticE(cos(1/2*e+1/4*Pi+1/2*f*x)
,27(1/2)*%(b/(a+b)) " (1/2) ) *(a+bxsin(f*x+e)) ~(1/2) /c/f/ ((a+bxsin(f*x+e) )/ (a+b
))~(1/2)+(a-b)*(sin(1/2*e+1/4*Pi+1/2xf*x)~2)~(1/2) /sin(1/2*%e+1/4%Pi+1/2xf*x
)*EllipticF(cos(1/2xe+1/4%Pi+1/2*xf*xx),27(1/2)*(b/(a+b))~(1/2))*((at+b*sin (f*
x+e))/(a+b))~(1/2)/c/f/(a+bxsin(f*x+e) )~ (1/2)-2*a*x(sin(1/2xe+1/4*Pi+1/2*f*x
)"2)~(1/2)/sin(1/2%e+1/4*Pi+1/2xf*x)*E11lipticPi(cos(1/2*e+1/4*Pi+1/2xf*x) ,2
,27(1/2)*(b/ (at+b) )~ (1/2) ) *((atbxsin(f*x+e)) /(a+b) ) ~(1/2) /c/f/ (atb*sin(f*x+e
))~(1/2)

Rubi [A]

time = 0.34, antiderivative size = 238, normalized size of antiderivative = 1.00, number of

steps used = 9, number of rules used = 9, integrand size — 33, Rumber of rules = 0.273,
integrand size

Rules used = {3014, 2886, 2884, 2847, 2831, 2742, 2740, 2734, 2732}

a+bsin(e + fx) a+ bsin(e + fz)
cos(e + fz)+/a + bsin(e + fz) _(a—b) atb F(3 (e+fz——)\q)+ a+bsin(e + fr) E(3 (e+fz—1)\%)+2” at+b I(2; 3 (e+fz——)\%)
f(esin(e + fz) +¢) cf\/a+bsin(e + fz) f\/a+b5m e+ fx) cfv/a+bsin(e + fz)
a+b

Antiderivative was successfully verified.
[In] Int[(Cscle + f*x]*Sqrtla + b*Sinl[e + f*x]1)/(c + cxSinle + f*x]),x]

[Out] (EllipticE[(e - Pi/2 + fx*x)/2, (2*%b)/(a + b)]*Sqrt[a + b*Sin[e + fx*x]])/(c*
fxSqrt[(a + bxSin[e + f*x])/(a + b)]) - ((a - b)*EllipticF[(e - Pi/2 + f*x)

/2, (2%¥b)/(a + b)]1*Sqrt[(a + bxSin[e + f*x])/(a + b)])/(cxfxSqrt[a + b*Sin[

e + f*x]]) + (2*axEllipticPi[2, (e - Pi/2 + f*x)/2, (2*b)/(a + b)]*Sqrt[(a

+ b*Sin[e + f*x])/(a + b)])/(cxfxSqrt[a + b*Sin[e + f*x]]) + (Cos[e + f*x]*
Sqrt[a + bxSin[e + fxx]]1)/(f*x(c + cxSin[e + f*x]))

Rule 2732

Int[Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[2*(Sqrtl[a
+ b]/d)*EllipticE[(1/2)*(c - Pi/2 + d*x), 2*(b/(a + b))], x] /; FreeQ[{a,
b, c, d}, x] && NeQ[a"2 - b2, 0] && GtQ[a + b, 0]

Rule 2734
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Int[Sqrtl(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Dist[Sqrt([a +
b*Sin[c + d*x]]1/Sqrt[(a + b*Sin[c + d*x])/(a + b)], Int[Sqrtla/(a + b) + (b
/(a + b))*Sin[c + d*x]], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2,
0] & 'GtQ[a + b, 0]

Rule 2740

Int[1/Sqrtl(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/(d*S
grt[a + b]))*EllipticF[(1/2)*(c - Pi/2 + d*x), 2x(b/(a + b))], x] /; FreeQ[
{a, b, ¢, d}, x] && NeQ[a"2 - b"2, 0] && GtQ[a + b, O]

Rule 2742

Int[1/Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Dist[Sqrtl[(a
+ bxSin[c + d*x])/(a + b)]/Sqrt[a + b*Sin[c + d*x]], Int[1/Sqrtl[a/(a + b)
+ (b/(a + b))*Sin[c + d*x]], x], x] /; FreeQ[{a, b, ¢, d}, x] && NeQ[a"2 -
b"2, 0] && !'GtQ[a + b, 0]

Rule 2831

Int[((c_.) + (d_.)*sin[(e_.) + (£f_.)*(x_)]1)/Sqrtl(a_) + (b_.)*sin[(e_.) + (
f_.)*(x_)]], x_Symbol] :> Dist[(b*c - a*d)/b, Int[1/Sqrt[a + b*Sin[e + fx*x]
1, x], x] + Dist[d/b, Int[Sqrt[a + b*Sin[e + f*x]], x], x] /; FreeQ[{a, b,
c, d, e, £}, x] && NeQ[bxc - a*xd, 0] && NeQ[a"2 - b~2, 0]

Rule 2847

Int[((c_.) + (d_.)*sin[(e_.) + (f_)*(x_)1)"(m_)/((a_) + (b_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-b~2)*Cos[e + f*x]*((c + d*Sin[e + f*xx])~(
n + 1)/(axf*(b*c - a*d)*(a + b*Sin[e + f*x]))), x] + Dist[d/(ax(bxc - a*d))
, Int[(c + d*Sin[e + f*x]) n*(a*n - bx(n + 1)*Sin[e + f*x]), x], x] /; Free
Ql{a, b, c, d, e, f}, x] && NeQ[bxc - a*d, 0] && EqQ[a"2 - b~2, 0] && NeQlc
"2 - d72, 0] & LtQ[n, 0] &% (IntegerQ[2*n] || EqQ[c, 0])

Rule 2884

Int[1/(((a_.) + (b_.)*sin[(e_.) + (£_.)*(x_)1)*Sqrtl(c_.) + (d_.)*sin[(e_.)
+ (£_.)*(x_)1]), x_Symbol] :> Simp[(2/(f*x(a + b)*Sqrt[c + d]))*EllipticPil[
2x(b/(a + b)), (1/2)*(e - Pi/2 + f*xx), 2%(d/(c + d))], x] /; FreeQ[{a, b, ¢
, d, e, £}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 - b"2, 0] && NeQ[c"2 - 472,

0] && GtQlc + d, 0]

Rule 2886

Int[1/(((a_.) + (b_.)*sin[(e_.) + (£_.)*(x_)1)*Sqrtl(c_.) + (d_.)*sin[(e_.)
+ (f_.)*(x_)]1), x_Symbol] :> Dist[Sqrt[(c + d*Sin[e + f*x])/(c + d)]/Sqrt
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Int[1/((a + b*Sin[e + f*x])*Sqrtlc/(c + d) + (d/(c +

d))*Sin[e + f*x]1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c - a*xd

, 0] && NeQ[a~2 - b~2, 0] && NeQ[c™2 - d"2, 0] &&

Rule 3014

Int[Sqrtl(a_) + (b_.)*sin[(e_
) + (d_.)*sin[(e_

D+ (£_)*(x )11/ (sin[(e_
D+ (£_.)*(x_)]1)), x_Symbol]

1GtQ[c + d, 0]

Do+ (E_)*(x ) 1x((c
:> Dist[a/c, Int[1/(Sin[e +

f*x]*Sqrt[a + bxSin[e + f*x]1]1), x], x] + Dist[(b*c - a*d)/c, Int[1/(Sqrtla

+ bxSinf[e + f*x]]*(c + d*Sin[e + fx*xx])),

x], x] /; FreeQ[{a, b, c, 4, e, £

}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 - b~2, 0]

Rubi steps

dr =

csc(e + fr)y/a+ bsin(e + fx)
/ ¢+ csin(e + fx)

_ cos(e + fx)\/a + bsin(e + f:v)

- 2aH(2 (e— z +fx) a+b) \/

nallie- 5+ 12) |

a+b/ L
v/a + bsin(e + fz) (c+ csin(e +f:c))

—<— 7c sin(e+fx) dx ‘

bl \/a-l—bsm (e+ fx)

+_

f(c+ csin(e + fx)) c?

a+ bsin(e + fz)
a+b

+ cos(e + fz)\/

cf\/a+ bsin(e + fz) flc+cs

a+ bsin(e + fz)’
a+b

+ cos(e + fx)/
flc+cs

cf\/a+bsin(e + fr)

@-DF(e-3

cfv/

E(3(e— %+ fz)|2;) Va+bsin(e + fz)

f\/a—l-bsm e+ fz)
a+b

Mathematica [C] Result contains complex when optimal does not.
time = 16.36, size = 452, normalized size = 1.90

[‘ oo )

(T
el ("5
120 s (3o $2) | -8 (4 + ) /TR T T+ e (4 £2) +sn e+ £2)

Antiderivative was successfully verified.
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[In] Integrate[(Csc[e + f*x]*Sqrt[a + b*Sin[e + f*x]])/(c + c*Sin[e + f*x]),

x]

[Out] ((Cos[(e + fxx)/2] + Sin[(e + f#*x)/2])*(-8*Sin[(e + f#*x)/2]*Sqrt[a + b*Sin[

e + f*x]] + (Cos[(e + f*x)/2] + Sin[(e + £*xx)/2])*(((-2*I)*(-2*a*(a - b)*El
lipticE[I*ArcSinh[Sqrt[-(a + b)~(-1)]*Sqrt[a + b*Sin[e + f*x]]], (a + b)/(a
- b)] + b*(-2xa*EllipticF[I*ArcSinh[Sqrt[-(a + b)~(-1)]*Sqrt[a + bxSin[e +
fxx]]], (a2 + b)/(a - b)] + bxEllipticPi[(a + b)/a, I*ArcSinh[Sqrt[-(a + b)
~(-1)]1*Sqrt[a + bxSin[e + f*x]]1], (a + b)/(a - b)]))*Secle + f*xx]*Sqrt[-((b
*(-1 + Sinf[e + f*x]))/(a + b))]1*Sqrt[-((b*(1 + Sin[e + fx*x]))/(a - b))]1)/(a
*bxSqrt[-(a + b)~(-1)]) + 4xSqrt[a + b*Sin[e + f*x]] - (4*b*xEllipticF[(-2xe
+ Pi - 2xfxx)/4, (2*b)/(a + b)]1*Sqrt[(a + b*Sin[e + f*x])/(a + b)])/Sqrtla
+ bxSin[e + fxx]] - (2%(4xa + b)*EllipticPi[2, (-2%e + Pi - 2*f*x)/4, (2*b
)/(a + b)]*Sqrt[(a + b*Sin[e + f*x])/(a + b)])/Sqrt[a + b*Sinf[e + £*x]])))/
(4xcxfx(1 + Sin[e + fxx]))

Maple [A]
time = 33.06, size = 593, normalized size = 2.49

method | result

(—1—sin(fz+e

) \/a—l—b sin(fz+e) ‘ (1—sin(fz+e€))b ‘

2(%_1 a—b a+b

v

a—b

V/— (=bsin (fz +e) —a) (cos® (fz +e)) |-

V/— (~bsin (fz +€) — ¢

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+cxsin(f*x+e)),x,method=_RETURNVERB

OSE)

[Out] (-(-b*sin(f*x+e)-a)*cos(f*xx+e)~2)"(1/2)/cx(-2*x(1/b*a-1)*((a+b*sin(f*x+e))/(

a-b))~(1/2)*(1/(a+b) *(1-sin(f*x+e) ) *b) ~(1/2) *(1/(a-b) *(-1-sin(f*x+e) ) *b) ~ (1
/2)/ (-(-b*sin(f*x+e)-a)*cos(f*x+e)~2) " (1/2) *b*E1llipticPi (((atb*sin(f*x+e))/
(a-b))~(1/2) ,-(-1/b*a+1)*b/a, ((a-b) /(a+b) ) ~(1/2))+(-at+b) * (- (-b*sin (f*x+e) "2
—a*sin(f*x+e)+bxsin(f*x+e)+a)/(a-b)/((1+sin(f*x+e) ) *(sin(f*x+e)-1)*(~b*sin(
fxx+e)-a)) ~(1/2)-2*b/ (2*a-2xb) * (1/b*a-1) * ((a+b*sin(f*x+e))/(a-b)) ~(1/2)*(1/
(a+b) * (1-sin(f*x+e))*b)~(1/2)*(1/(a-b) *(-1-sin(f*x+e) ) *b) ~(1/2) /(- (~b*sin(f
*xx+e)-a)*cos (f*x+e) ~2) ~(1/2) *EllipticF (((a+b*sin(f*x+e))/(a-b))~(1/2), ((a-b
)/ (a+b))~(1/2))-b/(a-b)*(1/b*a-1)*((atb*sin(f*x+e))/(a-b))~(1/2)*(1/(a+b)*(
1-sin(f*x+e))*b) ~(1/2)*(1/(a-b)*(-1-sin(f*x+e) ) *b) ~(1/2) /(- (-b*sin(f*x+e)-a
)*cos (fxx+e)~2)~(1/2)*((-1/b*a-1)*E1llipticE(((a+b*sin(f*x+e))/(a-b))~(1/2),
((a-b)/(a+b))~(1/2))+EllipticF(((atb*sin(f*x+e))/(a-b))~(1/2),((a-b)/(atb))
~(1/2)))))/cos(f*x+e)/(atb*sin(f*x+e))~(1/2) /£

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+c*sin(f*x+e)),x, algorithm="
maxima")

[Out] integrate(sqrt(b*sin(f*x + e) + a)/((cksin(f*x + e) + c)*sin(f*x + e)), x)
Fricas [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*sin(f*x+e))”~(1/2)/sin(f*x+e)/(c+c*sin(f*x+e)),x, algorithm="
fricas")

[Out] Exception raised: TypeError >> Error detected within library code: faile
d of mode Union(SparseUnivariatePolynomial (SimpleAlgebraicExtension(InnerPr
imeField(17),SparseUnivariatePolynomial (InnerPrimeField(17)),?"2+2*?+13)),f
ailed)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

[ Va4 bsin (e + fz) d

sin? (e+ fz)+sin (e+fx)
C

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*sin(f*x+e))**(1/2)/sin(f*x+e)/(c+cksin(f*x+e)),x)
[Out] Integral(sqrt(a + b*sin(e + f*x))/(sin(e + f*x)**2 + sin(e + f*x)), x)/c
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+c*sin(f*x+e)),x, algorithm="
giac")

[Out] integrate(sqrt(b*sin(f*x + e) + a)/((cksin(f*x + e) + c)*sin(f*x + e)), x)
Mupad [F]

time = 0.00, size = -1, normalized size = -0.00

/ Va+bsin(e+ fx) d
sin(e+ fz) (c+csin(e+ fz))
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxsin(e + f*x))~(1/2)/(sin(e + f*x)*(c + c*sin(e + f*x))),x)
[Out] int((a + b*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c + c*xsin(e + f*x))), x)
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f csc(e+fx)‘ dx
\/CL + bsin(e + fSU) (ctcsin(e+fx))

Optimal. Leaf size=246

3.30

1 +b . + | 1 s
E(i(e—Z2+ fx) a+b) Va+bsin(e + fz) _F(ﬁ(e_ 5+ fz) a+b) \/a s;n—i(_eb fz) +2H(2;§(€— 5
a+ bsin(e + fz) cf+/a+ bsin(e + fz) cf

(a —b)cf "t

[Out] cos(f*x+e)*(atb*sin(f*x+e))~(1/2)/(a-b)/f/(ctc*sin(f*x+e))-(sin(1/2*%e+1/4*P
i+1/2%fxx)~2)~(1/2) /sin(1/2*e+1/4*Pi+1/2%f*x)*E1lipticE(cos(1/2*%e+1/4*%Pi+1/
2%f*xx) ,27(1/2)*(b/ (a+b) )~ (1/2)) *(a+b*sin(f*xx+e))~(1/2)/(a-b) /c/f/ ((a+b*sin(
fxx+e))/(a+b))~(1/2)+(sin(1/2%e+1/4*Pi+1/2x£f*x)~2)~(1/2) /sin(1/2*e+1/4*Pi+1
/2*xfxx)*E1lipticF (cos(1/2*%e+1/4*Pi+1/2*xf*x),27(1/2)*(b/(at+b))~(1/2))*((a+b*
sin(f*xx+e))/(a+b))~(1/2) /c/f/(a+b*sin(f*x+e))~(1/2)-2*(sin(1/2*%e+1/4*Pi+1/2
*xfxx)~2)~(1/2) /sin(1/2*%e+1/4*Pi+1/2%f*x)*E1lipticPi(cos(1/2*e+1/4*Pi+1/2%f*
x),2,27(1/2)*(b/(a+b) )~ (1/2) ) *((a+b*sin(f*x+e))/(a+b) )~ (1/2) /c/£f/(a+b*xsin(f
*x+e))~(1/2)

Rubi [A]

time = 0.33, antiderivative size = 246, normalized size of antiderivative = 1.00, number of

steps used = 9, number of rules used = 9, integrand size = 33, number of rules = 0.273,
integrand size

Rules used = {3020, 2886, 2884, 2847, 2831, 2742, 2740, 2734, 2732}

+bsin(e+ f +bsin(e + f z
cos(e + fz)\/a+bsin(e + fz) ‘ S::(_eb N F(zle+fz—3) 125 \/a+bsm(e+fz YE(A(e+ fr—13) IW) . 2¢/% Salrieb 7) 0(25(e+ fe—3)125)
f(a—b)(csin(e + fz) +c) cfv/a+bsin(e + fz) a+bs1n e+fz) cfv/a+bsin(e + fz)
cfla=b) a+b

Antiderivative was successfully verified.
[In] Int[Csc[e + f*x]/(Sqrt[a + b*Sin[e + f*x]]*(c + c*Sin[e + f*x])),x]

[Out] (EllipticE[(e - Pi/2 + f*x)/2, (2*b)/(a + b)1*Sqrtl[a + bxSin[e + f*x]]1)/((a
- b)*cxf*Sqrt[(a + bxSin[e + f*x])/(a + b)]) - (EllipticF[(e - Pi/2 + f*x)

/2, (2%¥b)/(a + b)]1*Sqrt[(a + bxSin[e + f*x])/(a + b)])/(cxfxSqrt[a + b*Sin[

e + £xx]]) + (2xEllipticPi[2, (e - Pi/2 + f*x)/2, (2*b)/(a + b)]*Sqrt[(a +
b*Sin[e + fxx])/(a + b)])/(c*f*Sqrt[a + b*Sin[e + f*x]]) + (Cos[e + f*x]*Sq

rt[a + bxSinle + f*x]]1)/((a - b)*f*(c + c*Sinfe + f*x]))

Rule 2732

Int[Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[2*(Sqrt[a
+ b]/d)*EllipticE[(1/2)*(c - Pi/2 + d*x), 2*(b/(a + b))], x] /; FreeQ[{a,
b, ¢, d}, x] && NeQ[a~2 - b~2, 0] && GtQ[a + b, 0]

Rule 2734
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Int[Sqrtl(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Dist[Sqrt([a +
b*Sin[c + d*x]]1/Sqrt[(a + b*Sin[c + d*x])/(a + b)], Int[Sqrtla/(a + b) + (b
/(a + b))*Sin[c + d*x]], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2,
0] & 'GtQ[a + b, 0]

Rule 2740

Int[1/Sqrtl(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/(d*S
grt[a + b]))*EllipticF[(1/2)*(c - Pi/2 + d*x), 2x(b/(a + b))], x] /; FreeQ[
{a, b, ¢, d}, x] && NeQ[a"2 - b"2, 0] && GtQ[a + b, O]

Rule 2742

Int[1/Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Dist[Sqrtl[(a
+ bxSin[c + d*x])/(a + b)]/Sqrt[a + b*Sin[c + d*x]], Int[1/Sqrtl[a/(a + b)
+ (b/(a + b))*Sin[c + d*x]], x], x] /; FreeQ[{a, b, ¢, d}, x] && NeQ[a"2 -
b"2, 0] && !'GtQ[a + b, 0]

Rule 2831

Int[((c_.) + (d_.)*sin[(e_.) + (£f_.)*(x_)]1)/Sqrtl(a_) + (b_.)*sin[(e_.) + (
f_.)*(x_)]], x_Symbol] :> Dist[(b*c - a*d)/b, Int[1/Sqrt[a + b*Sin[e + fx*x]
1, x], x] + Dist[d/b, Int[Sqrt[a + b*Sin[e + f*x]], x], x] /; FreeQ[{a, b,
c, d, e, £}, x] && NeQ[bxc - a*xd, 0] && NeQ[a"2 - b~2, 0]

Rule 2847

Int[((c_.) + (d_.)*sin[(e_.) + (f_)*(x_)1)"(m_)/((a_) + (b_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-b~2)*Cos[e + f*x]*((c + d*Sin[e + f*xx])~(
n + 1)/(axf*(b*c - a*d)*(a + b*Sin[e + f*x]))), x] + Dist[d/(ax(bxc - a*d))
, Int[(c + d*Sin[e + f*x]) n*(a*n - bx(n + 1)*Sin[e + f*x]), x], x] /; Free
Ql{a, b, c, d, e, f}, x] && NeQ[bxc - a*d, 0] && EqQ[a"2 - b~2, 0] && NeQlc
"2 - d72, 0] & LtQ[n, 0] &% (IntegerQ[2*n] || EqQ[c, 0])

Rule 2884

Int[1/(((a_.) + (b_.)*sin[(e_.) + (£_.)*(x_)1)*Sqrtl(c_.) + (d_.)*sin[(e_.)
+ (£_.)*(x_)1]), x_Symbol] :> Simp[(2/(f*x(a + b)*Sqrt[c + d]))*EllipticPil[
2x(b/(a + b)), (1/2)*(e - Pi/2 + f*xx), 2%(d/(c + d))], x] /; FreeQ[{a, b, ¢
, d, e, £}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 - b"2, 0] && NeQ[c"2 - 472,

0] && GtQlc + d, 0]

Rule 2886

Int[1/(((a_.) + (b_.)*sin[(e_.) + (£_.)*(x_)1)*Sqrtl(c_.) + (d_.)*sin[(e_.)
+ (f_.)*(x_)]1), x_Symbol] :> Dist[Sqrt[(c + d*Sin[e + f*x])/(c + d)]/Sqrt
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[c + dxSin[e + f*x]], Int[1/((a + b*Sin[e + f*x])*Sqrtlc/(c + d) + (d/(c +
d))*Sin[e + f*x]]1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[bxc - axd
, 0] && NeQ[a~2 - ™2, 0] && NeQ[c™2 - d"2, 0] && !GtQ[c + d, 0]

Rule 3020

Int[1/(sin[(e_.) + (f_.)*(x_)]1*Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1]1*(
(c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[1/c, Int[1/(Sin[e
+ fxx]*Sqrt[a + b*Sin[e + f*x]]), x], x] - Dist[d/c, Int[1/(Sqrt[a + b*Sin
[e + £*x]1*(c + d*Sinl[e + f*x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] &&
NeQ[b*c - axd, 0] && NeQ[a"2 - b~2, 0]

Rubi steps
csc(e+fx)

Ik -dx
csc(e + fx) dp — Va + bsin(e + fz) 1
/ Va+ bsin(e + fz) (c+ csin(e + fz)) c va+bsin(e + fz) (c+cs

7—7cs1n(e-|-fx)
_cos(e+fx)\/a+bsin(e—|—fx)‘ ] Va+ bsin(e + fz)
~ (a—0b)f(c+csin(e + fz)) (a —b)c?

211(2; 3 (e — 2 + fx) a+b) \/a—l—bsciln—ﬁeb-i- f2) cos(e +

cf\/a+bsin(e + fr) (a—1b

a+ bsin(e + fz)
211(2; 3(e — 5 + fx) a+b)\/ atb +cos(e+d

cf\/a+ bsin(e + fz) (a—1b

_E(3(e—3+ fz)|2y) Va+bsin(e+ fz) F(3(e—3%-

a+ bsin(e + fx - c,
a—bcf\/ a+b f)

Mathematica [C] Result contains complex when optimal does not.
time = 14.63, size = 462, normalized size = 1.88

Antiderivative was successfully verified.



177

[In] Integrate[Cscle + f*x]/(Sqrt[a + b*Sin[e + f*x]]*(c + cxSin[e + f*x])),

x]

[Out] ((Cos[(e + fxx)/2] + Sin[(e + f#*x)/2])*(-8*Sin[(e + f#*x)/2]*Sqrt[a + b*Sin[

e + f*x]] - (Cos[(e + f*x)/2] + Sin[(e + £*x)/2])*(((2*I)*(-2*ax(a - b)*Ell
ipticE[I*ArcSinh[Sqrt[-(a + b)~(-1)]1*Sqrt[a + b*Sin[e + f*x]]], (a + b)/(a
- b)] + b*(-2*a*EllipticF[I*ArcSinh[Sqrt[-(a + b)~(-1)]*Sqrt[a + bxSin[e +
fxx]]], (a + b)/(a - b)] + b*EllipticPi[(a + b)/a, I*ArcSinh[Sqrt[-(a + b)~
(-1)]1*Sqrt[a + b*Sinf[e + f*x]]], (a + b)/(a - b)]))*Sec[e + f£xx]*Sqrt[-((b*
(-1 + Sin[e + f*x]))/(a + b))]1*Sqrt[-((b*x(1 + Sin[e + f*x]))/(a - b))]1)/(ax
b*Sqrt[-(a + b)~(-1)]) - 4xSqrt[a + b*Sin[e + f*x]] + (4*bxEllipticF[(-2xe
+ Pi - 2+fxx)/4, (2*b)/(a + b)]*Sqrt[(a + b*Sin[e + f*x])/(a + b)])/Sqrtl[a
+ bxSin[e + fxx]] + (2%(4xa - 3*%b)*EllipticPi[2, (-2xe + Pi - 2xfx*x)/4, (2x
b)/(a + b)]*Sqrt[(a + b*Sin[e + f*x])/(a + b)])/Sqrt[a + bxSin[e + f*x]])))
/(4x(a - b)*cxfx(1 + Sinl[e + f*x]))

Maple [A]
time = 30.58, size = 587, normalized size = 2.39

method | result

(—1—sin(fz+e

) \/a—l—b sin(fz+e) ‘ (1—sin(fz+e€))b ‘

2(%_1 a—b a+b

v

a—b

V/— (=bsin (fz +e) —a) (cos® (fz +e)) |-

V= (~bsin(fz+e€) —a

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(f*x+e)/(c+c*sin(f*x+e))/(atb*sin(f*x+e))~(1/2),x,method=_RETURNVE

RBOSE)

[Out] (-(-b*sin(f*x+e)-a)*cos(f*xx+e)~2)"(1/2)/cx(-2*x(1/b*a-1)*((a+b*sin(f*x+e))/(

a-b))~(1/2)*(1/(a+b) *(1-sin(f*x+e) ) *b) ~(1/2) *(1/(a-b) *(-1-sin(f*x+e) ) *b) ~ (1
/2)/ (-(-b*sin(f*x+e)-a)*cos(f*x+e)~2)~(1/2)*b/a*E1llipticPi(((at+b*sin(f*x+e)
)Y/ (a-b))~(1/2),-(-1/b*a+1)*b/a, ((a-b)/(a+b) )~ (1/2))+(-b*xsin(f*x+e) ~"2-a*xsin(
f*x+e)+b*sin(f*x+e)+a)/(a-b)/((1+sin(f*x+e)) *(sin(f*x+e)-1) *(~b*sin(f*x+e) -
a))~(1/2)+2%b/ (2*¥a-2xb) * (1/b*a-1) * ((at+tb*sin(f*x+e))/(a-b)) ~(1/2) *(1/ (at+b) *(
1-sin(f*x+e))*b) " (1/2)*(1/(a-b) *(-1-sin(f*x+e))*b) ~(1/2) /(- (-b*sin(f*x+e)-a
)*xcos (f*x+e)~2)~(1/2)*EllipticF(((a+b*sin(f*x+e))/(a-b))~(1/2), ((a-b)/(a+b)
)~(1/2))+b/(a-b)*(1/b*a-1) * ((a+b*sin(f*x+e))/(a-b))~(1/2)*(1/(a+b) *(1-sin(f
*x+e) ) *b) ~(1/2)*(1/(a-b)*(-1-sin(f*x+e) ) *b) ~(1/2) /(- (-b*sin(f*x+e) -a) *cos (f
xx+e) ~2) " (1/2)*((-1/b*a-1)*E1llipticE(((a+b*sin(f*x+e))/(a-b))~(1/2), ((a-b)/
(a+b))~(1/2))+E1llipticF(((at+b*sin(f*x+e))/(a-b))~(1/2), ((a-b)/(a+b))~(1/2))
))/cos(fxx+e)/(a+bxsin(fxx+e))~(1/2) /£

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/sin(fx*x+e)/(c+cxsin(f*x+e))/(a+b*sin(f*x+e))~(1/2),x, algorithm
="maxima")

[Out] integrate(1/(sqrt(b*sin(f*x + e) + a)*(c*sin(f*x + e) + c)*sin(f*x + e)), x

)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/sin(f*x+e)/(c+c*sin(f*x+e))/(a+b*sin(f*x+e))~(1/2),x, algorithm
="fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

dz

1
f \/CL + bsin (6 + fIE) | sin? (e+fx)+ \/a + bsin (6 + fx) | sin (e+fx)
C

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(c+c*sin(f*x+e))/(a+b*sin(f*x+e))**(1/2),x)

[Out] Integral(l/(sqrt(a + bxsin(e + f*x))*sin(e + f*x)**2 + sqrt(a + b*sin(e + f
*xx))*sin(e + f*x)), x)/c

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(c+c*sin(f*x+e))/(a+b*sin(f*x+e))~(1/2),x, algorithm
="giac")

[Out] integrate(1/(sqrt(b*sin(f*x + e) + a)*(c*ksin(f*x + e) + c)*sin(f*x + e)), x
)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
/ 1
sin(e+ fx) Va+bsin(e+ fzr) (c+csin(e+ fx))

dz
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(e + f*x)*(a + bxsin(e + f*x))~(1/2)*(c + c*sin(e + f*x))),x)
[Out] int(1/(sin(e + f*x)*(a + b*sin(e + f*x))~(1/2)*(c + c*sin(e + f*x))), x)
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3.31 [ \/gsin(e—|—fx)\/a—|—bsin(e+fa:)‘ I

ctcsin(e+f)

Optimal. Leaf size=267

b .. 1 (Va+b+/gsin(e+ fz) a a(l—sin(e+fa:))‘ a(l+sin(e + f
2ﬁﬂ(aibas1n ! (ﬁ\/a—i—bsin(e-l‘fx)) |- a—i—g) SeC(e—l-fCB)\/ a + bsin(e + fz) \/ a+ bsin(e + f

va+bcf

[Out] 2xEllipticPi((a+b)~(1/2)*(g*sin(f*x+e))~(1/2)/g~(1/2)/(atb*sin(f*x+e))~(1/2
),b/(a+b) , ((-a+b)/(a+b)) ~(1/2)) *sec(f*x+e) * (a+b*sin(f*x+e) ) *g~(1/2) *(ax(1-s
in(f*x+e))/(atb*sin(f*x+e))) ~(1/2)*(a*(1+sin(f*x+e))/(a+tb*sin(f*x+e)))~(1/2
)/c/f/(a+b)~(1/2)+gxEllipticE(cos (f*x+e)/(1+sin(f*x+e)), ((-a+b)/(a+b))~(1/2
))*(sin(f*x+e)/(1+sin(f*x+e)) )~ (1/2)*(atb*sin(f*x+e))~(1/2)/c/f/(gksin(f*x+
e))~(1/2)/((a+bxsin(f*x+e))/(at+b)/(1+sin(f*x+e)))~(1/2)

Rubi [A]
time = 0.34, antiderivative size = 267, normalized size of antiderivative = 1.00, number of

number of rules — 0.077,
’ integrand size

steps used = 3, number of rules used = 3, integrand size = 39
Rules used = {3007, 2890, 3011}

(H»fr) _a-b (1 fz)) |a(sin +f)+1) n(Y \gsin(e + fz)
g (+f Va+bsinfe+ fz) E(AS( H)‘m)fﬁ e+ 1257 \/+b e+ fa) 0% Hf)m( As(f\/+b (et fo) ) )
<+f>‘ N
NWV M) Py

Antiderivative was successfully verified.
[In] Int[(Sqrtlg*Sinl[e + f*x]]1*Sqrt[a + b*Sin[e + f*x]])/(c + c*Sinl[e + f*x]),x]

[Out] (2xSqrt[gl*EllipticPi[b/(a + b), ArcSin[(Sqrt[a + b]l*Sqrt[g*Sin[e + f*x]])/
(Sqrt[g]l *Sqrt[a + bxSin[e + f*x]]1)], -((a - b)/(a + b))]I*Sec[e + f*xx]*Sqrt[

(ax(1 - Sin[e + f*x]))/(a + bxSin[e + fxx])]*Sqrt[(a*x(1 + Sin[e + f*x]))/(a

+ b*Sin[e + f*x])]*(a + b*Sin[e + f*x]))/(Sqrtla + bl*c*f) + (g*EllipticE[
ArcSin[Cos[e + f*x]/(1 + Sin[e + f*x])], -((a - b)/(a + b))]*Sqrt[Sin[e + £
*x]/(1 + Sin[e + f*x])]*Sqrt[a + bxSin[e + f*x]])/(cxfxSqrt[g*Sin[e + fxx]]
xSqrt[(a + bxSin[e + f*x])/((a + b)*(1 + Sin[e + f*x]))])

Rule 2890

Int[Sqrt[(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]11/Sqrt[(c_.) + (d_.)*sin[(e_.)
+ (£f_.)*(x_)]], x_Symbol] :> Simp[2*((a + b*Sin[e + fx*x])/(d*f*Rt[(a + b)/
(c + d), 2]*Cos[e + f*x]))*Sqrt[(b*c - a*d)*((1 + Sin[e + f*x])/((c - d)*(a
+ bxSin[e + f*x])))]*Sqrt[(-(bxc - a*d))*((1 - Sin[e + f*x])/((c + d)*(a +
bxSin[e + f*x])))]*EllipticPi[b*((c + d)/(d*x(a + b))), ArcSin[Rt[(a + b)/(
c + d), 2]*(Sqrtlc + d*Sin[e + f*x]]/Sqrt[a + bxSin[e + fxx]1)], (a - b)*((
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c+d)/((a+b)x(c - D)), x] /; FreeQl[{a, b, c, d, e, £}, x] && NeQ[bxc -
a*d, 0] && NeQ[a"2 - b~2, 0] && NeQ[c™2 - 4”2, 0] && PosQ[(a + b)/(c + d)]

Rule 3007

Int [(Sqrt[(g_.)*sinl(e_.) + (f_.)*(x_)11*Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.
)*(x )11)/((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]), x_Symbol] :> Dist[g/d, In
t[Sqrt[a + b*Sin[e + f*x]]/Sqrtlg*Sinl[e + f*x]], x], x] - Dist[c*(g/d), Int
[Sgrt[a + b*Sin[e + f*x]]/(Sqrt[g*Sinle + f*x]]*(c + d*Sinl[e + f*x])), x],
x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[bxc - a*d, 0] && (EqQ[a"2 - b~
2, 0] || EqQlc™2 - a~2, 01)

Rule 3011

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(Sqrtl(g_.)*sin[(e_.) + (f_.
)*(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Simp[(-Sqrt[
a + bxSin[e + fxx]]1)*(Sqrt[d*(Sin[e + f*x]/(c + d*Sin[e + fx*x]))]/(d*f*Sqrt
[g*Sin[e + f*x]]*Sqrt[c”2*((a + b*Sin[e + f*x])/((a*c + b*d)*(c + d*Sin[e +
£%x])))]1))*EllipticE[ArcSin[c*(Cos[e + f*x]/(c + d*Sin[e + f*x]))], (b*c -
axd)/(bxc + axd)], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b*c - axd,
0] && NeQ[a"2 - b~2, 0] && EqQ[c~2 - d~2, 0]

Rubi steps
gf Ve
/ \/gsm (e+ fx) \/a-l—bsm(e-l-fx) dr = — \/a-l-bsm(e-l-fz) dz | + \/;
¢+ csin(e + fx) Vgsin(e + fz) (c+ csin(e + fx))

b1 Vatb \/gsin(e+fw)> am b)
2ﬁl’[(a+b,51n <\/g—\/a+bsin(e+fz) =% ) secl

Mathematica [C] Result contains complex when optimal does not.
time = 87.34, size = 13199, normalized size = 49.43

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(Sqrt[g*Sin[e + f*x]]*Sqrt[a + b*Sin[e + fx*x]])/(c + c*Sin[e + fx
x]) ,x]
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[Out] Result too large to show

Maple [C] Result contains complex when optimal does not.
time = 0.96, size = 22961, normalized size = 86.00

method | result size
default | Expression too large to display | 22961

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(f*x+e))~(1/2)*(a+b*sin(f*x+e))~(1/2)/(c+c*ksin(f*x+e)),x,method=_
RETURNVERBOSE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)*(a+b*sin(f*x+e))~(1/2)/(c+c*sin(f*x+e)),x, a
lgorithm="maxima")

[Out] integrate(sqrt(b*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))/(cxsin(f*x + e) + ¢
), X)

Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)*(atbxsin(f*x+e))~(1/2)/(c+c*sin(f*x+e)),x, a
lgorithm="fricas")

[Out] integral(sqrt(b*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))/(c*sin(f*x + e) + c)
» X)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

i Vgsin (e + fzx) \/a+ bsin (e + fz) d

sin (e+fxz)+1
C

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((g*sin(f*x+e))**(1/2)*(a+b*sin(f*x+e))**(1/2)/(c+cxsin(f*x+e)) ,x)
[Out] Integral(sqrt(g*sin(e + f*x))*sqrt(a + b*sin(e + f*x))/(sin(e + f*x) + 1),
x)/c

Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)*(a+bxsin(f*x+e))~(1/2)/(c+c*sin(f*x+e)),x, a
lgorithm="giac")

[Out] integrate(sqrt(b*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))/(c*sin(f*x + e) + c
), X)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/\/g sin(e+ fr) ya+bsin(e+ fz)
. dx
c+csin(e+ fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((g*sin(e + f*x))~(1/2)*(a + b*sin(e + £*x))~(1/2))/(c + c*sin(e + f*x)
), %)
[Out] int(((g*sin(e + f*x))~(1/2)*(a + bxsin(e + f*x))~(1/2))/(c + c*sin(e + f*x)
), X)
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[ \/a—|—bsm(e—|—fx)
\/g SlIl e+ f.CE) (c+csin(e+f))

Optimal. Leaf size=116

3.32 dx

s —1 cos(e+fx) __a=b Sil’l(e + f:I"
E(sm <—1+sin(e+fz)> | a+b> \/1 +sin(e + f2) \/a-l-bsm( + fz)

of /—gsm(e+fx \/ a+ bsin(e + fz)

+b)(1 +sin(e + fz))

[Out] -EllipticE(cos(f*x+e)/(1+sin(f*x+e)), ((-a+b)/(a+b))~(1/2))*(sin(f*x+e)/(1+s
in(f*x+e)))~(1/2)*(a+b*sin(f*x+e)) ~(1/2)/c/f/(g*sin(f*x+e)) ~(1/2)/((a+b*sin
(fxx+e))/(a+b)/(1+sin(f*x+e)))~(1/2)

Rubi [A]
time = 0.13, antiderivative size = 116, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.026,

steps used = 1, number of rules used = 1, integrand size = 39
Rules used = {3011}

sin(e + fx) | : cos(e+fz) _a—b
[T e o s ) -5

Cf\/gSIIl(e——l—f(L'\/ a+bsm(e+fx)

a+b)(sin(e + fz) + 1)

Antiderivative was successfully verified.
[In] Int([Sqrt[a + b*Sin[e + f*x]]/(Sqrtlg*Sin[e + f*x]]1*(c + c*Sin[e + f*x])),x]

[Out] -((EllipticE[ArcSin[Cos[e + f*x]/(1 + Sin[e + f*x])], -((a - b)/(a + b))]I*S
qrt[Sin[e + f*x]/(1 + Sin[e + f*x])]*Sqrt[a + b*Sin[e + f*x]])/(cxf*Sqrt[g*
Sin[e + f*x]]*Sqrt[(a + bxSin[e + f*x])/((a + b)*(1 + Sin[e + f*x]))]))

Rule 3011

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(Sqrtl(g_.)*sin[(e_.) + (f_.
)*x(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Simp[(-Sqrt[
a + bxSin[e + fxx]])*(Sqrt[d*(Sin[e + f*x]/(c + d*Sin[e + fx*x]))]/(d*f*Sqrt
[g*Sin[e + f*x]]*Sqrt[c™2*((a + b*Sin[e + f*x])/((a*c + b*d)*(c + d*Sin[e +
£xx])))]1))*EllipticE[ArcSin[c*(Cos[e + f*x]/(c + d*Sin[e + f*xx]))], (b*c -
axd)/(bxc + axd)], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b*c - axd,
0] && NeQ[a"2 - b~2, 0] && EqQ[c~2 - d~2, 0]

Rubi steps



185

1+ sin(e + fx)

of /—gsme—l-fw \/ a+ bsin(e + fx)

a+ b)(1+sin(e + fz))

|
. _ sin(e + fz .
E(sm_1 <%) —%) \/ ( fz) v/ a + bsin

Va+ bsin(e + fz)

Vgsin(e + fzx) (c+ csin(e +fx))

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 3415 vs.
2(116) = 232.
time = 84.59, size = 3415, normalized size = 29.44

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[a + b*Sin[e + fx*x]]/(Sqrt[g*Sin[e + f*x]]*(c + c*Sin[e + f*x
1)) ,x]

[Out] (-2*Sin[(e + f*x)/2]*(Cos[(e + f*x)/2] + Sin[(e + f*x)/2])#*Sin[e + f*x]*Sqr
t[a + b*Sin[e + f*x]])/(f*Sqrt[g*Sin[e + f*x]]1*(c + c*Sin[e + f*x])) + ((Co
s[(e + £*xx)/2] + Sin[(e + f*x)/2])~2*Sqrt[a + b*Sin[e + f*xx]]*((a*Sqrt[Sin[
e + fxx]])/(2xSqrt[a + b*Sin[e + f*x]]) - (b*Sqrt[Sin[e + fx*x]])/(2%Sqrt[a
+ bxSin[e + fxx]]) + (axCot[(e + f*x)/2]*Sqrt[Sin[e + f*x]])/(2*Sqrt[a + bx
Sin[e + f*x]]) + (b*Cot[(e + f*x)/2]*Sqrt[Sin[e + f*x]])/(2xSqrt[a + b*Sin[
e + £xx]]) - (bxCos[(3*(e + f*x))/2]*Csc[(e + fxx)/2]*Sqrt[Sin[e + £*x]]1)/(
2xSqrt[a + b*Sin[e + fx*x]]) + (bxCsc[(e + f*x)/2]*Sqrt[Sin[e + f*x]]*Sin[(3
x(e + £*x))/2])/(2xSqrt[a + b*Sin[e + f*x]]1))*(1 - Cos[e + f*x] + Sin[e + £
*xx] - (2%ax(EllipticE[ArcSin[Sqrt[(-b + Sqrt[-a"2 + b~2] - a*Tan[(e + f*x)/
21)/Sqrt[-a~2 + b~2]1]1/Sqrt[2]1], (2%Sqrt[-a~2 + b~2])/(-b + Sqrt[-a~2 + b~2]
)1*Tan[(e + f*x)/2] + EllipticF[ArcSin[Sqrt[(b + Sqrt[-a”2 + b~2] + a*Tan[(
e + f*x)/2])/Sqrt[-a~2 + b~2]]1/Sqrt[2]]1, (2xSqrt[-a~2 + b~2])/(b + Sqrt[-a~
2 + b"2])]*Sqrt[(a*xTan[(e + f*x)/2])/(-b + Sqrt[-a"2 + b~2])]*Sqrt[-((a*Tan
[(e + £*x)/2])/(b + Sqrt[-a"2 + b~2]))]1))/(Sqrt[-a~2 + b~2]*Sqrt[(a*Sec[(e
+ fxx)/2]"2x(a + bxSin[e + f*x]))/(a"2 - b~2)]1*Sqrt[(a*Tan[(e + £*x)/2])/(-
b + Sqrt[-a~2 + b72]1)])))/(f*Sqrt[g*Sin[e + f*x]]1*(c + c*Sin[e + f*xx])*((b*
Cos[e + f*x]*(1 - Cos[e + fxx] + Sin[e + fxx] - (2*ax(EllipticE[ArcSin[Sqrt
[(-b + Sqrt[-a”2 + b~2] - axTan[(e + f*x)/2])/Sqrt[-a”2 + b~2]]1/Sqrt[2]1], (
2xSqrt[-a”2 + b~2])/(-b + Sqrt[-a"2 + b~2])]*Tan[(e + f*x)/2] + EllipticF[A
rcSin[Sqrt[(b + Sqrt[-a”2 + b~2] + a*Tan[(e + fx*x)/2])/Sqrt[-a~2 + b~2]]1/Sq
rt[2]], (2#Sqrt[-a~2 + b~2])/(b + Sqrt[-a"2 + b~2])]*Sqrt[(a*Tan[(e + f*x)/
2])/(-b + Sqrt[-a”2 + b~2])]*Sqrt[-((a*Tan[(e + f*x)/2])/(b + Sqrt[-a~2 + b
~21))1))/(Sqrt[-a"2 + b~2]*Sqrt[(a*Sec[(e + f*x)/2]"2*(a + b*Sin[e + f*x]))
/(@2 - b"2)]*Sqrt[(a*Tan[(e + f*x)/2])/(-b + Sqrt[-a~2 + b~2])])))/(2*Sqrt



186

[Sin[e + f*x]]*Sqrt[a + b*Sin[e + fx*x]]) - (Cos[e + f*x]*Sqrt[a + bxSin[e +
fxx]]*(1 - Cos[e + fxx] + Sin[e + fxx] - (2*ax(EllipticE[ArcSin[Sqrt[(-b +
Sqrt[-a”2 + b~2] - a*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]1/Sqrt[2]], (2*Sqrt
[-a"2 + b72])/(-b + Sqrt[-a~"2 + b~2])]*Tan[(e + f*x)/2] + EllipticF[ArcSin[
Sqrt[(b + Sgrt[-a~2 + b"2] + a*Tan[(e + f#*x)/2])/Sqrt[-a~2 + b~2]]/Sqrt[2]]
, (2x%Sqrt[-a”2 + b"2])/(b + Sqrt[-a”2 + b~2])]x*Sqrt[(a*Tanl[(e + f*x)/2])/(-
b + Sqrt[-a~2 + b~2])]1*Sqrt[-((a*Tan[(e + £*x)/2])/(b + Sqrt[-a~2 + b~2]))]
))/(Sqrt[-a~2 + b~2]*Sqrt[(axSec[(e + f*x)/2]"2x(a + bxSin[e + fxx]))/(a"2
- b"2)]*Sqrt[(a*Tan[(e + f*x)/2])/(-b + Sqrt[-a~2 + b~2])]1)))/(2*Sin[e + fx*
x]17(3/2)) + (Sgrtl[a + bxSin[e + f*x]]*(Cos[e + f*x] + Sin[e + f*x] + (a~2*S
ec[(e + f*x)/2]"2%(EllipticE[ArcSin[Sqrt[(-b + Sqrt[-a~2 + b~2] - ax*Tan[(e
+ f*x)/2])/Sqrt[-a~2 + b~2]]1/Sqrt[2]], (2xSqrt[-a”2 + b~2])/(-b + Sqrt[-a”2
+ b~2])]*Tan[(e + f*x)/2] + EllipticF[ArcSin[Sqrt[(b + Sqrt[-a”2 + b~2] +
a*Tan[(e + fx*x)/2])/Sqrt[-a~2 + b~2]]1/Sqrt[2]], (2*Sqrt[-a"2 + b"2])/(b + S
grt[-a~”2 + b~2])]*Sqrt[(a*Tan[(e + f*x)/2])/(-b + Sqrt[-a~2 + b~2])]1*Sqrt[-
((a*Tan[(e + f*x)/2])/(b + Sqrt[-a”2 + b~2]))]1))/(2xSqrt[-a"2 + b~2]*(-b +
Sqrt[-a~2 + b~2])*Sqrt[(axSec[(e + f*x)/2]"2x(a + b*Sin[e + f*x]))/(a"2 - b
~2)]1*((a*Tan[(e + £*x)/2])/(-b + Sqrt[-a"2 + b~2]))~(3/2)) + (ax((a*b*Cos[e
+ fxx]*Sec[(e + f*x)/2]172)/(a”2 - b~2) + (a*Sec[(e + f*x)/2]"2x(a + b*Sin[
e + fxx])*Tan[(e + £*x)/2])/(a"2 - b~2))*(EllipticE[ArcSin[Sqrt[(-b + Sqrt[
-a”2 + b~2] - a*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]1/Sqrt[2]], (2*Sqrt[-a~2
+ b~2])/(-b + Sqrt[-a”2 + b~2])]*Tan[(e + f*x)/2] + EllipticF[ArcSin[Sqrt[(
b + Sqrt[-a~2 + b"2] + a*Tan[(e + f#*x)/2])/Sqrt[-a~2 + b~2]]/Sqrt[2]], (2%S
qrt[-a~2 + b~2])/(b + Sqrt[-a~"2 + b~2])]*Sqrt[(a*Tan[(e + £*x)/2])/(-b + Sq
rt[-a”2 + b"2])]*Sqrt[-((a*Tan[(e + f*x)/2])/(b + Sqrt[-a”2 + b~2]))1))/(Sq
rt[-a”2 + b"2]*((a*Sec[(e + f*x)/2]"2*(a + b*Sin[e + f*x]))/(a”2 - b™2))~(3
/2)*Sqrt [(a*Tan[(e + £*x)/2])/(-b + Sqrt[-a"2 + b~2])]) - (2*a*x((EllipticE[
ArcSin[Sqrt[(-b + Sqrt[-a~2 + b~2] - a*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]/
Sqrt[2]], (2xSqrt[-a”2 + b~2])/(-b + Sqrt[-a"2 + b~2])]*Sec[(e + f*x)/2]72)
/2 - (a*EllipticF[ArcSin[Sqrt[(b + Sqrt[-a"2 + b~2] + a*Tan[(e + f*x)/2])/S
qrt[-a~2 + b~2]1/8qrt[2]], (2#Sqrt[-a~2 + b~2])/(b + Sqgrt[-a~2 + b~2])]*Sec
[(e + f*x)/2]"2+Sqrt[(a*xTan[(e + f*x)/2])/(-b + Sqrt[-a~2 + b~2])]1)/(4x(b +
Sqrt[-a~2 + b~2])*Sqrt[-((axTan[(e + f*x)/2])/(b + Sqrt[-a"2 + b~2]))]1) +
(axEllipticF[ArcSin[Sqrt[(b + Sqrt[-a"2 + b~2] + a*Tan[(e + f*x)/2])/Sqrt[-
a”2 + b~2]]1/8qrt[2]], (2*Sqrt[-a~2 + b~2])/(b + Sqrt[-a”2 + b~2])]*Sec[(e +
f*xx) /2] "2*Sqrt [-((a*Tan[(e + £*x)/2])/(b + Sqrt[-a”2 + b72]1))])/(4*x(-b + S
qrt[-a”2 + b~2])*Sqrt[(a*Tan[(e + £*x)/2])/(-b + Sqrt[-a"2 + b~2])]) - (a*S
ec[(e + f*x)/2]"2+Tan[(e + f*x)/2]*Sqrt[1 - (-b + Sqrt[-a"2 + b~2] - a*Tanl[
(e + £*x)/2]1)/(-b + Sqrt[-a~2 + b~2])]1)/(4*Sqrt[2]*Sqrt[-a~2 + b~2]*Sqrt[(-
b + Sqrt[-a”2 + b~2] - a*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]*Sqrt[1 - (-b +
Sqrt[-a”2 + b~2] - axTan[(e + f*x)/2])/(2%Sqrt[-a"2 + b~2])]) + (a*Sec[(e
+ fxx)/2]"2*%Sqrt[(a*Tan[(e + f*x)/2])/(-b + Sqr...

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 6803 vs.
2(108) = 216.
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time = 0.33, size = 6804, normalized size = 58.66

method | result size
default | Expression too large to display | 6804

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atbxsin(f*x+e))~(1/2)/(c+c*ksin(f*x+e))/(gxsin(f*x+e))~(1/2),x,method=_
RETURNVERBOSE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*sin(f*x+e))”(1/2)/(c+c*sin(f*x+e))/(gxsin(f*x+e))~(1/2),x, a
lgorithm="maxima")

[Out] integrate(sqrt(b*sin(f*x + e) + a)/((cxsin(f*x + e) + c)*sqrt(g*sin(f*x + e
))), %)

Fricas [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*sin(f*x+e))~(1/2)/(ctc*sin(f*x+e))/(gxsin(f*x+e))~(1/2),x, a
lgorithm="fricas")

[Out] integral(-sqrt(b*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))/(cxgxcos(f*x + e)~2
- cxgxsin(f*x + e) - c*g), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
li Va4 bsin (e + fz) dx
V/gsin (e + fz) sin(etfz)++/gsin (e + fx)
c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*sin(f*x+e))**(1/2)/(c+cxsin(f*x+e))/(gxsin(f*x+e))**(1/2),x)
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[Out] Integral(sqrt(a + b*sin(e + f*x))/(sqrt(g*sin(e + f#*x))*sin(e + f*x) + sqrt
(gxsin(e + f*x))), x)/c

Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*sin(f*x+e))”(1/2)/(ctcksin(f*x+e))/(g*xsin(f*x+e))~(1/2),x, a
lgorithm="giac")

[Out] integrate(sqrt(b*sin(f*x + e) + a)/((cxsin(f*x + e) + c)*sqrt(g*sin(f*x + e

))), %)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

\/a-l-bsm(e—l—f:c)
Vgsin(e+ fz) (c+csin(e+ fz))

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*sin(e + £*x))~(1/2)/((g*sin(e + f*x))~(1/2)*(c + c*sin(e + f*x))
) %)
[Out] int((a + b*sin(e + fx*x))~(1/2)/((g*sin(e + £*x))~(1/2)*(c + c*sin(e + f*x))
), %)
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I v/ gsin(e + fx) I
\/CL + bSlIl 6 + fﬂ?) (c+csin(e+fx))

Optimal. Leaf size=252

3.33

i cos(e+fx a— sin 6+.fx CSC +
gE(sm 1 (ﬁ) |—a—+2> \/ ( \/a—l-bsm(e—i-fz) 2va + b \/‘\/ et fz

1+ sin(e + fx)

(a—b)cf /—gsme+fx \/ a+ bsin(e + fx)

+b)(1 +sin(e + fz))

[Out] g*EllipticE(cos(f*x+e)/(1+sin(f*x+e)), ((-a+b)/(a+b))~(1/2))*(sin(f*x+e)/(1+
sin(f*x+e))) " (1/2)*(a+b*sin(f*x+e))~(1/2)/(a-b)/c/f/(gxsin(f*x+e))~(1/2)/((
a+bxsin(f*x+e))/(a+b)/(1+sin(f*x+e)))~(1/2)-2*%E1llipticF(g~(1/2)* (a+b*sin(£f*
x+e))~(1/2)/(a+b)~(1/2) / (gxsin(f*x+e)) ~(1/2), ((-a-b)/(a-b))~(1/2) )*(a+b) ~ (1
/2)xg~(1/2)*(a*(1-csc(f*x+e))/(a+b) )~ (1/2) *(ax(1+csc(f*x+e))/(a-b))~(1/2) *t
an(f*x+e)/(a-b)/c/f

Rubi [A]

time = 0.33, antiderivative size = 252, normalized size of antiderivative = 1.00, number of

number of rules
> integrand size = 0.077,

steps used = 3, number of rules used = 3, integrand size = 39
Rules used = {3015, 2895, 3011}

sin(e + fz)
sin(e + fz) +1

ofla—b) /oo T T \/M

VaT b 72 B ArcSin 2L ) |-a2) zfﬁmufz)f‘“ cee(e + f2) \/(CSC( LD snosn( YLLE I T ) o)
=

)(sin(e + fz) +1)

Antiderivative was successfully verified.
[In] Int[Sqrtlg*Sin[e + f*x]]1/(Sqrt[a + b*Sin[e + f*x]]1*(c + c*Sinl[e + f*x])),x]

[Out] (gxEllipticE[ArcSin[Cos[e + f*x]/(1 + Sin[e + f*x])], -((a - b)/(a + b))]I*S
qrt[Sin[e + f*x]/(1 + Sin[e + f*x])]*Sqrt[a + b*Sin[e + f*x]])/((a - b)*cxf

*xSqrt [g*xSin[e + fxx]]*Sqrt[(a + b*Sin[e + f*x])/((a + b)*(1 + Sin[e + f*x])

)1) - (2xSqrtl[a + bl*Sqrt[gl*Sqrt[(ax(1 - Cscle + f*x]))/(a + b)1*Sqrt[(a*(

1 + Cscle + f*x]))/(a - b)]*EllipticF[ArcSin[(Sqrt[g]l*Sqrt[a + b*Sin[e + f*
x]]1)/(Sqrt[a + bl*Sqrt[g*Sin[e + f*x]]1)], -((a + b)/(a - b))]*Tan[e + f*x])

/((a - b)*cxf)

Rule 2895

Int[1/(Sqrt[(d_.)*sin[(e_.) + (£f_.)*(x_)]1*Sqrtl[(a_) + (b_.)*sin[(e_.) + (£
_)*(x_)11), x_Symbol] :> Simp[-2*(Tan[e + f*x]/(axf))*Rt[(a + b)/d, 2]*Sqr
t[ax((1 - Cscle + f*x])/(a + b))I*Sqrt[ax((1 + Cscl[e + f*x])/(a - b))]I*Elli
pticF[ArcSin[Sqrt[a + b*Sin[e + fx*x]]/Sqrt[d*Sin[e + f*x]]/Rt[(a + b)/d, 2]
1, -(a+b)/(a -b)l, x] /; FreeQ[{a, b, d, e, f}, x] & NeQ[a~2 - b~2, 0]
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&& PosQ[(a + b)/d]

Rule 3011

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(Sqrtl(g_.)*sin[(e_.) + (f_.
)*(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Simp[(-Sqrt[
a + bxSin[e + fxx]])*(Sqrt[d*(Sin[e + f*x]/(c + d*Sin[e + fx*x]))]/(d*f*Sqrt
[g*Sin[e + f*x]]*Sqrt[c”2*((a + b*Sin[e + f*x])/((a*c + b*d)*(c + d*Sin[e +
£*x])))]))*EllipticE[ArcSin[c*(Cos[e + f*x]/(c + d*Sinl[e + f*x]))], (bxc -
axd)/(bxc + axd)], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b*c - axd,
0] && NeQ[a"2 - b~2, 0] && EqQ[c™2 - 472, 0]

Rule 3015

Int[Sqrt[(g_.)*sin[(e_.) + (£_.)*(x_)]11/(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.
dx(x_)]11*((c_) + (d_.)*sinl[(e_.) + (£_.)*(x_)1)), x_Symbol] :> Dist[(-a)*(g
/(bxc - a*d)), Int[1/(Sqrtl[g*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]), x], x
1 + Dist[cx(g/(b*c - a*d)), Int[Sqrt[a + b*Sin[e + f*x]]/(Sqrt[g*Sin[e + f*
x]1*(c + d*Sin[e + f*x])), x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ
[bxc - axd, 0] && (EqQ[a~2 - b~2, 0] || EqQ[c™2 - d~2, 01)

Rubi steps
Va+ bsin(e + fz)
‘ dz  (ag) [ —F———
/ \/gsm(e + fz) dp — _gf Vgsin(e + fz) (ctesin(etfz)) + (ag) J gsin(e +
Va+bsin(e + fz) (c+ csin(e + fz)) a—b

o — cos( e T a— Sin(e + fz) |
9E<sm 1 (#ﬁ%) —ﬁ) \/ - va+bs

1+ sin(e + fx)

(a—b)ef /—gsme—i-fx \/(a a+ bsin(e + fx)

+b)(1 +sin(e + fx

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 5708 vs.
2(252) = 504.
time = 84.56, size = 5708, normalized size = 22.65

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[g*Sin[e + f*x]]/(Sqrt[a + b*Sin[e + f*x]]*(c + c*Sin[e + f*x
1)) ,x]
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[Out] Result too large to show
Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 6814 vs.

2(232) = 464.
time = 0.44, size = 6815, normalized size = 27.04

method | result size
default | Expression too large to display | 6815

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(f*x+e))~(1/2)/(c+c*sin(f*x+e))/(atb*sin(f*x+e))~(1/2),x,method=_
RETURNVERBOSE)

[Out] result too large to display
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(f*x+e))~(1/2)/(c+c*sin(f*x+e))/(a+bxsin(f*x+e))”~(1/2),x, a
lgorithm="maxima")

[Out] integrate(sqrt(g*sin(f*x + e))/(sqrt(b*sin(f*x + e) + a)*(cxsin(f*x + e) +
c)), x)

Fricas [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(fx*x+e))~(1/2)/(ct+cxsin(f*x+e))/(atb*sin(f*x+e))~(1/2),x, a
lgorithm="fricas")

[Out] integral(-sqrt(b*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))/(bxcxcos(f*x + e)~2
- (a + b)*c*sin(f*x + e) - (a + b)*c), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
i gsin (e+ fx) dx
Va+bsin (e + fz) sin(et+fz)+/a + bsin (e + fx)
c

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((g*sin(f*x+e))**(1/2)/(c+c*xsin(f*x+e))/(a+tb*sin(f*x+e))**(1/2),x)
[Out] Integral(sqrt(g*sin(e + f*x))/(sqrt(a + b*sin(e + f*x))*sin(e + f*x) + sqrt
(a + b*sin(e + £*x))), x)/c

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(fx*x+e))~(1/2)/(ct+cxsin(f*x+e))/(atb*sin(f*x+e))~(1/2),x, a
lgorithm="giac")

[Out] integrate(sqrt(g*sin(f*x + e))/(sqrt(b*sin(f*x + e) + a)*(cxsin(f*x + e) +
c)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ Vgsin(e+ fz) i
Va+bsin(e+ fz) (c+csin(e+ fx))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(e + f*x))~(1/2)/((a + b*sin(e + f*x))~(1/2)*(c + c*sin(e + f*x))
) ,X%)
[Out] int((g*sin(e + f*x))~(1/2)/((a + b*sin(e + £*x))~(1/2)*(c + c*sin(e + f*x))
), X)
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‘ L ‘ d:
J Vgsin(e + fx) \/a+ bsin(e + fx) (c+esin(e+fz))

Optimal. Leaf size=256

3.34

.1 ( cos(etfz) \|_a—b sin(e + fr) a(l — csc(e + fz)) |
E(Sln (H—sin(e—i—f:c)) a+b> \/1 +Sln(€—|—f1,' \/a—i—bsm e—|—f:r) 2bvVa+b atb
— +

(a—b)ef /—gsme+fx \/ a + bsin(e + fx)

+b)(1 +sin(e + fz))

[Out] -EllipticE(cos(f*x+e)/(1+sin(f*x+e)), ((-a+b)/(a+b))~(1/2))*(sin(f*x+e)/(1+s
in(f*x+e)))~(1/2)*(a+b*sin(f*x+e))~(1/2)/(a-b)/c/f/(gxsin(f*x+e))~(1/2)/((a
+b*sin(f*x+e))/(a+b) /(1+sin(f*x+e)) )~ (1/2)+2*%b*E1llipticF (g~ (1/2) * (a+b*sin(f
xx+e))~(1/2)/(at+b)~(1/2) /(gksin(f*x+e)) ~(1/2), ((-a-b)/(a-b))~(1/2) ) *(a+b) ~(
1/2)*(a*x(1-csc(f*x+e))/(a+b))~(1/2)*(a*x(1+csc(f*x+e))/(a-b) )~ (1/2) *tan (f*x+
e)/a/(a-b)/c/f/g~(1/2)

Rubi [A]
time = 0.35, antiderivative size = 256, normalized size of antiderivative = 1.00, number of

number of rules — 0.077,
’ integrand size

steps used = 3, number of rules used = 3, integrand size = 39
Rules used = {3017, 2895, 3011}

2bva+b tan(e + fz) \/a(l — (?:Z(_eb+ fa)’ a(csc(ea-%—_sz) +1) ‘F(ArcSin(%M) |*Lfb) s Sl(n(i;zf)zi 1 Ve +bsin(e + fz) E<A cSi n(ﬁ) |- :ﬁ’;)

acf+/g' (a—b)

b)/gsmle ¥ fa) a+bsin(e + fz) ‘

(a+b)(sin(e + fz)+1)

Antiderivative was successfully verified.

[In] Int[1/(Sqrtlg*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]*(c + c*Sinl[e + fx*x])),
x]

[Out] -((EllipticE[ArcSin[Cos[e + f*x]/(1 + Sin[e + f*x])], -((a - b)/(a + b))I*S
qrt[Sin[e + f*x]/(1 + Sin[e + f*x])]*Sqrt[a + b*Sin[e + f*x]])/((a - b)*cxf

*Sqrt [g*xSin[e + fxx]]*Sqrt[(a + b*Sin[e + f*x])/((a + b)*(1 + Sin[e + f*x])

)1)) + (2xbxSqrt[a + bl*Sqrt[(ax(1 - Cscle + f*x]))/(a + b)1*Sqrt[(a*x(1 + C

scle + f*x]))/(a - b)]I*EllipticF[ArcSin[(Sqrt[g]l*Sqrt[a + b*Sin[e + f*x]])/
(Sqrt[a + bl*SqrtlgxSin[e + fxx]1)], -((a + b)/(a - b))I*Tan[e + £*x])/(ax(

a - b)*cxfxSqrt[g])

Rule 2895

Int[1/(Sqrt[(d_.)*sin[(e_.) + (f_.)*(x_)]]*Sqrtl[(a_) + (b_.)*sin[(e_.) + (£
_)*(x_)11), x_Symbol] :> Simp[-2#(Tan[e + f*x]/(axf))*Rt[(a + b)/d, 2]*Sqr
t[ax((1 - Cscle + f*x])/(a + b))]1*Sqrt[a*x((1 + Cscle + fxx])/(a - b))]1*E1li
pticF[ArcSin[Sqrt[a + b*Sin[e + fx*x]]/Sqrt[d*Sin[e + f*x]]/Rt[(a + b)/d, 2]
1, -(a+1b)/(a - b)l, x] /; FreeQ[{a, b, d, e, f}, x] && NeQ[a"2 - b~2, 0]
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Rule 3011

Int[Sqrt[(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]11/(Sqrtl(g_.)*sinl[(e_.) + (f_.
)¥(x_)11*((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)])), x_Symbol] :> Simp[(-Sqrt[
a + b*Sin[e + f*x]])*(Sqrt[d*(Sin[e + f*x]/(c + d*Sin[e + f*x]))]/(d*f*Sqrt
[gxSin[e + f*x]]*Sqrtlc~2*((a + bxSin[e + f*x])/((a*c + bxd)*(c + dxSin[e +
£xx])))1))*EllipticE[ArcSin[c*(Cos[e + f*x]/(c + d*Sin[e + f*x]))], (b*c -
axd)/(bxc + axd)], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b*c - axd,
0] && NeQ[a"2 - b~2, 0] && EqQ[c~2 - d~2, 0]

Rule 3017

Int[1/(Sqrtl(g_.)*sinl(e_.) + (£f_.)*(x_)]1]1*Sqrt[(a_) + (b_.)*sin[(e_.) + (f
_Ox(x )11x((c_) + (d_.)#*sin[(e_.) + (f_.)*(x_)])), x_Symbol] :> Dist[b/(b*
c - axd), Int[1/(Sqrtlg*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]), x], x] - D
ist[d/(b*c - a*d), Int[Sqrt[a + bxSin[e + f*x]]/(Sqrt[g*Sin[e + f*xx]]*(c +

d*Sin[e + f*x])), x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[b*c - ax
d, 0] && (EqQ[a~2 - b"2, 0] || EqQ[c”™2 - 472, 0])

Rubi steps

1 dx:_bf \/gSin(e_"fx)‘\/a-i-bsin(e-l-fx)‘(
Vgsin(e + fz) \/a+ bsin(e + fz) (c+ csin(e + fz)) (a—b)c

.1 cos(e+fx) -b Sin(e—i'
E(sm <1+Sin(e+f ”C)> _Z?’> 1 + sin(e

(a —b)cf+/gsin(e + fx) ”(a-lil

Mathematica [C] Result contains complex when optimal does not.
time = 33.51, size = 1661, normalized size = 6.49

Antiderivative was successfully verified.

[In] Integrate[1/(Sqrt[g*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]*(c + cxSin[e + £
*x])) ,x]
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[Out] (-2*Sin[(e + f*x)/2]*(Cos[(e + f*x)/2] + Sin[(e + f*x)/2])*Sin[e + f*x]*Sqr
t[a + b*Sin[e + f*x]])/((a - b)*f*Sqrt[gxSin[e + f*x]]*(c + c*Sin[e + f*x])
) + ((Cos[(e + fxx)/2] + Sin[(e + f#*x)/2])"2*Sqrt[Sin[e + f*x]]*((4*a*x(a -
b)*Sqrt[((a + b)*Cot[(-e + Pi/2 - f*x)/2]72)/(-a + b)]*EllipticF[ArcSin[Sqr
t[(Csc[(-e + Pi/2 - f*x)/2]"2*(a + b*Sin[e + f*x]))/al/Sqrt[2]], (-2%a)/(-a
+ b)]*Sec[e + f*xx]*Sin[(-e + Pi/2 - f*x)/2]"4xSqrt[-(((a + b)*Csc[(-e + Pi
/2 - £*xx)/2]"2*Sin[e + f*x])/a)]*Sqrt[(Csc[(-e + Pi/2 - f*x)/2]"2*(a + b*Si
nle + fxx]))/al)/((a + b)*Sqrt[Sin[e + f*x]]*Sqrt[a + b*Sin[e + fxx]]) + (2
*axArcTanh [ (Sqrt [b] *Sqrt [Sin[e + f*x]])/Sqrt[a + b*Sin[e + f*x]]]*Cos[e + £
*x]72)/(Sqrt[b]*(1 - Sin[e + f*x]~2)) + 4xa~2x((Sqrt[((a + b)*Cot[(-e + Pi/
2 - £xx)/2]°2)/(-a + b)]1*EllipticF[ArcSin[Sqrt[(Csc[(-e + Pi/2 - fx*x)/2] 2%
(a + b*Sinf[e + fx*x]))/al/Sqrt[2]], (-2%a)/(-a + b)]*Sec[e + f*x]*Sin[(-e +
Pi/2 - fxx)/2]"4xSqrt[-(((a + b)*Csc[(-e + Pi/2 - f*x)/2]"2+Sin[e + fx*x])/a
)1*Sqrt[(Csc[(-e + Pi/2 - f*x)/2]"2x(a + bxSin[e + f*x]))/al)/((a + b)*Sqrt
[Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]) - (Sqrt[((a + b)*Cot[(-e + Pi/2 -
f*xx)/2]172)/(-a + b)]*EllipticPi[-(a/b), ArcSin[Sqrt[(Csc[(-e + Pi/2 - fx*x)/
2]"2*%(a + b*Sin[e + f*x]))/al/Sqrt[2]], (-2*a)/(-a + b)]*Sec[e + f*x]*Sin[(
-e + Pi/2 - £xx)/2]74*Sqrt[-(((a + b)*Csc[(-e + Pi/2 - f*x)/2]"2+Sin[e + f*
x])/a)]1*Sqrt [(Csc[(-e + Pi/2 - f#*x)/2]"2x(a + b*Sin[e + fx*x]))/al)/(b*Sqrt[
Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]])) - 2*b*((Cos[e + fxx]*Sqrt[a + b*Si
nle + £xx]])/(bxSqrt[Sin[e + f*x]]) + (I*Cos[(-e + Pi/2 - f*x)/2]*Cscle + £
*x]*E1lipticE[I*ArcSinh[Sin[(-e + Pi/2 - £*x)/2]/Sqrt[Sin[e + f*x]]], (-2xa
)/(-a - b)]*Sqrt[a + b*Sin[e + f*x]])/(b*Sqrt[Cos[(-e + Pi/2 - f*x)/2]"2%Cs
cle + f*x]]1*Sqrt[(Cscle + f*x]*(a + bxSin[e + fx*x]))/(a + b)]) + (2xax((a*S
qrt[((a + b)*Cot[(-e + Pi/2 - f*x)/2]72)/(-a + b)]*EllipticF[ArcSin[Sqrt[(C
sc[(-e + Pi/2 - f*x)/2]"2*(a + b*Sin[e + f*x]))/al/Sqrt[2]], (-2*a)/(-a + b
)1*Secle + f*xx]*Sin[(-e + Pi/2 - f*x)/2]"4*Sqrt[-(((a + b)*Csc[(-e + Pi/2 -
fxx)/2]"2*Sin[e + f*x])/a)]*Sqrt[(Csc[(-e + Pi/2 - fxx)/2]"2*(a + b*Sin[e
+ f*x]))/al)/((a + b)*Sqrt[Sin[e + f*x]]1*Sqrt[a + b*Sin[e + f*x]]) - (a*Sqr
t[((a + b)*Cot[(-e + Pi/2 - f*x)/2]72)/(-a + b)]*EllipticPi[-(a/b), ArcSin[
Sqrt[(Csc[(-e + Pi/2 - f*x)/2]"2*(a + b*Sin[e + f*x]))/al/Sqrt[2]], (-2xa)/
(-a + b)]*Sec[e + fxx]*Sin[(-e + Pi/2 - fxx)/2]"4*Sqrt[-(((a + b)*Csc[(-e +
Pi/2 - fxx)/2]"2*Sin[e + f*x])/a)]1*Sqrt[(Csc[(-e + Pi/2 - f*x)/2]"2x(a + b
xSin[e + fx*x]))/al)/(bxSqrt[Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]])))/b) +
(2xbxCot [e + f*x]*((a*Logl[-(Sqrt[b]l*Sqrt[Sin[e + f*x]]) + Sqrt[a + bx*Sin[e
+ f*x]1]11)/(2%¥b~(3/2)) + (Sqrt[Sin[e + f*x]]*Sqrt[a + bxSin[e + f*x]])/(2*b)
)*Sin[2x(e + fxx)])/(1 - Sin[e + £*x]72)))/(2*(a - b)*f*Sqrt[g*Sin[e + f*x]
1x(c + cxSin[e + f*x]))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 9042 vs.
2(236) = 472.
time = 0.37, size = 9043, normalized size = 35.32

method | result size
default | Expression too large to display | 9043
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c+c*sin(f*x+e))/(g*sin(f*x+e))~(1/2)/(atb*sin(f*x+e))~(1/2),x,method
=_RETURNVERBOSE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(c+c*sin(f*x+e))/(gxsin(f*x+e))~(1/2)/(atb*sin(f*x+e))~(1/2),x,
algorithm="maxima")

[Out] integrate(1/(sqrt(b*sin(f*x + e) + a)*(c*ksin(f*x + e) + c)*sqrt(g*sin(f*x +
e))), x)

Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c+c*sin(f*x+e))/(g*sin(f*x+e))~(1/2)/(at+b*sin(f*x+e))~(1/2),x,
algorithm="fricas")

[Out] integral(-sqrt(b*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))/((a + b)*cxg*cos(f*
X + e)”2 - (a + b)xcxg + (b*ckgkcos(f*x + e€)”2 - (a + b)*c*xg)*sin(f*x + e))
, X)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

- dx

1
Vgsin (e + fx) \/a+ bsin (e + fx) sin(e+fz)+/gsin (e + fz) \/a + bsin (e + fz)
c

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(c+c*sin(f*x+e))/(gxsin(f*xx+e))**(1/2)/(at+tbxsin(f*x+e))**(1/2),

X)

[Out] Integral(1/(sqrt(g*sin(e + f*x))*sqrt(a + b*sin(e + f#*x))*sin(e + f*x) + sq
rt(gxsin(e + f*x))*sqrt(a + b*sin(e + £*x))), x)/c
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Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c+c*sin(f*x+e))/(gxsin(f*x+e))~(1/2)/(a+tb*sin(f*x+e))~(1/2),x,
algorithm="giac")

[Out] integrate(1/(sqrt(b*sin(f*x + e) + a)*(c*sin(f*x + e) + c)*sqrt(g*sin(f*x +

e))), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
1

Vgsin(e+ fz) a+bsin(e+ fz) (c+csin(e+ fx)) &

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((g*sin(e + f*x))~(1/2)*(a + b*sin(e + f*x))~(1/2)*(c + c*sin(e + f*x
))),x%)
[Out] int(1/((g*sin(e + f*x))~(1/2)*(a + bxsin(e + f*x))~(1/2)*(c + c*sin(e + f*x
))), x)
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3.35 [escle+fz)+/a+asin(e + fr) \/c+ dsin(e + fx)

Optimal. Leaf size=123

9 d tan—! \/(?ﬁcos(e-{-fz) ) 9 " h—l ( \/CT\/E cos(

B va'Vd tan (\/a—i—asin(e—l-fx) V¢ +dsin(e + fx) B Va Ve tan Va+asin(e + fz) \/Z
f f

[Out] -2*arctanh(cos(f*x+e)*a”(1/2)*c~(1/2)/(ataxsin(f*x+e)) " (1/2)/(c+d*sin(f*x+e

))~(1/2))*a”~(1/2)*c~(1/2) /f-2*arctan(cos (f*x+e)*a~(1/2)*d" (1/2) / (a+a*sin(f*

x+e))~(1/2)/(c+d*sin(f*xx+e))~(1/2))*a~(1/2)*d"~(1/2)/f

Rubi [A]

time = 0.31, antiderivative size = 123, normalized size of antiderivative = 1.00, number of

number of rules _ 0.143
’ integrand size ’

steps used = 5, number of rules used = 5, integrand size = 35
Rules used = {3028, 2854, 211, 3022, 212}

\/E\/Ecos(e+fz) ) -1 ( ﬁ\/ECOS(€+fZ) )
_2\/(7 ﬁArcTan( Vasin(e + fz) +a \/c+ dsin(e + fz) _ 2va Ve tanh Vasin(e + fz) + a \/c + dsin(e + fz)

f f

Antiderivative was successfully verified.
[In] Int[Cscl[e + f*x]*Sqrt[a + a*Sin[e + f*x]]*Sqrt[c + d*Sin[e + f*x]],x]

[Out] (-2*Sqrt[al*Sqrt[d]*ArcTan[(Sqrt[al*Sqrt[d]*Cosl[e + f*x])/(Sqrt[a + a*Sin[e
+ fxx]]1*Sqrt[c + d*Sin[e + f*x]])])/f - (2xSqrt[al*Sqrt[c]*ArcTanh[(Sqrt[a

1*Sqrt[c]*Cos[e + f*x])/(Sqrt[a + a*xSin[e + f*x]]*Sqrt[c + d*Sin[e + f*x]])

1/t

Rule 211

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 2854

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/Sqrtl(c_.) + (d_.)*sin[(e_.)
+ (£_.)*(x_)]1], x_Symbol] :> Dist[-2*(b/f), Subst[Int[1/(b + d*x~2), x], x
, bx(Cos[e + fxx]/(Sqrt[a + bxSin[e + f*x]]*Sqrt[c + d*Sin[e + f*x]1]))], x]
/; FreeQ[{a, b, c, 4, e, f}, x] && NeQ[bxc - a*d, 0] && EqQ[a~2 - b~2, 0]
&& NeQ[c™2 - d~2, 0]
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Rule 3022

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)11/(sinl(e_.) + (f_.)*(x_)]1*Sqr
tl(c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1]), x_Symbol] :> Dist[-2x(a/f), Subst
[Int[1/(1 - a*c*x~2), x], x, Cos[e + f*x]/(Sqrt[a + b*Sin[e + f*x]]*Sqrtl[c
+ dxSinf[e + f*x]1)], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*xc - axd, O
] && EqQ[a”2 - ™2, 0] && NeQ[b*c + axd, 0]

Rule 3028

Int[(Sqrtl[(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11*Sqrtl(c_) + (d_.)*sin[(e_.)
+ (£_.)*(x_)11)/sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Dist[d, Int[Sqrt[a +
bxSin[e + fxx]]/Sqrtl[c + d*Sin[e + f*x]], x], x] + Dist[c, Int[Sqrt[a + Dbx
Sinl[e + f*x]]1/(Sin[e + f*x]*Sqrt[c + d*Sin[e + f*x]1), x], x] /; FreeQ[{a,
b, c, d, e, £}, x] && NeQ[bxc - axd, 0] && (NeQ[a"2 - b"2, 0] || NeQ[c~2 -
d~2, 01)

Rubi steps

csc(e + fr)y/a+ asin(e + fx) o+ d
Vc+dsin(e + fx) J

(2ac)Subst ( [ = dz,

/csc(e—l—fx)\/a+asin(e+fx)\/c—l—dsin(e+fac) dx = c/

> va+ asin(e +
f
n-1 \/(7\/(7003(64
_2\/67\/2% (\/a—l—asin(e—l—fx)\/;
f

Mathematica [C] Result contains complex when optimal does not.
time = 2.96, size = 567, normalized size = 4.61

[W_W(.. (Vs : —#\]‘F”[q VI VI - ﬂ#\] w(,.[ T (e ) \/T‘g ,‘M.mu,\,] i[ N — T\W‘)]]‘ .

Warning: Unable to verify antiderivative.

[In] Integrate[Csc[e + f*x]*Sqrt[a + a*Sin[e + f*x]]1*Sqrtl[c + d*Sinl[e + f*x]],x]

[Out] -(((Sqrt[cl*Logl[((1/2 + I/2)*(-(Sqrt[2]*c*(-1 + E~(I*(e + f*x)))) - IxSqrtl[
2]*%d*(1 + E~(I*x(e + f*x))) + (2*%I)*Sqrtlcl*Sqrt[2*c*E~(I*x(e + f*x)) - Ixdx*(
-1 + ET((2xD*(e + £*x)))1)*f)/(c™(3/2)*E~((I/2)*e)*(1 + E~(Ix(e + £*x))))]
+ Sqrt[c]*Log[((1/2 + I/2)*((-I)*Sqrt[2]*d*(-1 + E~(I*(e + f*x))) + Sqrt[2
Ixcx(1 + E"(Ix(e + £xx))) + 2+Sqrtlc]*Sqrt[2*c*E~(I*(e + f*x)) - Ixd*(-1 +
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E"((2¥I)*(e + £*x)))])*f)/(c”(3/2)*E~((I/2)*e)* (-1 + E"(I*(e + f*x))))] - I
*Sqrt [d]*(Log[(2%((-1)~(3/4)*d + (1)~ (1/4)*c*E~(I*(e + f*x)) + I*Sqrt[d]*S
qrt [2xc*#E~ (I*x(e + f*x)) - Ixd*(-1 + E~((2*%I)*(e + £*x)))]1)*£)/(d~(3/2)*E~ ((
I/2)*(e + 2%f*x)))] - Log[((1 + I)*Sqrt[2]*(c - I*d*Cos[e + f*x] + d*Sin[e

+ f*x] + (1 - I)*Sqrt[d]*Sqrt[(Cos[e + f*x] + IxSin[e + f*x])*(c + d*Sin[e

+ £xx])]1))/Sqrt[d]]))*(Cos[(e + f*x)/2] + I*Sin[(e + f*x)/2])*Sqrt[a*x(1 + S
in[e + f*x])]1*Sqrt[c + d*Sin[e + f*x]])/(f*(Cos[(e + f*x)/2] + Sin[(e + f*x
)/2])*Sqrt[(Cos[e + f*x] + I*Sin[e + f*x])*(c + d*Sin[e + f*x])]))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 4545 vs.
2(99) = 198.
time = 0.34, size = 4546, normalized size = 36.96

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atax*sin(fxx+e)) " (1/2)*(c+d*sin(f*x+e))~(1/2)/sin(f*x+e),x)

[Out] -1/f*x(2*arctan(((c+d*sin(f*x+e))/((d"2/c”2)"(1/2)*c*sin(f*x+e)+d)*d)~(1/2)/
(-(d72/c”2)~(1/2)*c)~(1/2))*c~(5/2)*d~2%(d"2/c~2) ~(1/2) * ((c+d*sin(f*x+e)) /(
(d~2/c”2)"(1/2) *c*sin(f*x+e)+d) *d) ~(1/2) *cos (f*x+e) -2*arctan (((c+d*sin (f*x+
e))/((d~2/c”2) " (1/2) *c*sin(f*xx+e)+d) *d) ~(1/2) /(-(d"2/c~2)~(1/2)*c) ~(1/2) ) *c
~(3/2)*d"3* ((c+d*sin(f*x+e))/((d"2/c"2) " (1/2) *c*sin(f*x+e)+d) *d) ~ (1/2) *cos(
fxx+e)+arctan(((c+d*sin(f*x+e))/((d"2/c"2) " (1/2) *c*sin(f*x+e)+d)*d) ~(1/2)/(
-(d"2/c”2)"(1/2)*c)~(1/2) )*c~(5/2) *d"2* ((c+d*sin(f*x+e)) /((d"2/c”2) " (1/2) *c
*gin(f*xx+e)+d)*d) " (1/2) *cos (f*x+e)+arctan(((c+d*sin(f*x+e))/((d"2/c"2)"(1/2
Yxcksin(fxx+e)+d) *d) ~(1/2)/(-(d"2/c"2)~(1/2)*c)~(1/2) ) *c~(3/2) *d"3*(d~2/c"2
)~ (1/2)*((c+d*sin(f*x+e))/((d"2/c”2) " (1/2) *c*sin (f*x+e)+d) *d) ~(1/2)+arctan(
((c+d*sin(f*x+e))/((d"2/c”2) " (1/2) *cxsin(f*x+e)+d) *d) ~(1/2)/(-(d"2/c"2)~(1/
2)*c)~(1/2))*c~(5/2) *d"2* ((c+d*sin(f*x+e))/((d"2/c"2) " (1/2) *cxsin(f*x+e)+d)
*d) ~(1/2) *sin(f*x+e)+arctan(((c+d*sin(f*x+e))/((d"2/c”2) " (1/2) *cxsin(f*x+e)
+d)*d) ~(1/2)/(-(d"2/c"2) " (1/2)*c)~(1/2) ) *d~4*c™ (1/2) * ((c+d*sin(f*x+e) )/ ((d~
2/c”2) "~ (1/2) *cxsin(fxx+e)+d) *d) ~(1/2) *sin(f*x+e)+arctan (((c+d*sin(f*xx+e))/(
(d"2/c”2)"(1/2) *c*sin(fxx+e)+d) *d) ~(1/2)/(-(d~2/c”2) ~(1/2)*c) ~(1/2))*c~(7/2
)*d*(d"2/c"2) " (1/2)*((c+d*sin(f*xx+e) )/ ((d"2/c"2) " (1/2) *cxsin (f*x+e)+d) *d) ~ (
1/2)-2*arctan(((c+d*sin(f*x+e))/((d"2/c"2) " (1/2) *c*sin(f*x+e)+d) *d) ~(1/2) /(
-(d72/c”2)"(1/2)*c)~(1/2) ) *c~(5/2) *d~2*(d"2/c~2) " (1/2) * ((c+d*sin(f*x+e) ) / ((
d~2/c~2)~(1/2)*cxsin (f*x+e)+d) *d) ~(1/2)-2*xarctan(((c+d*sin(f*x+e))/((d~2/c”
2)~(1/2)*cxsin(f*xx+e)+d) *d) ~(1/2)/(-(d"2/c~2)~(1/2) *c) ~(1/2) ) *c~(3/2) *d~3*(
(c+d*sin(f*xx+e))/((d72/c"2) " (1/2) *cxsin(f*x+e)+d) *d) " (1/2) *sin(f*x+e)+arcta
n(((c+d*sin(f*x+e))/((d"2/c"2) " (1/2) *c*sin(f*x+e)+d) *d) ~(1/2)/(-(d"2/c"2) " (
1/2)*c)~(1/2))*d"4*c” (1/2) * ((c+d*sin(f*x+e))/((d"2/c"2) " (1/2) *c*sin(f*x+e) +
d)*d) ~(1/2)*cos (f*x+e)—arctan(((c+d*sin(f*x+e))/((d"2/c"2) " (1/2) *c*xsin (f*x+
e)+d)*d)~(1/2)/(-(d"2/c2)~(1/2)*c)~(1/2) )*c~(7/2) *d*(d"2/c~2) ~(1/2) * ((c+dx*
sin(f*xx+e))/((d"2/c”2) " (1/2) *c*sin(f*x+e)+d) *d) ~(1/2) *sin(f*x+e)-arctan(((c
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+d*sin(f*xx+e))/((d"2/c”2) " (1/2) *cxsin(f*x+e)+d) *d) ~(1/2)/(-(d"2/c~2) " (1/2) *
c)~(1/2))*c~(5/2) *d"2* ((c+d*sin(f*x+e))/((d"2/c"2)~(1/2) *c*sin(f*x+e)+d) *d)
~(1/2)+2*arctan(((c+d*sin(f*x+e))/((d"2/c”2) " (1/2) *cxsin(f*x+e)+d) *d) ~(1/2)
/(=(@72/c"2)~(1/2)*c)~(1/2) ) *c~(3/2) *d~3* ((c+d*sin(f*x+e))/((d"2/c~2)~(1/2)
xcksin(f*x+e)+d)*d) ~(1/2)-arctan(((c+d*sin(f*x+e))/((d"2/c”2)~(1/2) *c*sin(f
*x+e)+d) *d) ~(1/2)/(-(d"2/c"2) " (1/2)*c)~(1/2) ) *d"4*c” (1/2) ¥ ((c+d*sin(f*x+e))
/((d"2/c”2) " (1/2) *c*sin(f*x+e)+d) *d) ~(1/2)+arctan(((d"2/c"2)~(1/2) *c*sin(fx*
x+e)+d*cos (f*x+e)-d)/((c+d*sin(f*xx+e))/((d"2/c”2) " (1/2) *c*sin(f*x+e)+d) *d) "
(1/2)/((d"2/c"2) " (1/2) *c*sin(f*x+e)-d*cos (f*x+e)+d) *((d~2/c”~2) "~ (1/2) *c~2-4~
2)*c*x((d72/c”2)~(1/2)-1)/(((d"2/c"2) " (1/2) *c~4+6% (d"2/c~2) " (1/2) *d~2*c~2+d~
4x(d~2/c”2)"(1/2)-4*c™2%d"2-4*%d"4) *c) ~(1/2) ) *c~(3/2)*(((d~2/c~2) " (1/2) *c~4+
6%(d"2/c”2) " (1/2)*d"2*%c~2+d"4*%(d"2/c"2) " (1/2) -4*c~2*%d"2-4%d"4) *c) " (1/2) *x(d~
2/¢72)"(1/2) *((c+d*sin(f*x+e) )/ ((d"2/c"2) " (1/2) *cxsin(f*x+e)+d) *d) ~(1/2) * (-
(d~2/c"2)"(1/2)*c) " (1/2) *sin(f*x+e)—arctan(((d"2/c~2) " (1/2) *cxsin (f*x+e) +d*
cos(f*xx+e)-d)/((c+td*sin(f*xx+e))/((d"2/c~2)~(1/2) *c*sin(f*x+e)+d)*d) ~(1/2)/(
(d~2/c"2) " (1/2) *c*sin(f*xx+e)-d*cos (f*x+e)+d) *((d"2/¢c”2) ~(1/2) *c~2-d"2) *c* ((
d"2/¢c”2)"(1/2)-1)/(((d"2/c"2)~(1/2) *c~4+6%x(d"2/c"2) " (1/2) *d"2*c~2+d"4* (d"2/
c"2)"(1/2)-4%xc™2xd"2-4xd~4)*c) ~(1/2) ) *d*(((d"2/c"2) ~(1/2) *c~4+6%x(d"2/c"2) ~(
1/2)*d"2xc~2+d"4*(d"2/c”2) " (1/2) -4*xc™2*%d"2-4*d"4) *c) ~(1/2) *c~ (1/2) * ((c+d*si
n(fxx+e))/((d72/c"2) " (1/2) *c*sin(fxx+e)+d) *d) ~(1/2)*(-(d"2/c"2)~(1/2)*c)~ (1
/2)*cos (f*xx+e)+arctan(((d~2/c~2) ~(1/2) *cxsin(f*x+e)+d*cos (f*x+e)-d) / ((c+d*s
in(f*x+e))/((d"2/c”2)~(1/2) *c*sin(f*x+e)+d)*d) ~(1/2) /((d"2/c"2) " (1/2) *c*sin
(f*xx+e)-d*cos (f*xx+e)+d)*((d"2/c"2)~(1/2)*c"2-d"2) *c*x((d"2/c~2)~(1/2)-1) / (((
d"2/c”2)"(1/2)*c~4+6%(d"2/c”2) ~(1/2) *d~2xc~2+d~4* (d"2/c"2) " (1/2) -4*c~2*xd~2-
4xd"4)*c) " (1/2))*d*(((d"2/c"2)~(1/2) *c~4+6x(d"2/c"2) ~(1/2) *d"2*c~2+d"4* (d"2
/¢c72)"(1/2)-4*c~2xd"~2-4%d"4) *c) " (1/2)*c~(1/2) *((c+d*sin(f*x+e))/((d"2/c"2)~
(1/2) *c*sin(f*xx+e)+d)*d) ~(1/2)*(-(d"2/c"2) " (1/2)*c) " (1/2) *sin(f*x+e)+1n((c”
(1/2)*%27(1/2)*((c+d*sin(f*x+e) )/ (1+cos(f*x+e))) ~(1/2) *sin(f*x+e) -cos (f*x+e)
xc+dxsin(f*x+e)+c)/sin(fxx+e)/c”~(1/2))*c~3*d*2~ (1/2) *((c+d*sin(f*x+e))/(1+c
os(fxx+e))) " (1/2)*x(-(d"2/c"2)~(1/2)*c)~(1/2) *sin(f*x+e)-2*%1In((c~(1/2)*2~(1/
2)*((ctd*sin(f*x+e))/(1+cos(f*x+e))) " (1/2)*sin(f*x+e)-cos (f*x+e)*c+d*sin (f*
x+e)+c)/sin(f*x+e)/c”(1/2))*c™2xd"2*2" (1/2) * ((c+d*sin(f*x+e)) / (1+cos (f*x+e)
))"(1/2)*%(-(d"2/c”2)"(1/2)*c) " (1/2) *sin(f*x+e)+1n((c~ (1/2)*2"(1/2) * ((c+d*si
n(f*x+e))/(1+cos(f*x+e))) " (1/2)*sin(f*x+e)-cos (f*x+e) *c+d*sin(f*x+e)+c)/sin
(fxx+e) /c~(1/2) ) *c*d~3%27(1/2) * ((c+d*sin(f*x+e) )/ (1+cos(f*x+e))) " (1/2)*(-(d
~2/c”2)"(1/2)*c) " (1/2) *sin(f*x+e)-1n(-2x(c~(1/2)*2~(1/2) * ((c+d*sin(f*x+e) )/
(1+cos(f*x+e)) )~ (1/2)*sin(f*x+e)-d*cos (f*x+e)+cxsin(f*x+e)+d)/(-1+cos(f*x+e
)) ) *c™3*%d*27(1/2) * ((c+d*sin(f*x+e) )/ (1+cos(f*x+e))) " (1/2)*(-(d"2/c"2)~(1/2)
*c) " (1/2) *sin(f*xx+e)+2*x1n(-2*(c~(1/2)*2"(1/2) * ((c+d*sin(f*x+e) )/ (1+cos (f*x+
e)))~(1/2)*sin(f*x+e)-d*cos (f*x+e)+c*ksin(f*x+e). ..

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))”(1/2)*(c+d*sin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="maxima")

[Out] integrate(sqrt(a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)/sin(f*x + e), x

)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 349 vs.
2(105) = 210.
time = 1.14, size = 3671, normalized size = 29.85

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*sin(f*x+e))”(1/2)*(c+d*sin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="fricas")

[Out] [1/4*(sqrt(axc)*log(((a*c™4 - 28xaxc~3*d + 70*axc~2+%d~2 - 28*axcxd~3 + a*xd”
4)*cos(fxx + e)75 + axc™4 + 4xaxc”3*d + 6xaxc”2*%d"2 + 4*xaxc*d”3 + axd™4 - (
31*a*xc™4 - 196*axc”3*d + 154*a*c”2*%d"2 - 4*xaxcxd™3 - a*d"4)*cos(f*x + e)”4
- 2%(81*a*xc™4 - 252xaxc”3*d + 150*a*c”2*d"2 - 28*axc*d~3 + a*d~4)*cos(f*x +
e)”3 + 2%(79*a*xc™4 - 100*axc”~3*d + T4xaxc™2*d"2 - 4xaxc*d™3 - axd~4)*cos(f
*x + )72 - 8%((c™3 - 7xc™2xd + T*c*d™2 - d"3)*cos(f*x + e)~4 - 2x(5xc”3 -
14%c™2xd + 5*c*d"2)*cos(f*x + e)”3 + 51%c™3 - 59*%c™2%d + 17*c*d"2 - d°3 - 2
*(18%c™3 - 33*%c™2*%d + 12*xcxd"2 - d"3)*cos(f*x + e)”~2 + 2% (13*%c™3 - 14*c™2xd
+ Bkckd"2)*cos(fxx + e) + ((c™3 - 7*c™2*%d + 7x*cxd™2 - d"3)*cos(f*x + e)~3
- B1%c™3 + 59*%c”2xd - 17*c*d”2 + d"3 + (11*%c”™3 - 35*xc™2xd + 17*c*d"2 - 473)
xcos(f*x + e€)72 - (25%c™3 - 31*c™2*d + T*c*d™2 - d~3)*cos(f*x + e))*sin(f*x
+ e))*sqrt(a*c)*sqrt(a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c) + (289*a
*C~4 - 476%axc”3*xd + 230*axc”2*d"2 - 28*xaxc*d”3 + axd"4)*cos(fxx + e) + (ax
¢4 + 4*axc”3*d + 6xaxc”2xd"2 + 4*axcxd”3 + axd™4 + (axc”4 - 28xaxc”3xd + 7
Oxaxc~2xd~2 - 28xaxc*d~3 + axd"4)*cos(f*x + e)~4 + 32x(a*xc™4 - T*a*xc~3*d +
Txaxc™2xd"2 - axcxd~3)*cos(f*x + e)~3 - 2x(65*xaxc™4 - 140*a*c”3*d + 38*axc”
2%d"2 - 12%a*c*d”3 + a*d"4)*cos(f*x + e)”2 - 32%(9*axc”™4 - 15xaxc”3*d + T*a
*c"2%d"2 - axckxd"3)*cos(fxx + e))*sin(f*x + e))/(cos(f*x + e)”5 + cos(f*x +
e)”4 - 2xcos(f*x + e)”3 - 2%cos(f*x + e)”2 + (cos(f*x + e)”4 - 2xcos(f*x +
e)”2 + 1)*sin(f*x + e) + cos(f*x + e) + 1)) + sqrt(-axd)*log((128*a*d~4*co
s(fxx + e)75 + axc™4 + 4xaxc”3*d + 6xaxc”2*d"2 + 4xaxc*d”"3 + axd"4 + 128%(2
xaxcxd"3 - axd~4)*cos(f*x + e)”4 - 32x(5xaxc”2+%d"2 - 14*a*c*d~3 + 13*a*d~4)
xcos(f*x + e)~3 - 32%(a*xc™3*xd - 2%axc™2xd"2 + 9xaxcxd"3 - 4*xaxd”~4)*cos(f*xx
+ e)72 - 8*%(16*%d"3*cos(f*x + e)”4 + 24*x(c*xd"2 - d"3)*cos(f*x + e)”3 - c”3 +
17*c™2+%d - 59*c*d™2 + 51*d"3 - 2x(5xc”2*d - 26*xc*d”™2 + 33*d"3)*cos(f*x + e
)72 - (c783 - 7*c™2*d + 31*xc*d™2 - 25%d"3)*cos(f*x + e) + (16*xd"3*cos(f*x +
e)”3 + ¢c"3 - 17*c"2*%d + 59*c*d”2 - 51*%d"3 - 8%(3*c*xd"2 - 5*%d"3)*cos(f*x + e
)72 - 2x(5*c™2xd - 14xc*d”2 + 13*d"3)*cos(f*x + e))*sin(f*x + e))*sqrt(-axd
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)*sqrt(a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c) + (axc™4 - 28%a*c”3*d +
230*a*c”~2*%d"2 - 476*axc*d”3 + 289*a*d~4)*cos(f*x + e) + (128*axd”4*cos(f*x
+ e)74 + akc™4 + 4xaxc”3*d + 6*xaxc”2*%d"2 + 4*akxc*d”3 + akd™4 - 256x(axc*d”

3 - axd"4)*cos(f*xx + e)”3 - 32x(b5*a*c™2xd"2 - 6*a*cxd”3 + 5*a*xd~4)x*cos(f*x

+ e)”2 + 32x(axc™3xd - T*xaxc™2+%d"2 + 15*axcxd~3 - 9*kaxd~4)*cos(f*x + e))*si

n(f*x + e))/(cos(f*x + e) + sin(f*xx + e) + 1)))/f, 1/4*%(2*sqrt(-axc)*arctan
(-1/4x((c™2 - 6*xc*d + d"2)*cos(f*x + e)72 - 9*%c™2 + 6*cxd - d”2 + 8*(c™2 -

cxd) *sin(f*x + e))*sqrt(-a*c)*sqrt(a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e)

+ ¢c)/((axc™2*xd - a*c*d"2)*cos(f*x + e)~3 - (a*c™3 - 3*a*c™2*d)*cos(f*x + e)

xsin(fxx + e) + (2xaxc™3 - axc™2*xd + akxckd™2)*cos(f*x + e))) + sqrt(-a*xd)*l

0og((128*a*d~4*cos(f*x + e)~5 + axc™4 + 4*xaxc™3*d + 6*%axc”2*%d”"2 + 4xa*c*d”3

+ axd”™4 + 128x(2*axc*d”3 - axd"4)*cos(fxx + e)”4 - 32x(5*axc”2+%d"2 - 14*axc

*d"3 + 13*axd”4)*cos(f*x + e)~3 - 32x(a*c”3*d - 2%axc”2*%d"2 + 9*axcxd”"3 - 4

xaxd~4)*cos(f*xx + e)”2 - 8x(16*d"3*cos(f*x + e)~4 + 24*(c*d"2 - d~3)*cos(fx*

X +e)”3 - ¢c73 + 17*c”2xd - 59*c*xd"2 + 51*%d"3 - 2x(5*xc”2*d - 26*c*d”2 + 33x%

d"3)*cos(fxx + e)”2 - (c™3 - 7*c™2xd + 31*xc*xd™2 - 25%d"3)*cos(f*x + e) + (1

6*xd"3*cos(f*x + e)”3 + c”3 - 17*c”2*d + 59*c*d”2 - 51*xd"3 - 8*(3*c*d~2 - b5x

d"3)*cos(f*x + e)72 — 2x(5*%c™2xd - 14*c*d™2 + 13*d"3)*cos(f*x + e))*sin(f*x
+ e))*sqrt(-a*d) *sqrt (a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c) + (a*xc”

4 - 28xaxc”3*d + 230%a*c”2*xd"2 - 476*axc*d”3 + 289*a*d”4)*cos(f*x + e) + (1

28*a*xd"4*xcos(fxx + e)~4 + a*c™4 + 4*xaxc™3*%d + 6xaxc”2*%d”2 + 4*akxckd"3 + axd

~4 - 256%(axc*d”3 - axd”"4)*cos(fxx + e)”3 - 32x(5*axc”2*%d"2 - 6*a*cxd"3 + 5

xaxd~4)*cos(f*x + e)72 + 32x(a*xc”3*d - T*axc™2xd"2 + 15%axc*d~3 - 9*xa*xd~4)*

cos(f*x + e))*sin(fxx + e))/(cos(f*x + e) + sin(f*x + e) + 1)))/f, 1/4%x(2xs
qrt (axd)*arctan(1/4*(8*d~2*cos(f*x + €)~2 - c72 + 6%c*kd - 9*%d"2 - 8x(c*xd -

d~2)*sin(f*x + e))*sqrt(a*xd)*sqrt(a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) +
c)/(2*a*d"3*cos(f*x + e)~3 - (3*a*c*xd™2 - a*d"3)*cos(f*x + e)*sin(f*x + e)
- (a*c”™2xd - a*c*d™2 + 2%a*d”~3)*cos(f*x + e))) + sqrt(axc)*log(((a*xc™4 - 2

8xaxc~3xd + 7O0*axc™2+%d~2 - 28*a*c*d”3 + a*d"4)*cos(f*x + e)”5 + a*c™4 + 4xa

*Cc"3*d + 6*axc”2%d"2 + 4xaxcxd”3 + a*d”™4 - (31*axc”4 - 196xaxc”3*%d + 154*ax

c"2xd"2 - 4xaxcxd”3 - axd"4)*cos(f*x + e)”4 - 2x(81l*xaxc™4 - 252*%a*xc”3*d + 1

50*axc”2*d"2 - 28*axc*d”3 + axd"4)*cos(f*xx + e)”3 + 2x(79*a*c”4 - 100*a*c”3

xd + Td*xa*xc~2*%d"2 - 4xa*xcxd"3 - a*d"4)*cos(f*x + e)72 - 8*x((c”3 - 7*xc™2xd +
T*cxd™2 - d"3)*cos(f*x + e)74 - 2x(5%c”3 - 14*c™2*d + S5*c*xd"2)*cos(f*x + e

)73 + 51%c”3 - 59%c”2*d + 17*xcxd"2 - d~3 - 2% (18%c”3 - 33*%c”2*%d + 12*c*xd"2

- d73)*cos(fxx + e)”2 + 2%(13*%c~3 - 14*xc™2xd + bxc*d~2)*cos(f*x + e) + ((c~

3 - 7*c™2*%d + T*cxd™2 - d"3)*cos(f*x + e)~3 - 51*c™3 + 59*c”2+d - 17*c*d"~2

+ d”3 + (11%c™3 - 35%c™2xd + 17*cxd”2 - d"3)*cos(f*x + e)”2 - (25%c™3 - 31x

c"2xd + T*c*xd”2 - d"3)*cos(f*x + e))*sin(f*x + ...

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ Va(sin (e + fx) +1) \/c+dsin (e + fz) s
sin (e + fx)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sin(f*x+e))**(1/2)*(c+d*sin(f*x+e))**(1/2)/sin(f*x+e),x)

[Out] Integral(sqrt(a*(sin(e + f*x) + 1))*sqrt(c + d*sin(e + f*x))/sin(e + f*x),
x)

Giac [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))”(1/2)*(c+d*sin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="giac")
[Out] Timed out

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/\/a—l—asin(e-i-fx) Ve+dsin(e+ fz)
; dx
sin (e + f z)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + a*sin(e + £*x))~(1/2)*(c + d*sin(e + f*x))~(1/2))/sin(e + f*x),x)

[Out] int(((a + a*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))~(1/2))/sin(e + f*x), x
)
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3.36 [ cse(e+fz)\/a + asin(e + fx) I

v/ ¢+ dsin(e + fx)
Optimal. Leaf size=61
-1 \/E\/Ecos(e+fx)
_2\/3 tanh (\/a+asin(e—|— fm)\/c+dsin(e—|—fx))
Ve f

[Out] -2*arctanh(cos(fxx+e)*a~(1/2)*c~(1/2)/(a+a*xsin(f*x+e)) " (1/2)/(c+d*sin(f*x+e
))~(1/2))*a~(1/2)/f/c~(1/2)

Rubi [A]
time = 0.13, antiderivative size = 61, normalized size of antiderivative = 1.00, number of

number of rules _  o57
’ integrand size ’

steps used = 2, number of rules used = 2, integrand size = 35
Rules used = {3022, 212}

1 \/E\/Ecos(e-i-fw) )
_2ﬁtanh <\/asin(e+fx)+a\/C+dsm(e+fx)

Ve f

Antiderivative was successfully verified.
[In] Int[(Cscle + f*x]*Sqrt[a + a*Sin[e + f*x]])/Sqrtlc + d*Sin[e + f*x]],x]

[Out] (-2*Sqrt[al*ArcTanh[(Sqrt[al*Sqrt[c]*Cos[e + f*x])/(Sqrt[a + a*Sin[e + f*x]
1*Sqrt[c + d*Sin[e + £*x]1]1)]1)/(Sqrt[c]l*f)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 3022

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1]1/(sinl(e_.) + (£_.)*(x_)]*Sqr
t[(c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1]1), x_Symbol] :> Dist[-2*(a/f), Subst
[Int[1/(1 - axc*x~2), x], x, Cos[e + f*x]/(Sqrt[a + b*Sin[e + f*x]]*Sqrtlc
+ d*Sinfe + f*x]1)], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[bxc - axd, 0
1 && EqQ[a~2 - b"2, 0] && NeQ[b*c + axd, 0]

Rubi steps
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1 cos(e+fx)
/ csc(e + fr)y/a+ asin(e + fz) dr — — (2a)Subst (f ac? 00 T Va+asin(e + fz) \/c+ dsin(e + f:
Ve +dsin(e + fx) a f
-1 \/CT\/ECos(e+fa:) )
_ _2\/67 tanh (\/a + asin(e + fz) \/c+ dsin(e + fz)
Ve f

Mathematica [C] Result contains complex when optimal does not.
time = 2.94, size = 367, normalized size = 6.02

Mﬁ(\/Fq,.wquﬁm,w—w i/ 206 —id (~1 4 cw-/':)), e (—;\/Ta raessn) 1V e(usete419)40VE \ 261D — id (=1 + e ),y
log e G +1log e, (cos (Le + f2)) — isin ((e + fx))) Va(l + sin(e + 72) /(cos(e + [2) T isine + F2))(e + dsin(e + 72))

Warning: Unable to verify antiderivative.

[In] Integrate[(Csc[e + f*x]*Sqrt[a + a*Sin[e + f*x]])/Sqrtlc + d*Sin[e + f*x]],
x]

[Out] -(((Logl[((-1 - I)*E~((I/2)*e)*(Sqrt[2]*c*x(-1 + E~(Ix(e + f*x))) + I*Sqrt[2]
xd*x(1 + E7(Ix(e + f*x))) - (2xI)*Sqrt[c]l*Sqrt[2*c*xE~(I*(e + fxx)) - I*xdx(-1
+ ET((2xI)*(e + £xx)))]1)*£)/(Sqrt[c]*(1 + E~(Ix(e + f*x))))] + Logl((1 + I
Y¥E~((I/2)*e) *((-I)*Sqrt [2] *d* (-1 + E~(I*(e + f*x))) + Sqrt[2]*c*x(1 + E~(Ix
(e + £xx))) + 2+Sqrt[c]l*Sqrt[2*c*xE~(I*(e + f*x)) - Ixd*(-1 + ET((2*I)*(e +
f*x)))1)*£)/(Sqrt[c]*(-1 + E~(I*x(e + £*x))))])*(Cos[(e + f*x)/2] - I*Sin[(e
+ fxx)/2])*Sqrt[a*(1 + Sin[e + fx*x])]*Sqrt[(Cos[e + f*x] + I*Sin[e + f*x])
*(c + d*Sinfe + f*x])]1)/(Sqrtlcl*f*(Cosl[(e + f*x)/2] + Sin[(e + f*x)/2])*Sq
rt[c + d*Sin[e + £*x]]))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 237 vs.
2(49) = 98.

time = 20.06, size = 238, normalized size = 3.90

method | result

, ) -4/ C \/5 MLM sin(fz+e)+cos(fr+e)c—ds:
Va1 +sin(fz+e)) /c+dsin(fz+e) V2 |m|- ve V. Leos(fze) \/; M
sin(fz+e)

fsin(fz+e)(—1+cos(fz+e)—sin(fz+e)) \

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*sin(f*x+e))”~(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))~(1/2),x,method=_RETU
RNVERBOSE)
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[Out] 1/f*x(a*x(1+sin(f*x+e)))~(1/2)*(c+d*sin(f*x+e))~(1/2)*27(1/2)*(An(-(-c~(1/2)*
27 (1/2)*((c+d*sin(f*x+e))/(1+cos(f*x+e))) " (1/2) *sin(f*x+e)+cos (f*xx+e) *c—-d*s
in(f*x+e)-c)/sin(f*x+e)/c”(1/2))-1n(2x(-c~(1/2)*2~(1/2) * ((c+d*sin(f*x+e)) /(
1+cos(f*x+e)) )~ (1/2) *sin(f*x+e)+d*cos (f*x+e)-c*sin(f*x+e)-d) /(-1+cos(f*x+e)
)))*(-1+cos(f*x+e))/sin(f*x+e)/(-1+cos (f*x+e)-sin(f*x+e) )/ ((c+d*sin(f*x+e))
/(1+cos (f*x+e)))~(1/2)/c~(1/2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))~(1/2),x, algor
ithm="maxima")

[Out] integrate(sqrt(a*sin(f*x + e) + a)/(sqrt(d*sin(f*x + e) + c)*sin(f*x + e)),
x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 179 vs.

2(52) = 104.

time = 0.90, size = 1080, normalized size = 17.70

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))”(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))~(1/2),x, algor
ithm="fricas")

[Out] [1/4*sqrt(a/c)*log(((axc™4 - 28*a*c~3*d + 7O0xa*xc~2*d"2 - 28*axc*d”~3 + axd~4
Yxcos(f*x + e)”5 + a*c™4 + 4*a*c”3xd + 6*a*c”2xd"2 + 4*axcxd”3 + a*d”4 - (3
1xaxc™4 - 196*a*c”3*d + 154*a*xc”2*d"2 - 4*axcxd™3 - a*d"4)*cos(f*x + e)”4 -
2% (81*xaxc™4 - 252*xa*xc”3*d + 150*a*c™2xd"2 - 28*a*cxd~3 + a*d~4)*cos(f*x +
e)”3 + 2% (79%axc™4 - 100*axc”3*xd + T4*xaxc™2*d"2 - 4xaxc*d™3 - axd”~4)*cos(fx*
X + e)”2 - 8%((c™4 - 7*c™3*d + 7*xc"2*%d"2 - c*xd"3)*cos(f*x + e)”4 + 51*xc™4 -
59%c”~3*%d + 17*c”2*xd"2 - c*xd™3 - 2%(5%c™4 - 14%c™3*d + 5*%c”2*%d"2)*cos(f*x +
e)”3 - 2%(18*%c”4 - 33%c"3*%d + 12%c"2*%d"2 - c*d"3)*cos(f*x + e)”2 + 2%(13*c
4 - 14%c”3*d + 5*c”2+%d"2)*cos(f*x + e) — (51*%c”4 - 59*%c”3*d + 17*c”2%d"2 -
cxd™3 - (¢4 - T*c™3*%d + 7*c™2*%d"2 - c*d~3)*cos(f*x + e)”3 - (11*c~4 - 35%
c™3xd + 17*c™2*%d"2 - c*d~3)*cos(f*x + e)”"2 + (25%c™4 - 31%c™3*d + 7T*c~2*d"2
- cxd"3)*cos(f*x + e))*sin(f*x + e))*sqrt(a*sin(f*x + e) + a)*sqrt(d*sin(f
*x + e) + c)xsqrt(a/c) + (289xa*xc™4 - 476xa*c”3*%d + 230*a*xc™2xd~2 - 28*a*cx
d~3 + a*d”4)*cos(fxx + e) + (a*c™4 + 4xa*xc”™3xd + 6*axc™2*%d"2 + 4xa*xcxd~3 +
a*d~4 + (a*c™4 - 28*a*c”3*d + 70*a*c™2xd"2 - 28*a*cxd”3 + a*d~4)*cos(f*x +
e)”4 + 32*%(a*c™4 - T*a*c™3xd + T*a*c™2xd"2 - a*c*d~3)*cos(f*x + e)”"3 - 2x(6
5xaxc™4 - 140*axc”3*d + 38*axc”2*d"2 - 12*a*xc*d”3 + axd”4)*cos(f*x + e)”2 -
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32x(9*axc”™4 - 15%axc”3xd + T*xa*c~2*d"2 - axckd"3)*cos(f*x + e))*sin(f*xx +
e))/(cos(f*x + e)°5 + cos(f*xx + e)”4 - 2xcos(f*x + e)~3 - 2*cos(f*x + e)”2
+ (cos(fxx + e)74 - 2xcos(f*x + e€)”2 + 1)*sin(f*x + e) + cos(f*x + e) + 1))
/f, 1/2xsqrt(-a/c)*arctan(-1/4*x((c”2 - 6xc*d + d~2)*cos(f*x + e)~2 - 9*c~2
+ 6xc*d - d72 + 8%(c”2 - cxd)*sin(f*x + e))*sqrt(axsin(f*x + e) + a)*sqrt(d
xsin(f*x + e) + c)*sqrt(-a/c)/((a*ckd - a*xd~2)*cos(f*x + e)~3 - (axc™2 - 3%
a*xcxd)*xcos(f*x + e)*sin(f*x + e) + (2%xaxc™2 - a*cxd + a*d™2)*cos(f*x + e)))

/£]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

Va(sin (e + fz) +1)
V/c+dsin (e + fx) sin(e+ fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*sin(f*x+e))**(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))**(1/2),x)

[Out] Integral(sqrt(a*(sin(e + f*x) + 1))/(sqrt(c + d*sin(e + f*x))*sin(e + f*x))
» X)

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sin(f*x+e))”(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))~(1/2),x, algor
ithm="giac")

[Out] integrate(sqrt(a*sin(f*x + e) + a)/(sqrt(d*sin(f*x + e) + c)*sin(f*x + e)),

x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/ Va+asin(e+ fz) ”
sin(e+ fr) \/c+dsin(e+ fz)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c + d*sin(e + f*x))~(1/2)),x)

[Out] int((a + a*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c + d*sin(e + f*x))~(1/2)), x
)
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f csc(e+fx) \/C + dsm(e + fil?) do

3.37 ‘
va+ asin(e + fx)
Optimal. Leaf size=140
¢ tan -1 \/E\/Ecos(e+fw) /—C— an -1 \/E\/c—\
_2ft h (\/a—l—asin(e+f:v)\/c+dsin(e+fw))+\/5 d tanh (ﬁ\/a—l—asin(eqtfm
Vai Vai

[Out] -2*arctanh(cos(fxx+e)*a~(1/2)*c~(1/2)/(a+a*xsin(f*x+e)) " (1/2)/(c+d*sin(f*x+e
))~(1/2))*c~(1/2)/f/a” (1/2)+arctanh (1/2*cos (f*x+e)*a~(1/2)*(c-d) ~(1/2)*2~ (1

/2) /(at+axsin(fxx+e))~(1/2) /(c+d*sin(f*xx+e))~(1/2))*2~(1/2)*(c-d)~(1/2)/f/a~

(1/2)

Rubi [A]
time = 0.34, antiderivative size = 140, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.143,

steps used = 5, number of rules used = 5, integrand size = 35
Rules used = {3023, 2861, 214, 3022, 212}

[n_ -1 \/Evc— d cos(e+fx) > -1 ( \/C?\/Ecos(e+fz) >
v2'Ve~d tenh (ﬁ\/asin(e+fx)—i—a‘\/c—i-dsin(e—i-fx)‘ 2ve tanh Vasin(e + fr) +a \/c+dsin(e + fz)

va f - Va f

Antiderivative was successfully verified.
[In] Int[(Cscle + f*x]*Sqrtlc + d*Sinl[e + f*x]])/Sqrtl[a + a*Sin[e + f*x]],x]

[Out] (-2*Sqrt[c]l*ArcTanh[(Sqrt[al*Sqrt[c]l*Cos[e + f*x])/(Sqrt[a + a*Sin[e + f*x]

1*Sqrt[c + d*Sinle + f*x]1)]1)/(Sqrtlal*f) + (Sqrt[2]*Sqrtlc - d]l*ArcTanh[(S

qrt[al*Sqrt[c - d]*Cos[e + f*x])/(Sqrt[2]*Sqrt[a + a*Sin[e + f*x]]1*Sqrt[c +
d*Sinf[e + f*x]1)1)/(Sqrt[al*f)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] |l LtQ[b, 01)

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 2]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 2861

Int[1/(Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]11*Sqrt[(c_.) + (d_.)*sin[(e
_) + (£_.)*(x)11), x_Symbol] :> Dist[-2#(a/f), Subst[Int[1/(2*b~2 - (a*c
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- bxd)*x~2), x], x, b*(Cos[e + f*x]/(Sqrt[a + bxSin[e + f*x]]*Sqrtl[c + d*Si
nle + £*x]1))]1, x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] &&
EqQ[a~2 - b2, 0] && NeQ[c~2 - d~2, 0]

Rule 3022

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(sin[(e_.) + (£f_.)*(x_)1*Sqr
tl(c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]11), x_Symbol] :> Dist[-2*(a/f), Subst
[Int[1/(1 - a*c*x"2), x], x, Cos[e + f*x]/(Sqrt[a + b*Sin[e + fx*x]]*Sqrtl[c
+ d*Sin[e + f*x]1)], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0
] && EqQ[a”2 - b2, 0] && NeQ[b*c + axd, 0]

Rule 3023

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]11/(sin[(e_.) + (£f_.)*(x_)]1*Sqr
tl(c_) + (d_.)*sin[(e_.) + (£_.)*(x_)11), x_Symbol] :> Dist[(bxc - ax*d)/c,

Int[1/(Sqrt[a + b*Sin[e + f*x]]*Sqrt[c + d*Sin[e + f*x]]), x], x] + Dist[a/
c, Int[Sqrt[c + d*Sin[e + f*x]]/(Sin[e + f*x]*Sqrt[a + bxSin[e + f*x]]), x]
, x]1 /; FreeQ[{a, b, ¢, d, e, f}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 - b~2,
0] && EqQ[c™2 - d~2, 0]

Rubi steps
csc(e+fx) \/Cl + asin(e + fz)‘
. | cf . : dx
/csc(e+fx)\/c+d31n(e+fa:) i — Ve + dsin(e + fz) +(—c+d)/
\/a—l—asin(e—l—fx)‘ a \/W
2¢)Subst [ —— da, =, el
_( C) ubs (f 1—acz? 4% % \/a+asin(e+fx) \/C+dSin(e+.f~'1
- f
5 tanh-! \/E\/Cicos(e+fw) ) \/E
- Ve tan (\/a+asin(e+fx) Ve +dsin(e + fz) n
Va' f

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 2506 vs.
2(140) = 280.
time = 27.18, size = 2506, normalized size = 17.90

Result too large to show
Warning: Unable to verify antiderivative.

[In] Integrate[(Csc[e + f*x]*Sqrtlc + d*Sin[e + f*x]])/Sqrt[a + a*Sin[e + f*x]],
x]
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[Out] (Cscle + f*xx]*(2*Sqrt[c]*ArcTanh[(2*Sqrt[c]l*Tan[(e + f*x)/4]1)/(Sqrtlc] + Sq
rt[Sec[(e + fxx)/4]"4*x(c + dxSin[e + f*x])] - Sqrtlcl*Tan[(e + fx*x)/4]172)]
- 2xSqrt [2]*#Sqrt[c - d]*ArcTanh[(2#Sqrt[2]*Sqrt[c - dl*Tan[(e + £*x)/4]1)/(S
grtlc] + Sqrt[Sec[(e + f*x)/4]"4*(c + d*Sin[e + f*x])] + 2*Sqrt([c]*Tan[(e +
f*x)/4] - Sqrtlcl*Tan[(e + f*x)/4]172)] + Sqrtlcl*(Logl[Tan[(e + f*x)/4]] -
Loglc + Sqrtlcl*Sqrt[Sec[(e + f*x)/4]~4*(c + d*Sin[e + f*x])] + 2xdxTan[(e
+ fxx)/4] - cxTan[(e + f*x)/4]72]))*Sec[(e + f*x)/4]"2*(c + d*Sin[e + f*x])
)/ (£xSqrt[ax(1 + Sin[e + f*x])]*Sqrt[Sec[(e + f*x)/4] 4*(c + d*Sin[e + f*x]
)1*((d*Cos[e + f*xx]*(2+Sqrt[c]*ArcTanh[(2*Sqrt[c]*Tan[(e + f*x)/4]1)/(Sqrtlc
1 + Sqrt[Sec[(e + f*x)/4]"4*(c + d*Sin[e + f*x])] - Sqrt[cl*Tan[(e + f*x)/4
172)] - 2*Sqrt[2]*Sqrtlc - d]l*ArcTanh[(2*Sqrt[2]*Sqrt[c - d]*Tan[(e + f*x)/
4])/(Sqrtlc] + Sqrt[Sec[(e + fxx)/4]"4x(c + dxSin[e + f*x])] + 2xSqrt([c]*Ta
n[(e + f*x)/4] - Sqrtl[cl*Tan[(e + f#*x)/4]1°2)] + Sqrtlc]*(Log[Tan[(e + f*x)/
4]] - Loglc + Sqrtlcl*Sqrt[Secl[(e + f*x)/4]"4*(c + d*Sin[e + f*x])] + 2%xdxT
an[(e + f*x)/4] - c*Tan[(e + f*x)/4]172]))*Sec[(e + f*x)/4]72)/(2*Sqrtlc + d
xSin[e + fxx]]*Sqrt([Sec[(e + f*x)/4]"4*(c + d*Sin[e + f*x])]) + ((2*Sqrtl[cl
xArcTanh [ (2%Sqrt [c]*Tan[(e + f*x)/4])/(Sqrtlc] + Sqrt[Sec[(e + f*x)/4]1"4*(c
+ dxSin[e + f*x])] - Sqrtlcl*Tan[(e + f#*x)/4]172)] - 2*Sqrt[2]*Sqrt[c - dl*
ArcTanh [(2*Sqrt [2]*Sqrt[c - d]*Tan[(e + f*x)/4]1)/(Sqrtlc] + Sqrt[Sec[(e + £
*xx)/4]"4*%(c + d*Sin[e + f*xx])] + 2xSqrt[c]*Tan[(e + f*x)/4] - Sqrt[c]*Tan[(
e + fxx)/4]°2)] + Sqrtlcl*(Logl[Tan[(e + f*x)/4]] - Loglc + Sqrt[cl*Sqrt[Sec
[(e + f*x)/4]"4*(c + d*Sin[e + f*x])] + 2*d*Tan[(e + f*x)/4] - c*Tan[(e + £
*xx)/4]172]))*Sec[(e + £*x)/4]1"2*Sqrt[c + d*Sin[e + fxx]]1*Tan[(e + f*x)/4])/(
2xSqrt[Sec[(e + f*x)/4]"4*(c + d*Sin[e + f*xx])]) - ((2*Sqrt([c]*ArcTanh[(2%S
grtlc]*Tan[(e + f*x)/4])/(Sqrtlc] + Sqrt[Sec[(e + f*x)/4]4*(c + d*Sin[e +
f*x])] - Sqrtlcl*Tan[(e + f*x)/4]1°2)] - 2*Sqrt[2]*Sqrt[c - d]*ArcTanh[(2*Sq
rt[2]*Sqrt[c - dl*Tan[(e + f*x)/4]1)/(Sqrtlc] + Sqrt[Sec[(e + fx*x)/4] 4*x(c +
dxSin[e + f*x])] + 2xSqrt[cl*Tan[(e + f*x)/4] - Sqrtl[cl*Tan[(e + f*x)/4]"2
)] + Sqrtlcl*(Log[Tan[(e + f*x)/4]] - Loglc + Sqrt[cl*Sqrt[Sec[(e + f*x)/4]
“4x(c + d*Sin[e + f*x])] + 2*d*Tan[(e + f*x)/4] - cxTan[(e + f*x)/4]72]))*S
ec[(e + f*x)/4]"2*Sqrt[c + dxSin[e + fxx]]*(d*Cos[e + f*x]*Sec[(e + f*x)/4]
~4 + Sec[(e + f*xx)/4]1"4*(c + d*Sin[e + f*x])*Tan[(e + f*x)/4]))/(2x(Sec[(e
+ fxx) /4] 4x(c + dxSin[e + £*x]))~(3/2)) + (Sec[(e + f*x)/4]"2xSqrt[c + d*S
infe + f*x]]1*((2*Sqrt[c]*((Sqrtlcl*Sec[(e + f*x)/4]1°2)/(2*(Sqrt[c] + Sqrt[S
ec[(e + f*x)/4]"4x(c + d*Sin[e + f*x])] - Sqrt[c]*Tan[(e + f*x)/4]172)) - (2
*Sqrt [c]*Tan[(e + f*x)/4]*(-1/2%(Sqrt[c]l*Sec[(e + f*x)/4] 2xTan[(e + f*x)/4
1) + (d*Cos[e + fxx]*Sec[(e + f*x)/4]"4 + Sec[(e + f*x)/4]1"4*x(c + d*Sin[e +
fxx])*Tan[(e + £*xx)/4])/(2*Sqrt[Sec[(e + f*x)/4]"4*x(c + dxSin[e + f*x])]))
)/ (Sqrtlc] + Sqrt[Sec[(e + f*x)/4] " 4x(c + d*Sin[e + fxx])] - Sqrt([c]*Tan[(e
+ £xx)/4]1°2)72))/(1 - (4*c*Tan[(e + fx*x)/4]172)/(Sqrt[c] + Sqrt[Sec[(e + f*
x)/4]"4%(c + d*Sin[e + f*x])] - Sqrtl[cl*Tan[(e + f*x)/4]172)"2) - (2xSqrt[2]
*xSqrt[c - d]*((Sqrtlc - dl*Sec[(e + f*x)/4]172)/(Sqrt[2]*(Sqrt[c] + Sqrt[Sec
[(e + f*x)/4]"4*(c + d*Sinf[e + f*x])] + 2*Sqrt[c]l*Tan[(e + f*x)/4] - Sqrtlc
1*Tan[(e + f*x)/4]172)) - (2+Sqrt[2]*Sqrtlc - d]*Tan[(e + f*x)/4]*((Sqrt[c]*
Sec[(e + fxx)/4]172)/2 - (Sqrtlcl*Sec[(e + f*x)/4]"2+Tan[(e + £*x)/4]1)/2 + (
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dxCos[e + fxx]*Sec[(e + fxx)/4]"4 + Sec[(e + f*x)/4]"4*(c + d*Sin[e + f*x])
xTan[(e + f*x)/4])/(2*Sqrt[Sec[(e + f*x)/4]1"4*(c + d*Sin[e + £*x]1)])))/(Sqr
t[c] + Sqrt[Sec[(e + fx*x)/4]"4x(c + d*Sin[e + f*x])] + 2*Sqrt[c]*Tan[(e + £
*xx) /4] - Sqrtlcl*Tan[(e + f*x)/4]172)"2))/(1 - (8*(c - d)*Tan[(e + f*x)/4]72
)/ (Sqgrtlc] + Sqrt[Sec[(e + f*x)/4]"4*(c + dxSin[e + f*x])] + 2+Sqrt[c]*Tan[
(e + f*x)/4] - Sqrtlcl*Tan[(e + f*x)/4]172)"2) + Sqrtl[cl*((Csc[(e + fx*x)/4]%*
Sec[(e + fxx)/4])/4 - ((dxSec[(e + f*x)/4]172)/2 - (c*Sec[(e + f*x)/4]"2+Tan
[(e + £xx)/4]1)/2 + (Sqrtlc]l*(d*Cos[e + f*x]*Sec[(e + f*x)/4]"4 + Sec[(e + £
*xx) /4] ~4*%(c + d*Sin[e + f*x])*Tan[(e + £*x)/4]))/(2*%Sqrt[Sec[(e + f*x)/4]"4
*(c + d*Sin[e + £*x])]1))/(c + Sqrtlc]l*Sqrt[Sec[(e + f*x)/4]"4x(c + d*Sin[e

+ fxx])] + 2*d*Tan[(e + f*x)/4] - cxTan[(e + f*x)/4]172))))/Sqrt[Sec[(e + f*
x)/4]"4x(c + d*Sinle + f*x])]))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 346 vs.

2(113) = 226.
time = 0.28, size = 347, normalized size = 2.48

method | result

2(\/20_2d \/5 \/%m sin(fa

(—1+cos(fz+e)—sin(fz+e)) \/C + dsin (f.'E + 6) | \/20 —2d |-

—1+cos(

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c+d*sin(f*x+e))”(1/2)/sin(f*x+e)/(at+a*sin(f*x+e))~(1/2),x,method=_RETU

RNVERBOSE)

[Out] -1/2/fx(-1+cos(f*x+e)-sin(f*x+e))*x(c+d*sin(f*x+e)) " (1/2) *((2xc-2*xd) ~(1/2)*1

n(-2x((2*c-2*d) " (1/2)*2~(1/2) *((c+d*sin(f*x+e) )/ (1+cos(f*x+e))) ~(1/2) *sin(f
*x+e)+cksin(f*xx+e) -d*sin (f*x+e)+cos (f*x+e) *c-d*cos (fxx+e)-c+d) / (-1+cos (f*x+
e)-sin(f*xx+e)))*c~(1/2)-c*1n(2*%(-c~(1/2)*2"(1/2) * ((c+d*sin(f*x+e) )/ (1+cos(f
*x+e))) " (1/2)*sin(f*x+e)+d*cos (f*x+e)-cxsin(f*x+e)-d)/(-1+cos(f*x+e)))+1n(-
(-c~(1/2)*27(1/2) *((c+d*sin(f*x+e) )/ (1+cos(f*x+e))) ~(1/2) *sin(f*x+e)+cos (f*
x+e)*c-dxsin(f*x+e)-c)/sin(f*x+e)/c~(1/2))*c)/(a*x(1+sin(f*x+e)))~(1/2) /sin(
fxx+e)*27(1/2) / ((c+d*sin(f*x+e))/(1+cos(f*xx+e)))~(1/2)/c~(1/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sin(f*x+e))~(1/2)/sin(f*x+e)/(at+ta*sin(f*x+e))~(1/2),x, algor

ithm="maxima")
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[Out] integrate(sqrt(d*sin(f*x + e) + c)/(sqrt(a*sin(f*x + e) + a)*sin(f*x + e)),

x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 302 vs.
2(119) = 238.
time = 0.75, size = 2911, normalized size = 20.79

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sin(f*x+e))”(1/2)/sin(f*x+e)/(at+a*sin(f*x+e))~(1/2),x, algor
ithm="fricas")

[Out] [1/4*(sqrt(2)*sqrt((c - d)/a)*1log(((c”2 - 14xc*d + 17*d"2)*cos(f*x + e)~3 +
4xsqrt(2)*((c - 3*d)*cos(f*x + e)”2 - (3*xc - d)*cos(f*x + e) + ((c - 3*d)*
cos(f*x + e) + 4xc - 4*d)*sin(f*x + e) - 4xc + 4*d)*sqrt(a*sin(f*x + e) + a
)*sqrt (d*sin(f*x + e) + c)*sqrt((c - d)/a) - (13%c™2 - 22%c*d - 3*d~2)*cos(
f*x + )72 - 4%c”2 - 8%c*d - 4*d"2 - 2% (9*c”2 - 14xcxd + 9*%d"2)*cos(f*x + e
) + ((c72 - 14xc*xd + 17*d"2)*cos(f*x + e)”2 - 4*c™2 - 8xckd - 4*d~2 + 2x(7*
c”2 - 18%c*d + 7*d"2)*cos(f*x + e))*sin(f*x + e))/(cos(f*x + e)~3 + 3*cos(f
*x + e)”2 + (cos(f*x + e)”2 - 2*cos(f*xx + e) - 4)*sin(f*x + e) - 2*cos(f*xx
+ e) - 4)) + sqrt(c/a)*log(((c™4 - 28%c™3*d + TOxc™2xd"2 - 28%c*d~3 + d~4)x*
cos(f*x + e)”5 - (31*c™4 - 196*%c~3*d + 154%c~2xd"2 - 4*cxd~3 - d~4)*cos(f*x
+ e)74 + c”4 + 4xc™3*%d + 6*%c”2*%d"2 + 4d*xcxd”3 + d74 - 2% (81*%c”4 - 252%c”3*d
+ 150%c™2*d"2 - 28*c*d~3 + d~4)*cos(f*x + e)”3 + 2x(79*c”4 - 100*c™3*d + 7
4%c”2*%d"2 - 4xc*d”3 - d74)*cos(f*x + e)”2 - 8%((c™3 - 7*c™2xd + T*c*d"2 - d
~3)*cos(f*x + e)"4 - 2x(5xc”3 - 14%c~2*d + b5*cxd"2)*cos(f*x + e)”3 + 51xc”3
- B59%c”2xd + 17xc*xd"2 - d”3 - 2*(18*c”3 - 33*c”2*d + 12*cxd~2 - d~3)*cos(f
*Xx + )72 + 2x(13*c™3 - 14*c”2*d + 5xcxd”"2)*cos(fxx + e) + ((c”3 - 7*c™2xd
+ Txc*d™2 - d"3)*cos(f*x + e)”3 - 51%c”3 + 59*c™2xd - 17*cxd"2 + 473 + (11x%
c”3 - 35%c72*xd + 17*c*xd”2 - d"3)*cos(f*x + e)72 — (25%c™3 - 31*c”2*d + T*xc*
d”2 - d”3)*cos(f*x + e))*sin(f*x + e))*sqrt(a*xsin(f*x + e) + a)*sqrt(d*sin(
fxx + e) + c)*sqrt(c/a) + (289*c™4 - 476*%c”3*d + 230*c”~2*d"2 - 28*cxd~3 + d
“4)xcos(f*x + e) + ((c™4 - 28*%c™3*d + 70*c™2+%d"2 - 28*c*d~3 + d~4)*cos(f*x
+ e)74 + c”4 + 4%c”3*%d + 6*%c”2%d"2 + 4xcxd”3 + d74 + 32%(c”4 - Txc"3*%d + Tx*
c"2*%d"2 - cxd"3)*cos(f*x + e)”3 - 2%(65*%c”4 - 140%c~3*d + 38*c~2*d"2 - 12*c
*d"3 + d"4)*cos(f*x + e)72 - 32x(9%c™4 - 15*%c”3*xd + T*c"2xd"2 - c*d~3)*cos(
fxx + e))*sin(fxx + e))/(cos(f*x + e)75 + cos(f*x + e)~4 - 2*cos(f*x + e)~3
- 2%cos(f*x + e)”2 + (cos(fxx + e)~4 - 2%cos(f*x + e)~2 + 1)*sin(f*x + e)
+ cos(f*x + e) + 1)))/f, 1/4x(sqrt(2)*sqrt((c - d)/a)*log(((c™2 - 14*cxd +
17*d"2) *cos(f*x + e)~3 + 4xsqrt(2)*((c - 3*d)*cos(f*x + e)~2 - (3xc - d)*co
s(f*x + e) + ((c - 3*xd)*cos(f*x + e) + 4xc - 4xd)*sin(f*x + e) - 4xc + 4x*d)
*xsqrt (a*xsin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)*sqrt((c - d)/a) - (13%c™
2 - 22xckd - 3*d"2)*cos(f*x + e)72 - 4xc”2 - 8%cxd - 4*xd"2 - 2% (9*%c”2 - 14x%
cxd + 9*%d"2)*cos(f*x + e) + ((c72 - 14xcxd + 17*d"2)*cos(f*x + e)”2 - 4x%c”2
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- 8%c*xd - 4xd"2 + 2*%(7*c”2 - 18*ckd + 7*d"2)*cos(f*x + e))*sin(f*x + e))/(
cos(f*x + e)73 + 3*cos(f*x + e)”2 + (cos(f*x + e)”2 — 2*cos(f*x + e) - 4)*s
in(f*x + e) - 2xcos(f*x + e) - 4)) + 2*sqrt(-c/a)*arctan(-1/4*((c"2 - 6%c*d

+ d72)*cos(f*x + e)”2 - 9%c”2 + 6*c*d - d72 + 8%(c”2 - c*d)*sin(f*xx + e))x*
sqrt(axsin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)*sqrt(-c/a)/((c™2*d - c*d”
2)*cos(f*x + e)”3 - (c™3 - 3*c”2*d)*cos(f*x + e)*sin(f*x + e) + (2*c"3 - ¢~
2xd + c*d"2)*cos(f*x + e))))/f, 1/4x(2xsqrt(2)*sqrt(-(c - d)/a)*arctan(1/4*
sqrt (2) *sqrt(axsin(fxx + e) + a)*((c - 3*d)*sin(f*x + e) - 3*c + d)*sqrt(dx*
sin(f*x + e) + c)*sqrt(-(c - d)/a)/((c*d - d"2)*cos(f*x + e)*sin(f*x + e) +

(c72 - cxd)*cos(f*x + e))) + sqrt(c/a)*log(((c™4 - 28*c™3xd + 70%c™2*d"2 -

28xc*d~3 + d"4)*cos(fxx + e)”5 - (31*%c™4 - 196%c”3*d + 154*c™2xd"2 - 4*cxd
"3 - d"4)*cos(f*xx + e€)”4 + c”4 + 4*c”3*d + 6*%c”2*%d"2 + 4xc*d”3 + d74 - 2x(8
1¥c™4 - 252%c~3*d + 150%c”2+%d"2 - 28*c*d”"3 + d"4)*cos(f*xx + e)~3 + 2% (79*c”
4 - 100%c”3*d + T4xc~™2%d"2 - 4*c*d"3 - d"4)*cos(fxx + e)”2 - 8%((c”3 - 7*c~
2xd + 7xc*d"2 - d"3)*cos(f*x + e)”4 - 2%(5xc”™3 - 14%c~2*d + 5*cxd”2)*cos(fx*
X + e)73 + 51xc”3 - 59%c”2*d + 17xc*d"2 - d73 - 2x(18xc”3 - 33*c”2*d + 12xc
*d"2 - d"3)*cos(f*x + e)72 + 2x(13*%c”3 - 14*c™2xd + 5*xc*xd"2)*cos(f*xx + e) +

((c™3 = T*c™2+d + Txc*d™2 - d~3)*cos(f*x + e)~3 - 51*%c™3 + 59*c™2xd - 17*c
*d"2 + d73 + (11*c”3 - 35%c”2*d + 17xc*d"2 - d~3)*cos(f*x + e)~2 - (265%c~3
- 31*%c™2%d + T*c*d™2 - d~3)*cos(f*x + e))*sin(f*x + e))*sqrt(a*sin(f*x + e)

+ a)*sqrt(d*sin(f*x + e) + c)*sqrt(c/a) + (289%c™4 - 476%c~3xd + 230%*c~2xd
"2 - 28*%c*d"3 + d"4)*cos(fxx + e) + ((c”™4 - 28xc”3*d + TO0*xc™2+%d"2 - 28*cxd”
3 + d74)*cos(f*x + e)74 + c™4 + 4xc”3xd + 6*xc”2xd"2 + 4*cxd"3 + d74 + 32x(c
4 - Txc”3xd + Txc"2xd"2 - c*d"3)*cos(f*x + e)73 - 2%(65%c”4 - 140%c”3*d +
38xc”"2xd"2 - 12%cxd”3 + d"4)*cos(f*x + e)72 - 32x(9%c™4 - 15%c”3*xd + T*c™2x%
d~2 - c*d~3)*cos(f*x + e))*sin(f*x + e))/(cos(f*x + e)75 + cos(f*x + e)"4 -

2xcos(f*x + e)”3 - 2*cos(f*x + e)”2 + (cos(f*x + e)”4 - 2%cos(f*x + e)"2 +

D *sin(f*x + e) + cos(f*x + e) + 1)))/f, 1/2%(sqrt(2)*sqrt(-(c - d)/a)*arc
tan(1/4*sqrt(2)*sqrt(a*xsin(f*x + e) + a)*((c - 3xd)*sin(f*x + e) - 3*c + d)
xsqrt (d*xsin(f*x + e) + c)*sqrt(-(c - d)/a)/((cxd - d"2)*cos(f*x + e)*sin(fx*
x + e) + (c72 - cxd)*cos(f*x + e))) + sqrt(-c/a)*arctan(-1/4*x((c"2 - 6xc*d
+ d72)*cos(f*x + €)72 — 9%c™2 + 6*xc*kd - d”2 + 8*%(c”2 - cxd)*sin(f*x + e))*s
qrt(axsin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)*sqrt(-c/a)/((c™2*d - c*d~2
Yxcos(f*x + e)”3 - (c73 - 3*c™2*d)*cos(f*x + e)*sin(f*x + e) + (2%c”3 - ¢c”2
*d + c*d"2)*cos(f*x + e))))/f]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

Ve+dsin (e + fz)

dz
Va(sin (e + fx) +1) sin (e + fz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sin(f*x+e))**(1/2)/sin(f*x+e)/(a+axsin(f*x+e))**(1/2),x)
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[Out] Integral(sqrt(c + d*sin(e + f*x))/(sqrt(a*x(sin(e + f*x) + 1))*sin(e + f*x))
» X)

Giac [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sin(f*x+e))”(1/2)/sin(f*x+e)/(ata*sin(f*x+e))~(1/2),x, algor
ithm="giac")
[Out] Timed out
Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
/ Ve+dsin(e+ fx) i
sin(e+ fz) Va+asin(e+ fz)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*sin(e + f*x))~(1/2)/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)),x)

[Out] int((c + d*sin(e + f*x))~(1/2)/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)), x
)
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f csc(g+fx) dx
va+asin(e + fx) \/c+dsin(e + fx)

Optimal. Leaf size=140

3.38

-1 \/(T\/Ecos(e+fw) -1 \/CTMCOS(Hﬂ)
2tanh (\/a+asin(e+fa:)\/c+dsin(e+fx)>+ﬁtanh (\/?\/a+asin(e—|—fx)\/c+dsin(
va' Ve f Vva've—d f

[Out] -2*arctanh(cos(f*x+e)*a~(1/2)*c~(1/2)/(ata*sin(f*x+e)) " (1/2)/(c+d*sin(f*x+e
))"(1/2))/f/a~(1/2) /c”(1/2)+arctanh(1/2*cos (f*x+e) *a~ (1/2) *(c-d) ~(1/2)*2~ (1
/2)/(ataxsin(f*x+e))~(1/2)/(c+d*sin(f*x+e))~(1/2))*2°(1/2)/f/a~(1/2)/(c-d)~

(1/2)

Rubi [A]
time = 0.32, antiderivative size = 140, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.143,

steps used = 5, number of rules used = 5, integrand size = 35
Rules used = {3026, 2861, 214, 3022, 212}

-1 \/E ve—d cos(e+fx) ) -1 ( \/G_/‘\/E‘cos(e+fz) >
V2 tanh (\/Ex/asin(e—i-fz) +a \/c+dsin(e + fz) _ 2tanh Vasin(e + fz) +a \/c+dsin(e + fz)
Va fve—d Va' Ve f

Antiderivative was successfully verified.
[In] Int[Csc[e + f*x]/(Sqrtl[a + a*Sin[e + f*x]]*Sqrt[c + d*Sinle + fx*x]]),x]

[Out] (-2*ArcTanh[(Sqrt[al*Sqrt[c]l*Cos[e + f*x])/(Sqrt[a + a*Sin[e + f*x]]*Sqrtl(c
+ d*Sin[e + £*x]]1)]1)/(Sqrt[al*Sqrt[cl*f) + (Sqrt[2]*ArcTanh[(Sqrt[al*Sqrtl[

c - d]*Cos[e + f*xx])/(Sqrt[2]*Sqrt[a + a*Sinl[e + f*x]]1*Sqrt[c + d*Sinl[e + f

*x]]1)1)/(Sqrt[al*Sqrtc - d]l*f)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 Il LtQ[b, 01)

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 2]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 2861

Int[1/(Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1*Sqrt[(c_.) + (d_.)*sin[(e
_) + (£_.)*(x_)11), x_Symbol] :> Dist[-2*(a/f), Subst[Int[1/(2%b~2 - (a*c
- bxd)*x"2), x], x, b*(Cos[e + f*x]/(Sqrt[a + bxSin[e + f*x]]*Sqrt[c + d*Si
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nle + £*xx11))], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c - a*xd, 0] &&
EqQ[a~2 - b2, 0] && NeQ[c™2 - 42, 0]

Rule 3022

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]11/(sinl(e_.) + (f_.)*(x_)]1*Sqr
tl(c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1]), x_Symbol] :> Dist[-2x(a/f), Subst
[Int[1/(1 - axc*x~2), x], x, Cos[e + f*x]/(Sqrt[a + b*Sin[e + f*x]]*Sqrtlc
+ dxSinf[e + f*x]1)], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*xc - axd, O
] && EqQ[a”2 - ™2, 0] && NeQ[b*c + axd, 0]

Rule 3026

Int[1/(sin[(e_.) + (f_.)*(x_)1*Sqrtl[(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]1]1*S
qrt[(c_) + (d_.)*sin[(e_.) + (£f_.)*(x_)]1]), x_Symbol] :> Dist[-b/a, Int[1/(
Sqrt[a + bxSin[e + fxx]]*Sqrtl[c + d*Sin[e + f*x]]), x], x] + Dist[1/a, Int[
Sqrt[a + bxSin[e + fxx]]/(Sin[e + f*x]*Sqrtl[c + d*Sin[e + fx*x]1), x], x] /;
FreeQ[{a, b, ¢, d, e, f}, x] && NeQ[b*c - axd, 0] && (NeQ[a"2 - b~2, 0] ||
NeQ[c~2 - 42, 0])

Rubi steps
esc(et+fz)\/a + asin(e + fz)
/ . 1) g,
/ csc(e + fx) dr — Ve +dsin(e + fz) B /
Va+asin(e + fzr) \/c+dsin(e + fz) a va+asin(e+
2Subst ( [ 1 dz, =, ol
B e (f T=ac® 0 ¥ Va+asin(e + fx) \/c+ dsir
f
2tanh_1 < \/(7\/; cos(e+fx) )
B Va+ asin(e + fx) \/c+dsin(e + fx)
Va e f

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 42.86, size = 309693, normalized size = 2212.09

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cscle + f*x]/(Sqrt[a + a*Sin[e + f*x]]*Sqrt[c + d*Sin[e + fx*x]]),
x]



218

[Out] Result too large to show

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 363 vs.
2(113) = 226.

time = 0.24, size = 364, normalized size = 2.60

method | result

ct+dsin(fz+e)
1+cos(fz+e)

sin(fz+e) \/E

sin(fz+e)+cos(fz+e)c—dsin(fz+

(—1+4cos(fz+e)—sin(fz+e)) \/C + dsin (fCL' + 6) | In| —

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(f*x+e)/(at+axsin(f*x+e))~(1/2)/(c+d*sin(f*x+e))~(1/2),x,method=_RE
TURNVERBOSE)

[Out] -1/2/f*(-1+cos(f*x+e)-sin(f*x+e))*(c+d*sin(f*x+e)) " (1/2)*(In(-(-c~(1/2)*2"(
1/2)*((c+d*sin(f*x+e) )/ (1+cos(f*x+e))) ~(1/2) *sin(f*x+e)+cos (f*x+e) *c-d*sin(
fxx+e)-c)/sin(fxx+e)/c”(1/2))*(2*c-2*d) ~(1/2)+2*1n(-2*x ((2*c-2*d) ~(1/2) %2~ (1
/2)*((c+d*sin(f*x+e))/(1+cos(f*xx+e))) " (1/2) *sin(f*x+e)+c*sin(f*x+e)-d*sin(f
*x+e)+cos (f*x+e) *c-d*cos (f*xx+e)-c+d) / (-1+cos (f*x+e) -sin(f*x+e)) ) *c~(1/2)-1n
(2x(-c~(1/2)*27(1/2) *((c+d*sin(f*x+e) )/ (1+cos (fxx+e))) " (1/2) *sin (f*x+e) +d*c

os (f*x+e)-c*xsin(f*x+e)-d) /(-1+cos(f*x+e))) *(2xc-2%d) ~(1/2)) / (a*x(1+sin(f*x+e
)))~(1/2) /sin(f*x+e)*27(1/2) / ((c+d*sin(f*x+e) )/ (1+cos(f*x+e)) )~ (1/2)/c~(1/2

)/ (2%c-2%d)~(1/2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(a+a*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))~(1/2),x, alg
orithm="maxima")

[Out] integrate(1/(sqrt(a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)*sin(f*x + e)
), X)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 304 vs.
2(119) = 238.
time = 0.83, size = 3125, normalized size = 22.32

Too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/sin(f*x+e)/(a+ta*sin(f*x+e))”(1/2)/(c+d*sin(f*x+e))~(1/2),x, alg
orithm="fricas")

[Out] [1/4*(sqrt(2)*a*xc*xlog(((c™2 - 14xcxd + 17*d"2)*cos(f*x + e)~3 - (13%c™2 - 2
2xcxd - 3*%d"2)*cos(f*xx + e)72 + 4*xsqrt(2)*((c™2 - 4*c*d + 3*d"2)*cos(f*x +
e)"2 - 4xc”2 + 8kckxd - 4+%d”2 - (3*%c”2 - 4*ckd + d72)*cos(f*x + e) + (4*c™2
- 8xcxd + 4*%d"2 + (c72 - 4*cxd + 3*%d”2)*cos(f*x + e))*sin(f*x + e))*sqrt(ax
sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)/sqrt(axc - a*d) - 4*c™2 - 8*c*d
- 4*d"2 - 2x(9%c”2 - 14d*xc*d + 9*%d"2)*cos(fxx + e) + ((c72 - 14xc*d + 17*d"2
Yxcos(f*x + e)”2 - 4xc”2 - 8%c*d - 4*d"2 + 2x(7*xc”2 - 18*cxd + 7*d"2)*cos(f
*x + e))*sin(f*x + e))/(cos(f*x + e)~3 + 3*xcos(f*x + e)”2 + (cos(f*x + e)~2
- 2xcos(f*x + e) - 4)*sin(f*x + e) - 2xcos(f*x + e) - 4))/sqrt(axc - a*d)
+ sqrt(axc)*log(((a*c™4 - 28*axc™3*d + TO*axc~2xd~2 - 28*a*xcxd~3 + a*d™4)*c
os(f*x + e)75 + axc™4 + 4xaxc”3*d + 6xaxc”2xd"2 + 4xaxc*d”3 + axd™4 - (31xa
*C~4 - 196%axc”3*d + 154xaxc”2*d"2 - 4xakc*d”™3 - axd"4)*cos(fxx + e)”4 - 2%
(81*a*xc™4 - 252*a*c”3*d + 150*a*c”2*xd"2 - 28*axc*xd~3 + a*d~4)*cos(f*x + e)”
3 + 2x(79%axc™4 - 100*a*xc”3xd + T4*xa*xc™2xd"2 - 4*axc*d™3 - axd”4)*cos(f*xx +
e)”2 - 8%((c™3 - 7*c™2+d + Txc*d"2 - d~3)*cos(f*x + e)”4 - 2x(5xc”3 - 14x*c
~2*d + 5*cxd"2)*cos(fxx + e)”3 + 51*%c”3 - 59*%c”2*d + 17*cxd"2 - 473 - 2x(18
*C"3 - 33*%c”2*d + 12%c*d”2 - d73)*cos(f*x + e)72 + 2x(13*%c”3 - 14*c”2*d + 5
xcxd"2)*cos(fxx + e) + ((c™3 - 7#c™2xd + 7T*c*d"2 - d~3)*cos(f*x + e)~3 - 51
*C"3 + 59%c72xd - 17*c*d”2 + d"3 + (11*c”™3 - 35%c™2xd + 17*c*xd”2 - d"3)*cos
(fxx + )72 — (25%c™3 - 31*c™2*d + 7*xc*d"2 - d~3)*cos(f*x + e))*sin(f*xx + e
))*sqrt (axc)*sqrt(axsin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c) + (289*axc”4
- 476%axc”3xd + 230*axc”2+%d"2 - 28*axc*d”3 + axd"4)*cos(f*xx + e) + (a*xc™4
+ 4dxaxc”3xd + 6*a*xc”2*%d"2 + 4*akxcxd”3 + axd”4 + (a*c”4 - 28*axc”3xd + 7Oxax
c"2xd"2 - 28%axcxd”"3 + a*d~4)*cos(f*x + e)”4 + 32x(axc”4 - Tkaxc " 3xd + Txax
c~2xd"2 - a*cxd"3)*cos(f*x + e)”3 - 2x(65*%a*c”4 - 140*a*c”3*d + 38*a*c”2xd”
2 - 12xaxc*d”3 + axd"4)*cos(f*x + e)~2 - 32x(9*axc™4 - 15xa*xc”3*xd + T*a*xc”2
*d~2 - a*c*d~3)*cos(f*x + e))*sin(f*x + e))/(cos(f*x + e)”5 + cos(f*x + e)”
4 - 2xcos(f*x + e)”3 - 2%cos(f*x + e)”2 + (cos(f*x + e)”4 - 2*cos(f*x + e)”
2 + Dx*sin(f*x + e) + cos(fxx + e) + 1)))/(axcxf), 1/4*(sqrt(2)*a*xcxlog(((c
"2 - 14%c*d + 17*d"2)*cos(f*x + e)~3 - (13*%c™2 - 22*%cxd - 3*d~2)*cos(f*x +
e)”2 + 4xsqrt(2)*((c™2 - 4*cxd + 3*%d"2)*cos(f*x + e)72 — 4*c™2 + 8*c*xd - 4x
d"2 - (3%c™2 - 4%cxd + d"2)*cos(fxx + e) + (4*c™2 - 8xc*kd + 4*%d"2 + (c”2 -
4xcxd + 3*d"2)*cos(f*x + e))*sin(fxx + e))*sqrt(a*sin(f*x + e) + a)*sqrt(d*
sin(f*x + e) + c)/sqrt(axc - a*xd) - 4*c™2 - 8*cxd - 4*%d~2 - 2x(9%c™2 - 14xc
*d + 9xd"2)*cos(f*x + e) + ((c72 - 14xc*d + 17*d"2)*cos(f*x + e)~2 - 4*c~2
- 8xcxd — 4%d72 + 2% (7*c”2 - 18%c*d + 7*d"2)*cos(f*x + e))*sin(f*xx + e))/(c
os(fxx + e)73 + 3*cos(f*x + e)”2 + (cos(f*x + e)72 - 2xcos(f*x + e) — 4)*si
n(f*x + e) - 2xcos(f*x + e) - 4))/sqrt(a*c - axd) + 2xsqrt(-axc)*arctan(-1/
4% ((c™2 - 6*%c*kd + d"2)*cos(f*x + e€)72 - 9%c”2 + 6%c*xd - d”2 + 8*(c”2 - c*d)
xsin(f*x + e))*sqrt(-a*c)*sqrt(a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)
/((axc™2*d - a*cxd"2)*cos(f*x + e)”3 - (a*xc™3 - 3*axc~2*d)*cos(f*x + e)*sin
(f*x + e) + (2%a*xc™3 - axc™2xd + axcxd™2)*cos(f*x + e))))/(axcxf), -1/4%(2*
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sqrt (2) xaxc*sqrt(-1/(axc - a*d))*arctan(-1/4*sqrt(2)*sqrt(a*xsin(f*x + e) +

a)*((c - 3xd)*sin(f*x + e) - 3xc + d)*sqrt(d*sin(f*x + e) + c)*sqrt(-1/(a*c
- axd))/(dxcos(f*x + e)*sin(f*x + e) + cxcos(f*x + e))) - sqrt(axc)*log(((
a*c~4 - 28%a*c”3xd + 70*a*xc~2xd"2 - 28xaxc*d"3 + axd~4)*cos(fxx + e)”5 + ax
C”4 + 4*a*c”3xd + 6*a*c”2xd"2 + 4*axcxd”3 + a*d”4 - (31*a*c”4 - 196*axc”3*d
+ 154%axc”2+%d"2 - 4*a*xcxd”™3 - a*d"4)*cos(fxx + e)”"4 - 2*%(81l*xa*c™4 - 252*ax
c"3*%d + 150*a*c”2*d"2 - 28*xa*xc*d~3 + a*d"4)*cos(f*x + e)~3 + 2x(79xa*xc”4 -

100*a*xc™3*d + 74*axc™2+%d"2 - 4*a*cxd"3 - a*d~4)*cos(f*x + e)~2 - 8*((c"3 -

T*c~2xd + T*c*d"2 - d"3)*cos(f*x + e)”4 - 2x(5%c™3 - 14*c™2+d + 5*c*d~2)*co
s(f*x + )73 + 51*c™3 - 59xc”2*d + 17*c*d"2 - d~3 - 2*(18*c~3 - 33*c~2*d +

12%c*d™2 - d"3)*cos(f*x + e)72 + 2x(13*%c™3 - 14*c™2*d + 5*xc*d"2)*cos(f*x +

e) + ((c™3 - 7*c™2xd + T*c*xd"2 - d"3)*cos(f*xx + e)”3 - 51%c”3 + 59*c~2*d -

17*%cxd”2 + 473 + (11*c™3 - 35*c™2*d + 17*c*d"2 - d"3)*cos(f*x + e)”2 - (25%
€™3 - 31*%c™2xd + T*c*d"2 - d~3)*cos(f*x + e))*sin(f*x + e))*sqrt(a*xc)*sqrt(
a*sin(fxx + e) + a)*sqrt(d*sin(f*x + e) + c) + (289%axc™4 - 4T76*xa*xc”3%d + 2
30*axc”2*d"2 - 28*axc*d”3 + axd"4)*cos(f*x + e) + (axc™4 + 4xaxc”3*d + 6xax
c”2xd"2 + 4xaxcxd"3 + axd”4 + (a*c”4 - 28*a*c”3xd + T7O*a*c~2xd"2 - 28*axcxd
~3 + axd"4)*cos(f*x + e)”4 + 32x(a*xc™4 - T*xa*c™3*d + T*axc™2*xd"2 - a*c*d”3)
xcos(fxx + e)~3 - 2%(65*%axc™4 - 140%axc”3xd + 38*a*c”2*d"2 - 12*a*cxd”™3 + a
*d~4)*xcos(f*x + e)”2 - 32x(9*axc™4 - 15xa*xc”3*d + T*a*xc™2*d"2 - a*c*d~3)*co
s(fxx + e))*sin(f*x + e))/(cos(f*x + e)”5 + cos(f*x + e)~4 - 2xcos(f*x + e)
~3 - 2*%cos(f*x + e)”2 + (cos(f*x + e)”4 - 2*cos(f*x + e)72 + 1)*sin(f*x + e
) + cos(fxx + e) + 1)))/(axc*f), -1/2*%(sqrt(2)*axc*sqrt(-1/(axc - a*d))*arc
tan(-1/4*sqrt(2)*sqrt(a*sin(f*x + e) + a)*((c - 3*d)*sin(f*x + e) - 3%c + d
)*sqrt (d*sin(f*x + e) + c)*sqrt(-1/(a*xc - axd))...

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
Va(sin(e + fz) +1) \/c+dsin (e + fz) sin (e + fz) &

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(ata*sin(f*x+e))*x(1/2)/(c+d*sin(f*x+e))**(1/2),x)

[Out] Integral(l/(sqrt(a*(sin(e + fx*x) + 1))*sqrt(c + dxsin(e + f*x))#*sin(e + fx*x
)), %)

Giac [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(ata*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))~(1/2),x, alg
orithm="giac")
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[Out] Timed out

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1
/ ‘ -dx
sin(e+ fz) Va+asin(e+ fz) /c+dsin(e+ fz)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))~(1/2)),
X)

[Out] int(1/(sin(e + fxx)*(a + a*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))~(1/2)),
X)
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sin?(e+fz)
3.39 f (a—l—b sin(e—l—fx))2(0+dSin(e+fx)) d.’L'

Optimal. Leaf size=181

2a(a’c — 2b%c + abd) tan™! (—Hatan(é(eﬁ z”) 2¢% tan™! (—d%mn(;(e”z)))

~ Va2 — 52 N Ve — g2 N a’cos(e + fx)
(a2 — b2)* (bc — ad)?f (be —ad)2Vc2 —d2 f  (a® = %) (bc — ad) f(a + bsin

[Out] -2xax*(a~2*c+a*xb*d-2*b~2*c)*arctan((b+a*xtan(1/2*xf*x+1/2%e))/(a~2-b"2)"(1/2))
/(a~2-b"2)~(3/2)/ (-a*d+b*c) ~2/f+a"2*cos (f*x+e) / (a~2-b"2) / (—a*xd+b*c) /f/ (a+bx*
sin(f*xx+e))+2xc " 2*arctan((d+cxtan(1/2xf*x+1/2%e))/(c"2-d"2)~(1/2))/ (—a*d+bx*
c)~2/f/(c"2-d4"2)"(1/2)

Rubi [A]

time = 0.35, antiderivative size = 181, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.152,

steps used = 8, number of rules used = 5, integrand size = 33,
Rules used = {3135, 3080, 2739, 632, 210}

92 ArcT: ctan(} (e+£z))+d
a?cos(e + fx) ¢ are an< Ve — 2

Va2 —b? n
f(a® = b?) (bc — ad)(a + bsin(e + fz)) FVE =& (be — ad)?

- £ (a2 — )% (be — ad)? -

2a(a®c + abd — 2b%c) ArcTan (w)

Antiderivative was successfully verified.
[In] Int[Sin[e + f*x]~2/((a + b*Sin[e + f*x]) 2%(c + d*Sin[e + f*x])),x]

[Out] (-2*ax(a"2xc - 2%b~2*%c + a*b*d)*ArcTan[(b + a*Tan[(e + f*x)/2])/Sqrt[a~2 -
b~2]1)/((a"2 - b~2)"(3/2)*(b*c - axd)~2xf) + (2*c"2xArcTan[(d + c*Tan[(e +
f*x)/2])/Sqrt[c™2 - d2]]1)/((bxc - a*d)~2#Sqrt[c”2 - d"2]*f) + (a~2xCos[e +
fxx]1)/((a”2 - b™2)*(b*c - a*xd)*fx(a + bxSin[e + f*x]))

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0])

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*x(e/d), Subst[Int[1/(a + 2*bke*x + ax
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e"2¥x"2), x], x, Tan[(c + d*x)/2]/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a™2 - b~2, 0]

Rule 3080

Int[(C(A_.) + (B_.)*sin[(e_.) + (f_.)*x(x_)1)/(((a_.) + (b_.)*sin[(e_.) + (f_
D*x(x)D*((c_.) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[(A*b
- axB)/(bxc - axd), Int[1/(a + b*Sin[e + f*xx]), x], x] + Dist[(Bxc - Ax*d)/(
bxc - axd), Int[1/(c + d*Sin[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f,
A, B}, x] && NeQ[b*xc - a*d, 0] && NeQ[a"2 - b"2, 0] && NeQ[c™2 - d~2, 0]

Rule 3135

Int[((a_.) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_)*x)1)" (@ )*((A_.) + (C_.)*sinl[(e_.) + (£f_.)*(x_)172), x_Symbol] :>
Simp[(-(A*b~2 + a~2#C))*Cos[e + f*xx]*(a + b*Sin[e + f*x])~(m + 1)*((c + d*S
infe + f*x])"(n + 1)/(f*x(m + 1)*(b*xc - a*d)*(a"2 - b"2))), x] + Dist[1/((m
+ 1)*(b*xc - axd)*(a"2 - b72)), Int[(a + b*Sin[e + f*x])"(m + 1)*(c + d*Sin[
e + f*x]) n*Simp[ax(m + 1)*(b*c - a*d)*(A + C) + d*x(A*b"2 + a"2*%C)*(m + n +
2) - (cx(A*b~2 + a”2*C) + bx(m + 1)*(bxc - a*d)*(A + C))*Sin[e + f*x] - dx*
(A*¥b~2 + a~2%C)*(m + n + 3)*Sin[e + f*x]~2, x], x], x] /; FreeQ[{a, b, c, d
, e, £, A, C, n}, x] && NeQ[bxc - axd, 0] && NeQ[a"2 - b~2, 0] && NeQ[c™2 -
d~2, 0] && LtQ[m, -1] && ((EqQ[a, 0] && IntegerQ[m] && !IntegerQ[nl) ||
! (IntegerQ[2*n] && LtQ[n, -1] && ((IntegerQ[n] && !IntegerQ[m]) || EqQ[a,

01)))

Rubi steps

/ sin?(e + fr) e — a’cos(e + fz) 3 J %
(a+bsin(e + fz))2(c +dsin(e + fz)) ~  (a% — b2) (bc — ad) f(a + bsin(e + fz)) (a? — b?) (¢
_ a’cos(e + fz) [ c-l-dsi+(e+fz) (

~ (a% — b?) (bc — ad) f(a + bsin(e + fx)) (bc — ad)?
_ a? COS(G + fg;) (202) Subst(f o

(a2 — b?) (bc — ad) f(a + bsin(e + fx)) +

a2 cos(e + fx) (4c?) Subst (f =

~ (a% — b?) (bc — ad) f(a + bsin(e + fz))

2a(a’c — 2b%*c + abd) tan™* (M) 2¢? tan~

Va2 — b2

(a® — 12)*? (bc — ad)2f

(bc —



Mathematica [A]
time = 0.78, size = 178, normalized size = 0.98

) 2¢2 tan—! (

d+ctan(%(e+fm))

V2 — d?

b+atan(%(e+fz))

Va2 — b?

)

2a ((120—2b2 c+abd) tan—! <
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a? cos(e+fzx)

+

(a2=62)32 (be—ad)? (be—ad)2V/ 2 — d?’

" (a—b)(a+b)(—bc+ad)(a+bsin(e+fx))

f

Antiderivative was successfully verified.

[In] Integrate[Sin[e + f*x]72/((a + b*Sin[e + f*x])~2*(c + d*Sin[e + £*x])),x]

[Out] ((-2*ax(a~2*c - 2*%b~2xc + a*b*d)*ArcTan[(b + a*Tan[(e + f*x)/2])/Sqrt[a~2 -
b~2]1)/((a”2 - b~2)~(3/2)*(b*c - a*d)~2) + (2*c~2*ArcTan[(d + c*Tan[(e + f
*xx)/2])/Sqrt[c”2 - d72]])/((bxc - a*d)~2*Sqrt[c™2 - d"2]) - (a"2*Cos[e + fx*

x])/((a - b)*x(a + b)*(-(bxc) + axd)*(a + b*Sin[e + f*x])))/f
Maple [A]
time = 1.97, size = 244, normalized size = 1.35
method result
a tan fz e
b(ad—bc) tan(i}+§) N a(ad—bc) (azc+abd—2b2c) arctan (W)
20 22 _b2 a2 _p2 n 2va?—b
) 2ctan(i}+g)+2d a(tan2(%+%))+2btan(%+%)+a 2 32 3
8c” arctan | ———————— (a )
2V 02 — d2 _
' 242 _2abcd+b2c2
. . .. 10242 —sabed+4v2c2)V/ €2 — d? @
derivativedivides (1o e ‘ )\/ 7
a n E £
b(ad—bc) tan(%-}—%) 4 a(ad—bc) (a2c+abd—2b2c) arctan (W)
20 22 _b2 a2 _p2 + g a?—b
802 arctan(20tan(%+%)+2d) a(tan2(%ﬁ+%))+2btan(%+%)+a (a27b2)7
2/ c — d? _
2 2" a2d2 —2abcd+b2c2
4a2d2 —8abcd+4b2c2 c2—d
default (1o St )\/ 7
2ln (ei(fm-t-e)_'_ic\/ —02 + d2 +c2—d2> ln (ei(fm+e)+
<ch 2ia? (ib+aei(fo+e)) " V—c2+d? 4 _
T1sc b(aZ—b2)(ad—bc)f (—ieZT=+)btibt 2a el F=+e)) V=C + & (adbo)’f .

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(f*x+e)~2/(a+b*sin(f*x+e)) "2/ (c+d*sin(f*x+e)),x,method=_RETURNVERBOS

E)

[Out] 1/f*x(8%c~2/(4*a"2*d"2-8*axbkxc*xd+4*xb~2xc~2)/(c~2-d"2) " (1/2)*arctan(1/2* (2xcx*
tan (1/2xf*xx+1/2%e)+2*xd) /(c™2-d"2) " (1/2))-2*a/ (a"2*d~2-2*xa*b*c*d+b~2*xc~2) * ((
b*x(a*d-b*c)/(a"2-b"2) *tan (1/2*f*x+1/2*e)+a* (axd-b*c) /(a~2-b"2))/(a*tan(1/2x*
fxx+1/2%e) "2+2xbxtan (1/2*%f*xx+1/2%e)+a)+(a”~2xc+a*bxd-2xb~2*c) /(a~2-b"2) ~(3/2
)*arctan(1/2*x(2*xaxtan(1/2*xf*x+1/2%e)+2xb)/(a"2-b~2)~(1/2))))
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Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e) 2/ (a+b*sin(f*x+e)) 2/ (c+d*sin(f*x+e)),x, algorithm="ma
xima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*d~2-4%c~2>0)’, see ‘assume?‘ for

more de

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 633 vs.
2(175) = 350.
time = 65.60, size = 2889, normalized size = 15.96

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e) 2/ (a+b*sin(f*x+e)) 2/ (c+d*sin(f*x+e)),x, algorithm="fr
icas")
[Out] [1/2*((a”3*bxc™2*d - a~3*bxd"3 + (a”4 - 2*a"2*%b~2)*c”"3 - (a”4 - 2*a~2%b~2)*
c*xd”2 + (a"2*%b"2%c"2*d - a~2*%b"2*%d"3 + (a"3*b - 2*%axb~3)*c~3 - (a”3*b - 2*a
*b~3) *cxd"2) *sin(f*x + e))*sqrt(-a~2 + b~2)*log(((2*¥a~2 - b~2)*cos(f*x + e)
2 - 2%axb*sin(f*x + e) - a~2 - b”2 + 2*%(axcos(f*x + e)*sin(f*x + e) + b*co
s(fxx + e))*sqrt(-a~2 + b72))/(b"2xcos(f*x + e)~2 - 2%a*b*sin(f*x + e) - a~
2 - b72)) - ((a”4*xb - 2*%a~2*xb"3 + b~ 5)*c 2*sin(f*x + e) + (a”5 - 2*a"3%b~2
+ axb”4)*c"2)*sqrt(-c”2 + d~2)*1log(((2*c™2 - d~2)*cos(f*x + e)~2 - 2kckxd*si
n(f*x + e) - c™2 - d72 + 2*%(c*kcos(f*xx + e)*sin(f*x + e) + dxcos(f*x + e))*s
qrt(-c”2 + d72))/(d"2*cos(f*x + e)~2 - 2xcxd*sin(f*x + e) - c™2 - d72)) + 2
*((a"4%b - a~2*b"3)*c"3 - (a”5 - a~3*%b"2)*c"2xd - (a~4*xb - a~2*%b"3)*c*d"2 +
(a”5 - a~3*%b"2)*d"3)*cos(f*x + e))/(((a~4*b~3 - 2%a"2%b"5 + b~7)*xc~4 - 2x(
a~5xb"2 - 2*%a~3*b"4 + a*b~6)*c”3*kd + (a"6xb - 3*a~4xb"3 + 3*a"2*b"5 - b77)*
c”2xd"2 + 2%(a"5*b”"2 - 2*xa~3*b"4 + ax*b"6)*c*d"3 - (a“6*b - 2*xa"4*b”3 + a~2*
b"5)*d"4)*fxsin(f*x + e) + ((a~5*%b"2 - 2*%a~3%b"4 + a*b~6)*c”4 - 2*%(a"6xb -
2%a~4*xb"3 + a~2*b"5)*c”3*d + (a7 - 3*a~5xb”"2 + 3*a~3*b"4 - axb”~6)*c”"2*d"2
+ 2% (a"6xb - 2%a~4*xb”"3 + a"2*%b~5)*c*d"3 - (a7 - 2*a~5xb”"2 + a~3xb”~4)*d"4)x*
), -1/2%x(2x((a"4*b - 2*%a~2%b"3 + b~ 5)*c 2*sin(f*x + e) + (a5 - 2*a~3*b"2
+ axb”4)*xc"2)*sqrt(c”2 - d"2)*arctan(-(cxsin(f*x + e) + d)/(sqrt(c™2 - 472)
xcos(fxx + e))) - (a~3%b*c™2*d - a~3*b*d~3 + (a~4 - 2*a"2*xb~"2)*c"3 - (a~4 -
2%a"2*xb"2) *c*d"2 + (a"2%b"2xc”"2*d - a~2*xb"2*d"3 + (a"3*b - 2*xaxb”~3)*c”3 -
(a”3%b - 2*axb~3)*cxd~2)*sin(f*x + e))*sqrt(-a~2 + b"2)*log(((2*¥a"2 - b~2)*
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cos(f*x + e)”2 - 2xaxbxsin(f*x + e) - a”2 - b™2 + 2x(axcos(f*x + e)*sin(f*x
+ e) + bxcos(f*x + e))*sqrt(-a~2 + b72))/(b"2xcos(f*x + e)~2 - 2%a*b*sin(f
*Xx + e) - a"2 - b72)) - 2x((a”4*b - a~2*xb"3)*c”3 - (a”5 - a~3*b"2)*c"2*d -
(a~4%b - a~2%b"3)*c*kd"2 + (a”5 - a~3*b"2)*d"3)*cos(f*x + e))/(((a~4*b~3 - 2
*a"2*xb”"5 + b~7)*c"4 - 2%(a"5*b”"2 - 2*xa"3*b"4 + ax*b"6)*c”"3*d + (a"6*b - 3*a”
4%b~3 + 3*%a~2*%b"5 - b~ T7)*c"2*d"2 + 2x(a~5xb~2 - 2*a~3*%b"4 + axb”"6)*cxd~3 -
(a"6*%b - 2*xa~4*xb"3 + a~2*xb”5)*d"4)*xfxsin(f*x + e) + ((a~5*%b~2 - 2*%a~3*b~4 +
ax*b~6)*c"4 - 2x(a"6*%b - 2*¥a~4*xb”3 + a"2*xb"5)*c”3*%d + (a7 - 3*a~5xb”"2 + 3%
a"3*b"4 - axb”6)*c"2*%d"2 + 2*%(a"6*b - 2*%a~4*b~3 + a~2*%b~5)*c*d"3 - (a7 - 2
*a"5*b~2 + a”3*b~4)*d"4)*f), 1/2%(2*(a"3*b*c"2*xd - a~3*bxd"3 + (a”4 - 2%a”2
*b"2)*%c”3 - (a4 - 2*xa~2xb"2)*c*xd"2 + (a"2%b"2%c"2xd - a~2*%b"2*%d"3 + (a~3*b
- 2xaxb~3)*c”3 - (a"3*%b - 2xaxb~3)*c*d”2)*sin(f*x + e))*sqrt(a”2 - b~2)*ar
ctan(-(a*sin(f*x + e) + b)/(sqrt(a”2 - b"2)*cos(f*x + e))) - ((a"4xb - 2*a~
2¥b~3 + b~B)*c”"2*sin(f*x + e) + (a5 - 2*a~3%b"2 + axb~4)*c”2)*sqrt(-c”2 +
d"2)*1og(((2%c™2 - d"2)*cos(f*x + €)72 - 2xcxd*sin(f*x + e) - ¢™2 - d"2 + 2
x(ckxcos(f*x + e)*sin(f*x + e) + d*cos(f*xx + e))*sqrt(-c™2 + d72))/(d"2*cos(
f*x + e)72 - 2xcxd*sin(f*x + e) - ¢c™2 - d72)) + 2x((a"4*b - a~2*xb”"3)*c~3 -
(a”5 - a"3*%b"2)*c”2xd - (a~4*xb - a~2*%b"3)*c*d"2 + (2”5 - a~3*b~2)*d"3)*cos(
fxx + e))/(((a"4*b~3 - 2*%a"2%b"5 + b~7)*c™4 - 2x(a~5%b"2 - 2*%a”3*b"4 + axb”
6)*c~3xd + (a"6xb — 3*a~4*b~3 + 3*a"2*b"5 - b~7)*c"2*xd"2 + 2x(a"5*b"2 - 2*a
“3*b"4 + a*b~6)*c*kd"3 - (a"6*b - 2*¥a~4*xb"3 + a~2*xb”5)*d"4)*xfxsin(f*x + e) +
((a"5*%b™2 - 2*a"3%b~4 + a*xb”6)*c”4 - 2x(a"6%b - 2*xa"4%b~3 + a~2*b"5)*c"3*d
+ (a77 - 3*%a"5%b~2 + 3*a"3%b"4 - a*b”6)*c”2*xd"2 + 2x(a"6*b - 2*¥a~4*xb"3 + a
“2xb~5) *c*d~3 - (2”7 - 2*a~5*b"2 + a~3*xb"4)*d"4)*f), ((a"3*bxc”2xd - a~3*bx*
d"3 + (a”4 - 2*xa"2%b"2)*c"3 - (a4 - 2*xa"2*xb"2)*c*xd"2 + (a"2*%b"2*c”"2%d - a”
2%b~2*xd"3 + (a"3*b - 2*a*b~3)*c”3 - (a"3*b - 2*a*b~3)*c*xd"2)*sin(f*xx + e))*
sqrt(a™2 - b~2)*arctan(-(a*sin(f*x + e) + b)/(sqrt(a”2 - b~2)*cos(f*x + e))
) - ((a™4xb - 2*a"2%b~3 + b~5)*c " 2xsin(f*x + e) + (a5 - 2*xa"3*b"2 + axb~4)
*xc~2)*sqrt(c”2 - d"2)*arctan(-(cxsin(f*x + e) + d)/(sqrt(c”™2 - d~2)*cos(f*x
+ e))) + ((a"4*xb - a~2%b"3)*c”"3 - (2”5 - a"3*b"2)*c"2*%d - (a"4*b - a~2*xb"3
)kcxd~2 + (a5 - a~3*xb"2)*d"3)*cos(f*x + e))/(((a~4*xb~3 - 2*xa~2%b~5 + b~7)*
c”4 - 2%(a”b*b”"2 - 2*xa~3*b~4 + axb”6)*c”3*d + (a"6xb - 3*a~4xb~3 + 3*a~2*b”
5 - b77)*c”2+%d"2 + 2*(a”5%b"2 - 2*%a"3*%b~4 + a*b”6)*cxd"3 - (a"6xb - 2*a~4xb
3 + a”2%b"5)*d"4) *xf*sin(fxx + e) + ((a”56*b"2 - 2*xa~3*b"4 + axb"6)*c"4 - 2%
(a"6%b - 2*%a~4%b"3 + a~2*b"5)*c"3*d + (a”7 - 3*a"b*b”"2 + 3*a~3*b"4 - axb”6)
*c"2%d"2 + 2*%(a"6*xb - 2*%a~4xb~3 + a~2*%b"5)*ckd"3 - (a”7 - 2*%a~5*%b"2 + a~3x*b
~4)*xd"4)*f)]

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e)**2/(at+tb*sin(f*x+e))**2/(c+d*sin(f*x+e)),x)



227

[Out] Timed out

Giac [A]
time = 0.56, size = 299, normalized size = 1.65
ote ncan(l fet+l e>+nt e atan(} fot+d e>+b
) («L%%Jsgn@)mctan( Al ))2 | (e (n[fﬁ%jsgn(a)mm( =) )) . (s st opsa
(2c2—2abed+a22) V2 — d2 (426262 —bAc? 2 aPbed+2 abded-+atd?—a262d?) V @2 — b2 (?be—b3c—aPd+ab?d) (atan(} fot ) +2btan(} fo+] e)+a)

f
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e) 2/ (a+b*sin(f*x+e)) 2/ (c+d*sin(f*x+e)),x, algorithm="gi
ac")

[Out] 2*((pi*floor(1/2+(f*x + e)/pi + 1/2)*sgn(c) + arctan((c*tan(1/2xf*x + 1/2*e
) + d)/sqrt(c”2 - d72)))*c”2/((b"2%c™2 - 2%a*b*c*d + a~2*%d"2)*sqrt(c”2 - 4~

2)) - (a"3xc - 2*%axb~2xc + a~2xbxd)*(pi*floor(1/2*(f*x + e)/pi + 1/2)*sgn(a

) + arctan((a*tan(1/2*f*x + 1/2xe) + b)/sqrt(a”2 - b72)))/((a"2*xb"2*%c"2 - b
T4xc”2 - 2*a"3xbkckd + 2%axb”3kckxd + a"4*d"2 - a”2*%b"2*xd"2)*sqrt(a”2 - b~2)

) + (axbxtan(1/2*f*x + 1/2%e) + a~2)/((a"2%b*c - b~3%c - a~3*d + axb~2xd)*(
axtan(1/2xf*x + 1/2xe)”2 + 2xb¥xtan(1/2xf*x + 1/2%e) + a)))/f

Mupad [B]
time = 27.41, size = 2500, normalized size = 13.81

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(e + f*x)~2/((a + bxsin(e + f*x)) " 2%(c + d*sin(e + f*x))),x)

[Out] - ((2*xa~2)/((a"2 - b"2)*(a*d - b*xc)) + (2xaxbxtan(e/2 + (f*x)/2))/((a"2 - b
~2)x(axd - bxc)))/(f*(a + 2xbxtan(e/2 + (f*x)/2) + axtan(e/2 + (f*x)/2)72))
- (c™2*atan(((c™2*x(d"2 - c~2)"(1/2)*((32%(2*xa~4*b~4*c”6 - a~2*b~6*c”6 - a~
6*%b"2*xCc”6 + a~8xc”4*d"2 - 3*a~3*b”5*c”5xd + 2*a~5*b~3*c”~5*d + 2*xa”~7*b*c~3*d
"3 + 8xa"4%b"4xc”4*xd"2 - 5*%a"b*b"3*%c"3*%d"3 + a"6xb"2*kc"2*%d"4 - 6*a”6*¥b"2*xc”
4xd~2))/(a"7*d"3 - b~ T7*c"3 + 2*%a"2%b"5*c”3 - a~4*%b~3*c”3 + a~3*b"4*xd"3 - 2%
a~b*%b72%d"3 - 3*xa"2xb"b*c*kd"2 - 6*%a~3*xb"4xc"2*%d + 6*%a"4*b"3*xcxd"2 + 3*a”5%b
“2%c72%d + 3*axb"6xc”2xd - 3*a~6*b*c*d”2) + (32*xtan(e/2 + (f*x)/2)*(2*%a"T7*b
*¥C™6 - 2*%a*b”7x*c”6 - 2%a"8xc bkd + 9*%a"3*b"5*%c”6 - 8*%a"b*¥b"3*xc”6 + 2%a~8*c”
3*%d~3 + 2*a"2*b"6*xc”"5*%d - 13*a”~4*b"4*c”5xd + 2*a~6xb"2kc*d”5 + 10*a”~6%b"2*c
“5xd + 4*%a”~T7xbxcT2%d"4 - 4*xa”7*bkc"4xd"2 — 8*%a”"3*%b"5kxcT4*xd"2 + 16*a~4xb"4x*c
~3*%d"3 - 10*%a"5*b~3%xc"2*xd~4 + 13*a~5*b"3*%c”4*d"2 - 13*a~6xb~2*%c~3*%d"3))/(a"
7*d”™3 - b~7*c™3 + 2*%a"2*%b"5*%c”3 - a"4*xb"3*%c”3 + a"3*%b"4*d"3 - 2*xa"5xb"2*%d"3
- 3*%a"2xb"5xckd"2 - 6%a”~3*%b~4*c"2xd + 6*%a”4*xb " 3xckd"2 + 3*a~5*¥b~2*xc”2*xd +
3*xaxb~6xc”"2+%d - 3*a”~6*b*c*xd”2) + (c”2*x(d"2 - ¢c72)7(1/2)*((32*x(a*xb™9*c~7 - a
“3%b7T7*xc”7 + a”10*%c”2xd”5 - 3*%a"2xb"8*c”6*d + 2*%a"4*¥b"6*xc”6*%d + a~6*xb"4*c”6
*d — a~7*b"3xcxd"6 — 4*%a”"9*bkc"3*xd"4 + a"3*%b"7*c"5xd"2 + 6*xa"4xb"6%c"4*d"3
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- 9xa"b*b"b*xc"3*xd"4 + 3*%a"b*b"5*%c”5xd"2 + 5*%a~6xb"4*c”2*%d"5 - 12*xa~6*b"4xc”
4xd~3 + 13*%a"7*b"3*%c"3*%d"4 - 4*a"7*b"3*%c"5*xd"2 - 6%a"8*%b"2*%c"2*d"5 + 6%xa~ 8%
b~2%c~4*%d"3 + a~9%b*c*xd"6))/(a~7*d"3 - b"T*c"3 + 2%a"~2*%xb"5*c”3 - a~4*xb"3*c”
3 + a”3*%b74*%d"3 - 2*xa"b*¥b"2%d"3 - 3*a"2*xb"b5*xc*kd"2 - 6*%a~3*xb"4*xc"2xd + 6*a"4
*b~3kc*xd”~2 + 3*%a~5*b~2%c”"2xd + 3*axb~6*c”2xd - 3*a~6xbxcxd~2) + (32*tan(e/2
+ (fxx)/2)*(4*%a~2xb"8*%c”7 - 6*a~4*xb~6*c”7 + 2*a”~6%b~4*xc”7 + 2*a~10*c”"3*d"4
- 20*%a"3*xb"7*c"6*%d + 26*%a"5*b"5*kc"6*kd - 2*xa~6*%b"4*c*kd"6 — 8*ka~7xb~3kc”6*d
+ 2%a"8xb"2kc*d"6 + 2*a”~9*b*c”2xd"5 - 8*a~9xbxc"4*d"3 - 10%*a”2%b~8*c~5*d"2
+ 20%a"3*%b"7*c"4*d"3 - 20*%a"4*xb"6*xc"3%d"4 + 42*%a"4*xb"6*%c”5%d"2 + 10*a~5*b~5
*¥Cc"2xd"5 - 48*%a"5*%b"bxcT4*xd"3 + 32*%a"6*xb"4*c"3*%d"4 - 44*%xa”"6*%b"4xc”5kxd"2 - 1
2%~ T*b"3*%c”2xd"5 + 36*a”7*b"3*xc"4*%d"3 - 14*%a"8xb"2*%c"3*d"4 + 12*xa”~8*b"2xc”
5%¥d~2 + 2*a*b~9*c”6*d))/(a”7*d"3 - b~ T*c"3 + 2%a"2*xb~5*c”3 - a~4*xb”"3*c”3 +
a~3*%b74*%d"3 - 2*xa"bxb"2*%d"3 - 3*%a"2*xb"5xcxd"2 - 6*%a”3*%b"4*kc"2xd + 6*%a"4%b"3
*c*d"2 + 3*%a"b*b"2xc"2xd + 3*axb”6*c”2*%d - 3*a~6xbxcxd"2) + (c”2*%(d"2 - c”2
)7 (1/2)*%((32%(2*%a"4*b"8*%c™8 - a~2*%b~10*%c™8 - a~6*%b~6*c”™8 + a~12*xc~2*%d"6 + 2
*¥a"3xb79kc"T7*d - T*a"5*¥bT7xc”7*kd - a~T7xb"5kckd”7 + 4*%a”7*¥b"bxcT7*d + 2%xa~9x*
b~ 3xcxd™7 — 4*%a”11xb*c”3*%d"5 — 4*a”~2*xb"10%c"6*d"2 + 5%a”3*%b"9*c”"5*d"3 + 3*a
“4xb"8*%cT6*xd"2 — 5*%a”b*b " 7*c"3*d"5 - 10*%a"5xb~7xcT5xd"3 + 4*a”~6*xb"6*c"2*xd"6
+ 5%a~6xb"6*%c”4*%d"4 + 6*%a”6*%b"6*c"6*%d"2 + 6%a”7*b 5xc”3*d"5 + 5xa”~7*xb~5*c”
5%d"3 - 7*a"8xb"4*xc"2*%d"6 - 10*a"8*b"4*c"4*xd"4 - b5*a"8*b"4*cT6*%d"2 + 3*a~9x*
b™3*%c”3x%d"5 + 2*%a~10%b"2xc"2*d"6 + 5*xa~10*xb"2*%c"4*d"4 + a*b"11*c”7xd - a"11
*bxcxd”7))/(a”7*d"3 - b"7*c”3 + 2%a"2xb"5*%c”3 - a~4*xb"3*c”3 + a~3*b"4%d"3 -
2%a"5*%b"2%d"3 - 3*%a"2xb"5*c*kd"2 - 6*%a"3*xb"4xc”2*%d + 6*%a”"4*b"3*kckxd"2 + 3%a”
5%b~2xc”~2*%d + 3*axb~6kxc”2*xd - 3*a”~6*b*xcxd”2) - (32xtan(e/2 + (fxx)/2)*(3*ax
b~11*%c™8 - 3*a~12*c*d”~7 - 8*xa~3*%b"9*c”8 + 7*a~bxb~7x*c”8 - 2*%a"~7*b"5*xc”8 + 2
*¥a"12%c”3*%d"5 - 4*axb”11*c”6*xd"2 - 15%a"2%b"10*c”7*xd + 40*%a~4*b"8xc”~7*xd + 4
*¥a"6xb"6*kc*kd”7 - 35*%a"6*xb"6*%c”7x*d - 11*xa"8*b"4xcxd”7 + 10*%a"8*%b"4xc”7*xd + 1
0*%a~10*xb"2%c*d”7 + 15*%a”11*%bxc™2*%d"6 - 10*a~11*b*c™4*xd"4 + 20*a~2*xb~10*c 5%
d™3 - 40*%a"3*%b"9*%c"4*xd"4 + 41*%xa"3*xb"9*%c"6*%d"2 + 40*%a"4*b"8*%c~3*xd"5 - 85*xa"4
*b"8*%c"5*xd"3 - 20*%a"5xb"7xc”2*%d"6 + 125*%a"5*xb"7xcT4*d"4 - 90*a"5xb"T7*cT6*d”
2 - 113*%a"6xb"6*c~3%d"5 + 130*%a”6*¥b"6*c~5%d"3 + 55*%a”~7*b"5*c”2*xd"6 - 140%a”
T*b~5*c™4*%d"4 + 73*xa~7*b"5*xc”6xd"2 + 108*xa"8*b~4*c~3*xd"5 - 85*a~8*xb~4xc”~5*d
“3 - 50*%a”9%b"3*%c"2%d"6 + 65*%a"9*b"3kxc"4*d"4 - 20*%a"9%b"3*c”6*%d"2 - 37*a"10
*b"2%c"3%d"5 + 20*%a~10*%b~2*xc~5%d"3))/(a"7*d"3 - b"7*xc"3 + 2*%a~2*%b"5*c"3 - a
“4xb~3*%c”3 + a"3*%b74*%d"3 - 2*xa"5xb"2*%d"3 - 3*%a"2*%b"5*xcxd"2 - 6%a”3*%b"4*c"2x%
d + 6*xa~4*xb~3*%cxd"2 + 3*a~5*xb"2xc”2xd + 3*a*b~6*c”2xd - 3*a”~6xb*cxd~2)))/(a
“2xd"4 - bT2%CcT4 - a"2%cT2xd"2 + bT2*%cT2xd"2 - 2*axbxckd"3 + 2*xaxbkxc”~3*d)))
/(a”2%d"4 - b"2%xc™4 - a"2%c"2+%d"2 + b"2kcT2xd"2 - 2*axbxc*d”3 + 2*axbkxc”3*d
))*1i)/(a”2*%d"4 - b"2*%c"4 - a"2%c”2xd"2 + b 2*xc"2xd"2 - 2*axbxckd"3 + 2*axb
*c73%d) + (c™2%(d"2 - c72)"(1/2)*((32*%(2*%a~4*b"4*c"6 - a~2*b"6*c”6 - a~6*b”
2%Cc”™6 + a”"8*c”4*d"2 - 3*a"3*b"5*c”5*d + 2%a~5*b~3*kc”5xd + 2*%a~Txb*c~3*d"3 +
8*%a"4xb"4*xc"4*%d"2 - 5*%a”bxb"3*%c”3*%d"3 + a“6*%b"2xc"2*d"4 - 6*a"6*xb"2*xc"4xd”
2))/(@”7*d"3 - b~7*c"3 + 2*a"2*%b"5*%c”3 - a~4*xb"3*%c”3 + a~3*%b"4*d"3 - 2*a”~bx*
b72*xd"3 - 3*%a"2*%b " 5*kckd"2 - 6*%a”3*%b"4*c”2*%d + 6*xa~4xb"3*c*kd"2 + 3*a~5xb"2%c
~2%d + 3*a*b”6kc”2xd - 3*a~6xbxc*xd”2) + (32*tan(e/2 + (f*x)/2)*(2*a~T7*b*c™6
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- 2xa*xb”7*c”6 - 2*%a"8xc”bxd + 9*%a~3*xb"5*%c”6 - 8*a"5*¥b"3*xc”6 + 2%a~8xc~3*d”
3 + 2*%a"2%xb"6*%c"5xd — 13*%a"4xb"4*c”5*d + 2*%a~6*xb"2xckxd”5 + 10*%a"6*¥b"2*c”5*d
+ 4%a”T*bxc™2%d"4 - 4*a”Txbkxc~4*d"2 - 8*%a~3%b~5xc~4*xd"2 + 16%a”4xb~4xc~3%d
~3 - 10*%a"5*xb~3*c”~2*%d~4 + 13*%a~5xb~3*c"4*d~2 - 13*%a~6xb~2*xc~3*%d"3))/(a"7*d~
3 - b77*%c”3 + 2*xa"2*%b"b*c”3 - a"4*%b"3xc”3 + a"3...
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csc(e+fx) \/C + dSiIl(G + f:E) |

3.40 f a+bsin(e+fx) dzx
Optimal. Leaf size=154
dsi | dsi ‘
2c11(2; 5 (e — 5 + fx) | 24) \/c—l— Sclr_lied—i_ fz) _2(bc —ad)lI(25; 5(e— 5 + fx) | 2%) \/C+ scuiéed—i- f
af\/c+dsin(e + fz) ala+b)f\/c+dsin(e + fz)

[Out] -2xc*(sin(1/2*e+1/4*Pi+1/2%f*x)~2)~(1/2)/sin(1/2%e+1/4*Pi+1/2xf*x)*Elliptic
Pi(cos(1/2%e+1/4%Pi+1/2xf*x),2,27(1/2)*(d/(c+d))~(1/2))*((c+d*sin(f*x+e))/(
c+d))~(1/2)/a/f/ (c+d*sin(fxx+e)) ~(1/2) +2* (~a*xd+b*c) * (sin(1/2*e+1/4*Pi+1/2*f
*x)~2)~(1/2) /sin(1/2*%e+1/4%Pi+1/2%f*x) *E1lipticPi(cos (1/2*%e+1/4*Pi+1/2%f*x)

,2%b/ (a+b) ,27(1/2)*(d/ (c+d) ) ~(1/2) ) *((c+d*sin(f*x+e) )/ (c+d) )~ (1/2) /a/(a+b)/
f/(c+d*sin(fxx+e))~(1/2)

Rubi [A]
time = 0.34, antiderivative size = 154, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.091,

steps used = 5, number of rules used = 3, integrand size = 33
Rules used = {3014, 2886, 2884}

c+dsin(e + fz)' c+dsin(e + fz)'
20y <TI0 e 4 fr—5) 1) 2t o)y I im sy o gy 20)

af/c+dsin(e + fz) af(a+b)\/c+dsin(e + fz)

Antiderivative was successfully verified.
[In] Int[(Cscle + f*x]*Sqrtlc + d*Sinl[e + f*x]]1)/(a + bxSin[e + f*x]),x]

[Out] (2%c*EllipticPi[2, (e - Pi/2 + f*x)/2, (2%d)/(c + d)]1*Sqrt[(c + d*Sin[e + f
*xx])/(c + d)])/(axf*xSqrtc + d*Sin[e + f*x]]) - (2*%(b*c - a*d)*EllipticPil[(
2xb)/(a + b), (e - Pi/2 + £*x)/2, (2*%d)/(c + d)]1*Sqrt[(c + d*Sin[e + f*x])/

(c + A1)/ (ax(a + b)*f*Sqrt[c + d*Sinl[e + f*x]])

Rule 2884

Int[1/(((a_.) + (b_.)*sin[(e_.) + (f_.)*(x_)1)*Sqrtl(c_.) + (d_.)*sin[(e_.)
+ (£_.)*(x_)11), x_Symbol] :> Simp[(2/(f*x(a + b)*Sqrt[c + d]))*EllipticPil[
2x(b/(a + b)), (1/2)*(e - Pi/2 + fxx), 2x(d/(c + d))], x] /; FreeQ[{a, b, c
, d, e, £}, x] && NeQ[b*xc - a*d, 0] && NeQ[a"2 - b~2, 0] && NeQ[c"2 - d~2,

0] && GtQ[c + d, 0]

Rule 2886

Int[1/(((a_.) + (b_.)*sin[(e_.) + (£_.)*(x_)1)*Sqrtl(c_.) + (d_.)*sin[(e_.)
+ (f_.)*(x_)1]), x_Symbol] :> Dist[Sqrt[(c + d*Sin[e + f*x])/(c + d)]/Sqrt
[c + d*Sin[e + f*x]], Int[1/((a + b*Sin[e + f*x])*Sqrtlc/(c + d) + (d/(c +
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d))*Sin[e + f*x]]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*xc - a*d
, 0] && NeQ[a~2 - ™2, 0] && NeQ[c™2 - d"2, 0] && !GtQ[c + d, 0]

Rule 3014

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]11/(sinl(e_.) + (f_.)*(x_)]1*((c
) + (d_.)xsinl[(e_.) + (f_.)*(x_)]1)), x_Symbol]l :> Dist[a/c, Int[1/(Sin[e +
fxx]*Sqrt[a + bxSin[e + f*x]]), x], x] + Dist[(b*c - a*d)/c, Int[1/(Sqrtla
+ b*Sin[e + f*x]]*(c + d*Sin[e + f*x])), x], x] /; FreeQ[{a, b, c, d, e, f
}, x] && NeQ[b*c - a*xd, 0] && NeQ[a"2 - b~2, 0]

Rubi steps
‘ csc(et ) -dx  (=bc+ad L
/csc(e—l—f:c) Ve +dsin(e + fz) dp — el Ve +dsin(e + fz) n ( )/ (atbsin(etfz)) /€ + d's
a+ bsin(e + fx) B a a
c\/C + dsin(e + fw) | f csc(e+fz) d (_l
c+d \/ c_ . dsin(e + fz)
_ c+d c+d n
av/c+ dsin(e + fx)
¢+ dsin(e + fz)'
:20H(2,2(e——+f z) c+d)\/ Tt d _2(bc—ad)H(
af+/c+dsin(e + fz)

Mathematica [C] Result contains complex when optimal does not.
time = 23.28, size = 179, normalized size = 1.16

20 (H (%;isinh_l < zsmh <
a

1 - ord d(—1+sin(e + fz))' [d(1+sin(e + fz))’
“ord m) \ﬁ)* ( \/D+dslne+fz ) >>seca+fz)\/ v d \/ “ord

1
“c+d f

Antiderivative was successfully verified.

[In] Integrate[(Csc[e + f*x]*Sqrt[c + d*Sin[e + f*x]])/(a + b*Sin[e + f*x]),x]

[Out] ((2*I)*(EllipticPil[(c + d)/c, I*ArcSinh[Sqrt[-(c + d)~(-1)]*Sqrtlc + d*Sin[
e + £xx]1], (c + d)/(c - d)] - EllipticPi[(b*(c + d))/(b*c - a*d), I*ArcSin
h[Sqrt[-(c + d)~(-1)]*Sqrt[c + d*Sin[e + fx*x]]], (c + d)/(c - d)])*Sec[e +
fxx]*Sqrt [-((d*(-1 + Sin[e + f*x]))/(c + d))]*Sqrt[(d*(1 + Sin[e + f*x]))/(

-c + d)])/(axSqrt[-(c + d)~(-1)]1*f)

Maple [A]
time = 11.44, size = 190, normalized size = 1.23
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method | result

. ctdsin(frte)  (c—app c—d NP, ctdsin(fz+e) c—d d(1+81n(fm+e)) ‘
2<ElhptlcP1<\/ —d =i ctq | ElipticPi —d ' c+d \

default
b acos(fz+e) \/C + dsin (fx + 6) f

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c+d*sin(f*x+e))”~(1/2)/sin(f*x+e)/(a+b*sin(f*x+e)),x,method=_RETURNVERB
0SE)

[Out] 2*%(EllipticPi(((c+d*sin(f*x+e))/(c-d))~(1/2),-(c-d)*b/(a*d-b*c),((c-d)/(c+d
))~(1/2))-EllipticPi(((c+d*sin(f*x+e))/(c-d))~(1/2),(c-d)/c, ((c-d)/(c+d))~(

1/2)) ) *(-d*(1+sin(f*x+e))/(c-d)) ~(1/2) *(-(sin(f*x+e)-1)*d/(c+d)) ~(1/2) *((c+
dxsin(f*x+e))/(c-d))~(1/2)*(c-d) /a/cos(f*x+e)/(c+d*sin(f*x+e)) " (1/2)/f

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sin(f*x+e))”~(1/2)/sin(f*x+e)/(at+b*sin(f*x+e)),x, algorithm="
maxima")

[Out] integrate(sqrt(d*sin(f*x + e) + c)/((b*sin(f*x + e) + a)*sin(f*x + e)), x)
Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((c+d*sin(f*x+e))~(1/2)/sin(f*x+e)/(atb*sin(f*x+e)),x, algorithm="
fricas")

[Out] Timed out
Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ Ve +dsin (e + fz)
(a+bsin (e + fx))sin (e + fz)

dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sin(f*x+e))**(1/2)/sin(f*x+e)/(a+b*sin(f*x+e)),x)
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[Out] Integral(sqrt(c + d*sin(e + f*x))/((a + b*sin(e + f*x))*sin(e + f*x)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sin(f*x+e))~(1/2)/sin(f*x+e)/(at+tb*sin(f*x+e)),x, algorithm="
giac")
[Out] integrate(sqrt(d*sin(f*x + e) + c)/((b*sin(f*x + e) + a)*sin(f*x + e)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ Ve+dsin(e+ fz) s
sin(e+ fz) (a+bsin(e+ fx))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*sin(e + f*x))~(1/2)/(sin(e + f*x)*(a + b*sin(e + f*x))),x)
[Out] int((c + d*sin(e + f*x))~(1/2)/(sin(e + f*x)*(a + b*sin(e + f*x))), x)
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3.41 csc(e+fz) dz
/ (a+bsin(e+fz)) \/C + dsin(e + fz)

Optimal. Leaf size=146

+dsin(e + fz) ¥ dsin(e + fz)
e~ 9120 UG e e )10 | TG
af+/c+ dsin(e + fz) a(a+b)f\/c+dsin(e + fz)

[Out] -2*(sin(1/2%e+1/4*Pi+1/2%f*x)~2)~(1/2)/sin(1/2%e+1/4*Pi+1/2*f*x)*E1lipticPi
(cos(1/2%e+1/4xPi+1/2%f*x),2,27(1/2)*(d/(c+d))~(1/2))*((c+d*sin(f*x+e))/(c+
d))~(1/2)/a/f/(c+d*sin(f*x+e)) ~(1/2)+2%b*x(sin(1/2*e+1/4xPi+1/2xf*x) ~2)~(1/2
)/sin(1/2xe+1/4*%Pi+1/2*xf*x)*E1lipticPi(cos(1/2*e+1/4%Pi+1/2*f*x) ,2*b/(a+b),
27(1/2)*(d/(c+d) )~ (1/2)) *((c+d*sin(f*x+e))/(c+d) ) ~(1/2) /a/(at+b) /f/(c+d*sin(
fxx+e))~(1/2)

Rubi [A]
time = 0.32, antiderivative size = 146, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.091,

steps used = 5, number of rules used = 3, integrand size = 33
Rules used = {3020, 2886, 2884}

c+dsin(e+ fz) ﬂ ¢+ dsin(e + fz)' ﬂ
W ctd “<2;%<e+fm—2>lcidd>_w o (et fr—5) |24)

af+\/c+dsin(e + fz) af(a+b)y/c+dsin(e + fz)

Antiderivative was successfully verified.
[In] Int[Csc[e + f*x]/((a + b*Sin[e + f*x])*Sqrt[c + d*Sin[e + f*x]]),x]

[Out] (2%EllipticPi[2, (e - Pi/2 + f*x)/2, (2*d)/(c + d)]*Sqrt[(c + d*Sin[e + f*x
1)/(c + d)])/(axf*xSqrt[c + d*Sin[e + f*x]]) - (2*bxEllipticPi[(2*b)/(a + b)

, (e = Pi/2 + £*xx)/2, (2%xd)/(c + d)]*Sqrt[(c + d*Sin[e + f*x])/(c + d)]1)/(a

x(a + b)*fxSqrt[c + d*Sinl[e + fx*x]])

Rule 2884

Int[1/(((a_.) + (b_.)*sin[(e_.) + (£_.)*(x_)]1)*Sqrtl(c_.) + (d_.)*sin[(e_.)
+ (£_.)*(x_)11), x_Symbol] :> Simp[(2/(f*(a + b)*Sqrt[c + d]))*EllipticPil
2x(b/(a + b)), (1/2)x(e - Pi/2 + fxx), 2x(d/(c + d))], x] /; FreeQ[{a, b, c
, d, e, f}, x] && NeQ[bxc - axd, 0] && NeQ[a~"2 - b~2, 0] && NeQ[c™2 - 42,

0] && GtQ[c + d, 0]

Rule 2886

Int[1/(((a_.) + (b_.)*sin[(e_.) + (f_.)*(x_)1)*Sqrtl(c_.) + (d_.)*sin[(e_.)
+ (£_.)*(x_)]1), x_Symbol] :> Dist[Sqrt[(c + d*Sin[e + f*x])/(c + d)]1/Sqrt
[c + d*Sin[e + f*x]], Int[1/((a + b*Sin[e + f*x])*Sqrtlc/(c + d) + (d/(c +
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d))*Sin[e + f*x]]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*xc - a*d
, 0] && NeQ[a~2 - ™2, 0] && NeQ[c™2 - d"2, 0] && !GtQ[c + d, 0]

Rule 3020

Int[1/(sinl(e_.) + (f_.)*(x_)1*Sqrtl(a_) + (b_.)*sinl(e_.) + (£f_.)*(x_)11x*(
(c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> Dist[1/c, Int[1/(Sin[e
+ fxx]*Sqrt[a + b*Sin[e + f*x]]), x], x] - Dist[d/c, Int[1/(Sqrt[a + b*Sin
[e + f*x]]1*(c + d*Sin[e + f*x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] &&
NeQ[b*c - a*xd, 0] && NeQ[a~"2 - b~2, 0]

Rubi steps
csc(e+fx) dx b 1
/ csc(e + fzx) dr — / v+ dsin(e + fz) B / (a+bsin(e+fz)) /¢ + dsin(e
(a+ bsin(e + fz))\/c+ dsin(e + fz) a a
\/C + dSin(e + fl') | f csc(e+fx) ‘ dz l
c+d \/ c_ . dsin(e + fz)
_ c+d c+d
av/c+dsin(e + fz)
. c+dsin(e + fz)
an(ajem 5+ s 128)  SHIREEI g
af\/c+dsin(e + fzr)

Mathematica [C] Result contains complex when optimal does not.
time = 23.40, size = 203, normalized size = 1.39

2 ((—bc+ad)l'[ <%i;isinh’1 <1 —ﬁld m) |%> + bcH(:(::(Q;isinh’I ( - m) ‘%)) sec(e + fz)¢ d(-1 +sin(e + fa))’ ¢ d(1 sinfe + f))’

c+d c+d c—d
Cy\[ — 1 ‘
c+d

(bc — ad) f

Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x]/((a + b*Sin[e + f*x])*Sqrtl[c + d*Sinl[e + f*x]]),x]

[Out] ((-2*I)*((-(b*c) + axd)*EllipticPi[(c + d)/c, I*ArcSinh[Sqrt[-(c + d)~(-1)]
xSqrt[c + d*Sinf[e + f*x]]], (c + d)/(c - d)] + b*c*EllipticPi[(b*(c + d))/(

bxc - a*d), I*ArcSinh[Sqrt[-(c + d)~(-1)]1*Sqrt[c + d*Sinl[e + f*x]]], (c + d

)/(c - d)])*Secle + f*x]*Sqrt[-((d*(-1 + Sin[e + f*x]))/(c + d))]I*Sqrt[-((d

*(1 + Sinfe + fxx]))/(c - d))]1)/(axc*Sqrt[-(c + d)~(-1)I*(b*c - a*xd)*f)

Maple [A]
time = 10.96, size = 254, normalized size = 1.74
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method | result

ct+dsin(fz+e) ‘ (sin(fz+e)—1)d ‘ d(1+sin(fz+e)) ‘ . ctdsin(fz+e) (c—d)b c—d
2(c—d) \/ o—d — otrd — o—d b EllipticPi —d ,— acd_bc '\ ctrd

a(ad—bc)ccos(fz+e) \/C + dsin

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(f*x+e)/(a+b*sin(f*x+e))/(c+d*sin(f*x+e))~(1/2),x,method=_RETURNVE
RBOSE)

[Out] -2*(c-d)*((c+d*sin(f*x+e))/(c-d))~(1/2)*(-(sin(f*x+e)-1)*d/(c+d))~(1/2)*(-d
*(1+sin(f*x+e))/(c-d))~(1/2) *(b*E1llipticPi(((c+d*sin(f*x+e))/(c-d))~(1/2),-

(c-d) *#b/ (a*d-b*c), ((c-d) /(c+d) )~ (1/2)) *c+E1llipticPi(((c+d*sin(f*x+e))/(c-d)

)~ (1/2),(c-d) /c, ((c-d)/(c+d))~(1/2) ) *a*d-E1llipticPi (((c+d*sin(f*x+e))/(c-d)

)~ (1/2),(c-d) /c, ((c=d)/(c+d))~(1/2) ) *b*c) /a/ (a*d-b*c) /c/cos (f*x+e) / (c+d*sin
(f*x+e))~(1/2)/f

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/sin(f*x+e)/(a+b*sin(f*x+e))/(c+d*sin(f*x+e))~(1/2),x, algorithm
="maxima")

[Out] integrate(1/((b*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)*sin(f*x + e)), x

)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/sin(f*x+e)/(atb*sin(f*x+e))/(c+d*sin(f*x+e))~(1/2),x, algorithm
="fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ 1 : dz
(a +bsin (e + fx)) /c+dsin (e + fz) sin (e + fz)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(a+b*sin(f*x+e))/(c+d*sin(f*x+e))**(1/2),x)
[Out] Integral(l/((a + b*sin(e + f*x))*sqrt(c + d*sin(e + f*x))*sin(e + £*x)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(a+bxsin(f*x+e))/(c+d*sin(f*x+e))~(1/2),x, algorithm
=“giac")
[Out] integrate(1/((b*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)*sin(f*x + e)), x

)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.01
1

/ . ) - -dx
sin(e+ fz) (a+bsin(e+ fz)) Vc+dsin(e+ f2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(e + f*x)*(a + b*sin(e + f*x))*(c + d*sin(e + f*x))~(1/2)),x)
[Out] int(1/(sin(e + f*x)*(a + b*sin(e + f*x))*(c + d*sin(e + £*x))~(1/2)), x)



238

gsin(e + fx) \/a + bsin(e + fz)
3.42 f \/ ( C—|-)dsi\r<e—|—fx) ( ) dzx

Optimal. Leaf size=254

i (U S e (R )

[Out] 2*EllipticPi(g~(1/2)*(a+b*sin(f*x+e))~(1/2)/(a+b)~(1/2)/(g*sin(f*x+e))~(1/2
), (atb) /b, ((~a-b)/(a-b))~(1/2))*(a+b) ~(1/2) *g~(1/2) * (ax (1-csc(f*x+e)) /(a+b)

)~ (1/2)*(a*x (1+csc(f*xx+e) )/ (a-b) )~ (1/2) *tan(f*x+e) /d/f-2* (-a*d+bxc)*Elliptic
Pi(1/2*(1-csc(f*xx+e))~(1/2)*27(1/2),2*c/(c+d),27(1/2)*(a/(a+b))~(1/2)) *(-co
t(f*x+e)~2)~(1/2) *((b+a*xcsc(f*xx+e))/(a+b)) ~(1/2) *(g*sin(f*x+e) )~ (1/2) *tan(f

*x+e) /d/(c+d) /£/ (a+bxsin(f*x+e))~(1/2)

Rubi [A]

time = 0.33, antiderivative size = 254, normalized size of antiderivative = 1.00, number of

: number of rules _ 0.077,
integrand size

steps used = 3, number of rules used = 3, integrand size = 39
Rules used = {3008, 2888, 3016}

27 Vat b tan(e+ fz)y/ a Cjcfb* ) V “(CSC(:J:/;) Dy (%b ArcSin ( ‘/% b“ :'Z::Ez : Z; ) \7%‘,) ) 2(be — ad) tan(e + fz) \/m Vgsin(e + fz). \f’ i bl CSC(Z*;/;) oy (% ArcSin <7\ 1 CS}(Z” +f2) ) \%)

df df(c+d)\/a+bsin(e + fz)

Antiderivative was successfully verified.
[In] Int[(Sqrtlg*Sin[e + f*x]]1*Sqrt[a + b*Sin[e + f*x]])/(c + d*Sin[e + f*x]),x]

[Out] (2*Sqrtl[a + bl*Sqrt[gl*Sqrt[(ax(1 - Cscle + f*x]))/(a + b)I*Sqrt[(a*x(1 + Cs
cle + £xx]))/(a - b)]*EllipticPi[(a + b)/b, ArcSin[(Sqrt([g]l*Sqrt[a + b*Sin[

e + £xx]]1)/(Sqrt[a + bl*Sqrt[gxSin[e + f*x]])], -((a + b)/(a - b))]1*Tan[e +
fxx])/(d*f) - (2x(b*c - a*d)*Sqrt[-Cot[e + f*x]~2]*Sqrt[(b + a*Cscle + f*x
1)/(a + b)1*EllipticPi[(2*c)/(c + d), ArcSin[Sqrt[1 - Cscle + f*x]]/Sqrt([2]

1, (2xa)/(a + b)I1*Sqrt[g*Sin[e + f*x]]1*Tan[e + f*x])/(d*(c + d)*f*Sqrtl[a +
b*Sinfe + fxx]1)

Rule 2888

Int[Sqrt[(b_.)*sin[(e_.) + (£_.)*(x_)]11/Sqrt[(c_) + (d_.)#*sin[(e_.) + (f_.)
*(x_)]1], x_Symbol] :> Simp[2*%b*(Tan[e + fx*x]/(d*f))*Rt[(c + d)/b, 2]*Sqrtlc
*((1 + Cscle + f*x])/(c - d))]1*Sqrtlcx((1 - Cscle + f*x])/(c + d))]*Ellipti
cPi[(c + d)/d, ArcSin[Sqrt[c + d*Sin[e + f*x]]/Sqrt[bxSin[e + f*x]]/Rt[(c +
d) /b, 211, -(c + d)/(c - )], x] /; FreeQ[{b, c, 4, e, £}, x] && NeQ[c"2 -
d~2, 0] && PosQ[(c + d)/b]

Rule 3008
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Int[(Sqrt[(g_.)*sin[(e_.) + (f_.)*(x_)]11*Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.
)*(x_)11)/((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]), x_Symbol] :> Dist[b/d, In
t[Sqrt[g*Sin[e + f*x]]/Sqrt[a + b*Sin[e + f*x]], x], x] - Dist[(bxc - a*d)/
d, Int[Sqrt[g*Sin[e + f*x]]/(Sqrt[a + b*Sin[e + f*x]]*(c + d*Sin[e + f*x]))
, x]1, x]1 /; FreeQ[{a, b, c, 4, e, £, g}, x] && NeQ[b*c - axd, 0] && NeQ[a"2
- b2, 0] &% NeQ[c™2 - d~2, 0]

Rule 3016

Int[Sqrt[(g_.)*sin[(e_.) + (£f_.)*(x_)11/(Sqrtl(a_) + (b_.)*sinl[(e_.) + (f_.
)¥(x_)11*((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)])), x_Symbol] :> Simp[2*Sqrt[
-Cot[e + f*x]~2]*(Sqrt[g*Sin[e + f*x]]/(f*(c + d)*Cot[e + f*x]*Sqrt[a + b*S
in[e + f*x]]))*Sqrt[(b + axCsc[e + f*x])/(a + b)]*EllipticPi[2*(c/(c + d)),
ArcSin[Sqrt[1 - Cscle + f*x]]1/Sqrt[2]1]1, 2*(a/(a + b))], x] /; FreeQ[{a, b,
c, d, e, £, g}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 - b~2, 0] &% NeQ[c~2 -
d~2, 0]

Rubi steps
b vV gsin(e + fx) e (be—ad) [ Vv gsin(e -
\/gsin(e—l-fx)‘\/a—i-bsin(e—l-fx)‘d Va+ bsin(e + fz) B Va+ bsin(e + fa
¢+ dsin(e + fz) = d d
2\/F\/—\/ — csc e—l—fx)) \/a(1+c;(feb+ f:v))‘H
a

Mathematica [C] Result contains complex when optimal does not.
time = 39.21, size = 23019, normalized size = 90.63

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(Sqrt[g*Sin[e + f*x]]*Sqrt[a + b*Sin[e + fx*x]])/(c + d*Sin[e + fx*
x]) ,x]

[Out] Result too large to show

Maple [C] Result contains complex when optimal does not.
time = 2.96, size = 6211, normalized size = 24.45

’ method | result ‘ size ‘
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’ default ‘ Expression too large to display ‘ 6211 ‘

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(f*x+e))~(1/2)*(a+b*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e)),x,method=_
RETURNVERBOSE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)*(at+b*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e)),x, a
lgorithm="maxima")

[Out] integrate(sqrt(b*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))/(d*sin(f*x + e) + c
), X)

Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(f*x+e))~(1/2)*(a+b*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e)),x, a
lgorithm="fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ Vgsin (e + fz) \/a + bsin (e + fz)
: dx
c+dsin (e + fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))**(1/2)*(a+b*sin(f*x+e))**(1/2)/(c+d*sin(f*x+e)) ,x)

[Out] Integral(sqrt(g*sin(e + f*x))*sqrt(a + bxsin(e + f*x))/(c + d*sin(e + f*x))
» X)

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)*(at+b*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e)),x, a
lgorithm="giac")

[Out] integrate(sqrt(b*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))/(d*sin(f*x + e) + c
), X)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/\/g sin(e+ fx) a+bsin(e+ fz)
- dx
c+dsin(e+ fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((g*sin(e + f*x))~(1/2)*(a + b*sin(e + f*x))~(1/2))/(c + d*sin(e + f*xx)
) %)
[Out] int(((g*sin(e + f*x))~(1/2)*(a + bxsin(e + f*x))~(1/2))/(c + d*sin(e + f*x)
), %)
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[ \/a,—|—bsm(e—|—fx)
Vgsin(e + fx) (c+dsin(e+fz))

Optimal. Leaf size=250

1—csce+fac)) 1+csce+f$)) . f\/a+bSID6+f$)> ab)
2vVa+b \/ \/ F(sm <\/a+b\/gs1ne+fx) |—2£2 ) tan(e
cfVy

3.43 dx

[Out] -2*EllipticF(g~(1/2)*(atb*sin(f*x+e))~(1/2)/(a+b)~(1/2)/(g*sin(f*x+e))~(1/2
), ((-a-b)/(a-b))~(1/2))*(a+b) " (1/2) * (a* (1-csc(f*x+e) )/ (a+b)) ~(1/2) *(a*(1+cs
c(f*xx+e))/(a-b))~(1/2)*xtan(f*x+e) /c/f/g~ (1/2)+2% (—axd+b*c) *E1llipticPi (1/2*(
1-csc(fxx+e))~(1/2)*27(1/2) ,2*%c/(c+d) ,2"(1/2)*(a/(a+b)) ~(1/2)) *(-cot (f*xx+e)
~2)~(1/2) *((b+a*csc(f*x+e))/(atb))~(1/2) *(gxsin(f*x+e)) ~(1/2) ¥tan(f*x+e)/c/

(c+d) /£/g/ (a+b*sin(f*x+e))~(1/2)

Rubi [A]

time = 0.34, antiderivative size = 250, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.077,

steps used = 3, number of rules used = 3, integrand size = 39
Rules used = {3012, 2895, 3016}

2(be — ad) tan(e + fz)\/— cot?(e + fz) \/gsin(e + [2) \/W H(%;Arcsin(%) ‘:Zfb) 2Va ¥ b tan(e + fz )\// a(l— c;sc+(eb+fz)) V/‘a(csc(eatfbr)+1) F(Arcsm<\/z+—\/:+§::£zi;z; )|*ﬁ)

(c+d)y/a+bsin(e + fz) cfVg

Antiderivative was successfully verified.
[In] Int[Sqrt[a + bxSin[e + f*x]]/(Sqrtlg*Sin[e + f*x]]1*(c + d*Sin[e + f*x])),x]

[Out] (-2*Sgrtl[a + bl*Sqrtl[(ax(1 - Cscle + f*x]))/(a + b)]1*Sqrt[(a*(1 + Cscl[e + f
*x]))/(a - b)]*EllipticF[ArcSin[(Sqrt[g]*Sqrt[a + b*Sin[e + fx*x]])/(Sqrt[a

+ bl*Sqrt[g*Sin[e + f*x]])], -((a + b)/(a - b))]1*Tan[e + f*x])/(cxfxSqrt[g]

) + (2%(bxc - a*d)#*Sqrt[-Cot[e + f*x]~2]*Sqrt[(b + a*Cscl[e + f*x])/(a + b)]
*E1lipticPi[(2*c)/(c + d), ArcSin[Sqrt[1 - Cscle + f*x]]1/Sqrt[2]], (2*a)/(a

+ b)]*Sqrt[g*Sin[e + fxx]]*Tan[e + f*x])/(c*(c + d)*f*g*Sqrt[a + b*Sinl[e +
fxx]1)

Rule 2895

Int[1/(Sqrt[(d_.)*sin[(e_.) + (£_.)*(x_)]11*Sqrt[(a_) + (b_.)#*sin[(e_.) + (£
_.)*(x_)]1]1), x_Symbol] :> Simp[-2*(Tan[e + f*x]/(axf))*Rt[(a + b)/d, 2]*Sqr
t[ax((1 - Cscle + f*x])/(a + b))]1*Sqrt[a*x((1 + Csc[e + f*x])/(a - b))]*E1lli
pticF[ArcSin[Sqrt[a + b*Sin[e + fx*x]]/Sqrt[d*Sin[e + f*x]]/Rt[(a + b)/d, 2]
], -(a+1b)/(a-b)l, x] /; FreeQ[{a, b, d, e, f}, x] && NeQ[a"2 - b~2, 0]

&% PosQ[(a + b)/d]

Rule 3012
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Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(Sqrtl(g_.)*sin[(e_.) + (f_.
)*(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[a/c, In
t[1/(Sqrt[g*Sin[e + f*x]]*Sqrt[a + bxSin[e + f*x]]), x], x] + Dist[(b*c - a
*d)/(c*g), Int[Sqrt[g*Sin[e + fxx]]/(Sqrt[a + b*Sin[e + f*x]]*(c + d*Sin[e
+ £*x])), x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] & NeQ[bxc - axd, 0] &&
NeQ[a"2 - b"2, 0] && NeQ[c™2 - d~2, 0]

Rule 3016

Int[Sqrt[(g_.)*sin[(e_.) + (£f_.)*(x_)11/(Sqrtl(a_) + (b_.)*sinl[(e_.) + (f_.
)¥(x_)11*((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)])), x_Symbol] :> Simp[2*Sqrt[
-Cot[e + f*x]~2]*(Sqrt[g*Sin[e + f*x]]/(f*(c + d)*Cot[e + f*x]*Sqrt[a + b*S
in[e + f*x]]))*Sqrt[(b + axCsc[e + f*x])/(a + b)]*EllipticPi[2*(c/(c + d)),
ArcSin[Sqrt[1 - Cscle + f*x]]1/Sqrt[2]1]1, 2*(a/(a + b))], x] /; FreeQ[{a, b,
c, d, e, £, g}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 - b~2, 0] &% NeQ[c~2 -
d~2, 0]

Rubi steps
L — J—
Va+bsin(e + fz) dr — \/QSin(€+f$)\/a+bsin(e+fa:)dw_i_(bc ad) | \ﬂ
Vgsin(e + fz) (c+dsin(e + fr)) c
A a(l —csc(e + fz))  [a(l + csc(e + fz))' _
B 2 \/ a+b \/ 2—b F<sn
= ——

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 8202 vs.
2(250) = 500.
time = 48.67, size = 8202, normalized size = 32.81

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[a + b*Sin[e + f*x]]/(Sqrt[g*Sin[e + f*x]]*(c + d*Sin[e + f*x
1)) ,x]

[Out] Result too large to show

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 3297 vs.
2(231) = 462.
time = 0.29, size = 3298, normalized size = 13.19
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method | result size

default | Expression too large to display | 3298

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(gxsin(f*x+e))~(1/2),x,method=_
RETURNVERBOSE)

[Out] 1/f*x(-(cos(f*x+e)*a-(-a"2+b"2)"(1/2)*sin(f*x+e)-b*sin(f*x+e)-a)/(b+(-a~2+b~
2)7(1/2))/sin(f*x+e)) " (1/2)*((cos(f*x+e)*a+(-a"2+b"2) ~(1/2) *sin(f*x+e) -b*si
n(f*x+e)-a)/(-a"2+b"2)~(1/2) /sin(f*x+e)) " (1/2) *(a*(-1+cos(f*x+e))/(b+(-a"2+
b~2)"(1/2))/sin(f*x+e)) " (1/2) * (a*xd-b*c) * (2% (-c~2+d"2) ~(1/2)*(-a"2+b"2) ~(1/2
)*E1lipticPi((-(cos(f*x+e)*a-(-a~2+b~2) " (1/2)*sin(f*x+e)-b*sin(f*x+e)-a)/(b
+(-a"2+b~2)~(1/2)) /sin(f*x+e)) ~(1/2) ,-(b+(-a"2+b"2) " (1/2) ) *c/(a*(-c~2+d"2)~
(1/2)-c*(-a~2+b~2) " (1/2)+axd-bxc) ,1/2*2~(1/2) *((b+(-a"2+b~2)~(1/2) )/ (-a~2+b
~2)7(1/2))7(1/2) ) *b+2* (-c~2+d"2) " (1/2) *(-a~2+b~2) ~(1/2) *E11lipticPi ((-(cos (f
*x+e) *a-(-a~2+b”"2) “(1/2) *sin(f*x+e) -bxsin(f*x+e)-a)/(b+(-a~2+b"2) " (1/2))/si
n(f*xx+e))~(1/2), (b+(-a~2+b"2)~(1/2)) *c/(a*x(-c~2+d"2) ~(1/2) +cx(-a~2+b"2) ~(1/
2)-axd+bxc) ,1/2x27(1/2)*((b+(-a~2+b~2)~(1/2))/(-a~2+b~2) ~(1/2) )~ (1/2) ) ¥b—4x*
(-c™2+d"2) " (1/2)*(-a"2+b~2) ~(1/2) *E1lipticF ((-(cos (f*x+e) *a-(-a~2+b~2) ~(1/2
)*sin(f*x+e)-b*sin(f*x+e)-a)/(b+(-a~2+b"2)~(1/2)) /sin(fxx+e))~(1/2),1/2%27(
1/2)*((b+(-a~2+b~2)~(1/2))/(-a~2+b~2)~(1/2))~(1/2) ) ¥b-(-c~2+d"2) "~ (1/2) *E11li
pticPi((-(cos(f*x+e)*a-(-a~2+b~2) ~(1/2)*sin(f*x+e)-b*sin(f*x+e)-a)/(b+(-a"2
+b72)~(1/2)) /sin(f*x+e)) ~(1/2) ,-(b+(-a~2+b"2) " (1/2) ) *c/(a*x(-c~2+d~2) ~(1/2) -
c*x(-a~2+b"2) " (1/2)+axd-b*xc) ,1/2%¥2~(1/2) *((b+(-a"2+b"2)~(1/2))/(-a~2+b"2)~ (1
/2))7(1/2))*a~2+2*(-c~2+d~2) " (1/2) #*E11lipticPi ((-(cos (f*x+e) *a-(-a~2+b~2) " (1
/2) *sin(f*x+e)-bxsin(f*x+e)-a)/(b+(-a"2+b"2)~(1/2))/sin(f*x+e)) ~(1/2),-(b+(
-a"2+b"2) " (1/2))*c/(a*x(-c~2+d"2) " (1/2) -cx(-a~2+b"2) ~(1/2) +a*d-b*c) ,1/2*%2" (1
/2)*((b+(-a"2+b~2)~(1/2))/(-a~2+b~2)~(1/2) )~ (1/2) ) *b~2-(-c~2+d"2) " (1/2) *E11
ipticPi((-(cos(f*x+e)*a-(-a~2+b~2)~(1/2)*sin(f*x+e)-b*sin(f*x+e)-a)/(b+(-a~
2+b72)~(1/2))/sin(f*x+e))~(1/2), (b+(-a~2+b"2) " (1/2) ) *c/(a*(-c~2+d"2) " (1/2)+
cx(-a”2+b"2) " (1/2) —a*d+bxc) ,1/2*%27 (1/2) *((b+(-a~2+b"2)~(1/2))/(-a"2+b"2)~ (1
/2))7(1/2) ) *a~2+2*(-c~2+d"2) " (1/2) #*E11lipticPi ((-(cos (f*x+e) *a-(-a"2+b~2) " (1
/2)*sin(fxx+e) -bxsin(fxx+e)-a)/(b+(-a~2+b"2)~(1/2))/sin(f*x+e))~(1/2), (b+(-
a~2+b~2)~(1/2)) *c/(a*x(-c"2+d"2) ~(1/2) +c*(-a~2+b~2) " (1/2) —axd+bxc) ,1/2*2~(1/
2)*((b+(-a~2+b~2)~(1/2))/(-a~2+b~2) " (1/2))~(1/2) ) ¥*b~2+2% (-c~2+d~2) ~(1/2) *E1
lipticF((-(cos(f*x+e)*a-(-a~2+b~2) ~(1/2) *sin(f*x+e) -b*sin(f*x+e)-a)/(b+(-a~
2+b~2)~(1/2)) /sin(f*x+e))~(1/2),1/2*%27(1/2) * ((b+(-a"2+b"2)~(1/2) )/ (-a~2+b"2
)~(1/2))"(1/2))*a~2-4%(-c~2+d"2) ~(1/2) *E1lipticF ((- (cos (f*x+e) *a-(-a~2+b~2)
~(1/2)*sin(f*x+e)-b*sin(f*x+e)-a)/(b+(-a~2+b"2)~(1/2))/sin(f*x+e))~(1/2),1/
2%x27(1/2)*((b+(-a~2+b"2)"(1/2))/(~a~2+b"2)~(1/2))~(1/2) )*b~2-(-a~2+b~2)~(1/
2)*#E1lipticPi((-(cos(f*x+e)*a-(-a"2+b~2)~(1/2) *sin(f*x+e)-bxsin(f*x+e)-a)/(
b+(-a"2+b"2) " (1/2))/sin(f*x+e))~(1/2) ,-(b+(-a~2+b"2) ~(1/2) ) *c/ (a*(-c~2+d"2)
~(1/2)-c*(-a~2+b~2) " (1/2)+a*d-bxc) ,1/2x2~(1/2) *((b+(-a"2+b"2) " (1/2)) / (-a~2+
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b~2)~(1/2))~(1/2)) *a*c+2x(-a~2+b~2) ~(1/2) *E11lipticPi ((-(cos (f*x+e)*a-(-a~2+
b~2) " (1/2)*sin(f*x+e)-b*sin(f*x+e)-a)/(b+(-a~2+b"2) " (1/2))/sin(f*x+e))~(1/2
),-(b+(-a~2+b"2) " (1/2)) *c/(ax(-c~2+d"2) ~(1/2) -c*(-a~2+b"2) ~(1/2) +a*xd-b*c) , 1
/2x27(1/2) *((b+(-a~2+b~2) " (1/2))/(-a~2+b"2)~(1/2) )~ (1/2) ) ¥*b*d+(-a~2+b~2) ~ (1
/2)*E1llipticPi((-(cos (f*x+e)*a-(-a~2+b~2) ~(1/2) *sin(f*x+e)-b*sin(f*x+e)-a)/
(b+(-a"2+b"2)~(1/2))/sin(f*x+e))~(1/2), (b+(-a~2+b"2) " (1/2) ) *c/ (a* (-c~2+d"2)
~(1/2)+c*(-a~2+b"2) " (1/2) —a*xd+b*c) ,1/2*x2" (1/2) * ((b+(-a"2+b"2) " (1/2) )/ (-a~2+
b~2)~(1/2))~(1/2)) *a*c-2x(-a~2+b~2) ~(1/2) *E11lipticPi ((-(cos (f*x+e) *a-(-a~2+
b~2)~(1/2)*sin(f*x+e) -b*sin(f*x+e)-a)/(b+(-a~2+b"2) " (1/2)) /sin(f*x+e) )~ (1/2
), (b+(-a~2+b~2) " (1/2) ) *c/(a*(-c~2+d"2) ~(1/2) +c*x(-a~2+b~2) " (1/2) —a*xd+b*c) , 1/
2%27(1/2) % ((b+(-a"2+b"2)~(1/2) )/ (-a~2+b~2) " (1/2) ) ~(1/2) ) ¥*b*d-E1lipticPi ((-(
cos(f*xx+e)*a-(-a~2+b"2) " (1/2) *sin(f*x+e)-b*sin(f*x+e)-a)/(b+(-a~2+b"2)~(1/2
))/sin(f*x+e)) ~(1/2) ,-(b+(-a~2+b"2)~(1/2) ) *c/(ax(-c~2+d"2) " (1/2) —cx(-a~2+b~
2)~(1/2)+axd-bxc) ,1/2%27(1/2) *((b+(-a"2+b~2)~(1/2)) /(-a~2+b~2)~(1/2))~(1/2)
)*a~2xd-E1lipticPi((-(cos(f*x+e)*a-(-a"2+b"2) " (1/2)*sin(f*x+e)-b*sin(f*x+e)
-a)/ (b+(-a~2+b"2)~(1/2)) /sin(f*x+e))~(1/2) ,-(b+(-a"2+b"2)~(1/2) ) *c/ (a*(-c~2
+d”~2) " (1/2) -c*(-a~2+b~2) ~(1/2) +a*d-b*c) ,1/2%27 (1/2) * ((b+(-a"2+b~2) ~(1/2)) / (
-a"2+b"2)"(1/2))~(1/2) ) *axb*c+2*E1lipticPi ((-(cos (f*x+e) *a-(-a~2+b~2)~(1/2)
*sin (f*x+e)-b*sin(f*x+e)-a)/(b+(-a~2+b"2) " (1/2))/sin(f*x+e))~(1/2) ,-(b+(-a~
2+b~2)~(1/2) ) *c/ (ax(-c~2+d"2) " (1/2) -cx(-a~2+b"2) ~(1/2) +a*d-b*c) ,1/2x2~(1/2)
*((b+(-a~2+b"2)"(1/2))/(-a”"2+b~2)~(1/2))~(1/2) ) *b"2+d+E11lipticPi ((- (cos (f*x
+e)*a-(-a"2+b"2) " (1/2) *sin(f*x+e) -b*sin(f*x+e)-a)/(b+(-a"2+b"2)~(1/2))/sin(
fxx+e))~(1/2), (b+(-a"2+b"2)~(1/2)) *c/(ax(-c~2+d"2) ~(1/2)+c*(-a~2+b"2) ~(1/2)
—axd+b*xc),1/2x27(1/2)*((b+(-a~2+b"2)~(1/2))/(-a~2+b~2)~(1/2))~(1/2)) *a~2*d+
EllipticPi((-(cos(f*x+e)*a-(-a~2+b~2)~(1/2) *sin(f*x+e)-b*sin(f*x+e)-a)/(b+(
-a~2+b~2) " (1/2)) /sin(f*x+e))~(1/2), (b+(-a~2+b"2)~(1/2) ) *c/(ax(-c~2+d"2)~(1/
2)+cx(-a”2+b"2) ~(1/2) —a*d+b*c) ,1/2%27(1/2) *((b+(-a~2+b"2) " (1/2) )/ (-a"2+b"2)
~(1/2))~(1/2)) *a*b*c-2xE11lipticPi ((-(cos(f*x+e)*a-(-a~2+b"2) " (1/2) *sin(f*x+
e)-bxsin(f*xx+e)-a)/(b+(-a~2+b"2) ~(1/2)) /sin(f*x+e))~(1/2), (b+(-a~2+b"2)~(1/
2))xc/(ax(-c~2+d"2) " (1/2)+c*x(-a~2+b"2) " (1/2) -a*d+b*c) ,1/2%2~(1/2) *((b+(-a"2
+b72)"(1/2))/(-a”2+b~2)~(1/2))~(1/2) ) *b"2*d) *si. ..

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(g*sin(f*x+e))~(1/2),x, a
lgorithm="maxima")

[Out] integrate(sqrt(b*sin(f*x + e) + a)/((d*sin(f*x + e) + c)*sqrt(g*sin(f*x + e

))), %)
Fricas [F|



246

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(gxsin(f*x+e))~(1/2),x, a
lgorithm="fricas")

[Out] integral(-sqrt(b*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))/(d*g*cos(f*x + e)~2
- cxgksin(f*x + e) - d*g), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

Va+bsin (e + fz)

Vv gsin(e+ fz) (c+ dsin( e—l—fx))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*sin(f*x+e))**(1/2)/(c+d*sin(f*x+e))/(gxsin(f*x+e))**(1/2),x)

[Out] Integral(sqrt(a + b*sin(e + f*x))/(sqrt(gxsin(e + f*x))*(c + d*sin(e + f*x)
)), %)

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(g*sin(f*x+e))~(1/2),x, a
lgorithm="giac")

[Out] integrate(sqrt(b*sin(f*x + e) + a)/((d*sin(f*x + e) + c)*sqrt(g*sin(f*x + e

))), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
Va+b sm(e—l—fac)
Vgsin(e+ fz) (c+dsin(e+ fz))

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*sin(e + £x*x))~(1/2)/((g*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))
) ,X%)
[Out] int((a + bxsin(e + f*x))~(1/2)/((g*sin(e + £*x))~(1/2)*(c + d*sin(e + f*x))
), X)
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I v/ gsin(e + fx) g
\/CL + bSlIl 6 + fSU) (ct+dsin(e+fzx))

Optimal. Leaf size=114

2\/—001:2 (e+ fzx) \/b—l—acsc(e—l—fx H(m,sm (\/1—csc(e—|—fx) ) a+b) gsin(e + fz) tan(e

3.44

V2
(c+d)f+v/a+ bsin(e + fz)

[Out] 2*%EllipticPi(1/2*(1-csc(f*xx+e))~(1/2)*27(1/2),2*c/(c+d),27(1/2)*(a/(at+b))~(
1/2) ) *(-cot (f*x+e) ~2) ~(1/2) * ((b+axcsc(f*x+e)) /(at+b)) ~(1/2) *(gksin(f*x+e) )~ (
1/2)*tan(f*x+e)/(c+d) /f/(atbxsin(f*x+e))~(1/2)

Rubi [A]

time = 0.14, antiderivative size = 114, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.026,

steps used = 1, number of rules used = 1, integrand size = 39
Rules used = {3016}

acscle + fx) + . 1—cscle+ fz o
2tan(e + fz)1/ — cot’ (e + fz) v/gsin(e + fx) \/ Tt b (cid,Arc&n( \/é— )> a2+b>

flc+d)/a+bsin(e + fz)

Antiderivative was successfully verified.
[In] Int[Sqrtlg*Sinl[e + f*x]]/(Sqrt[a + b*Sin[e + f*x]]*(c + d*Sin[e + f*x])),x]

[Out] (2*Sqrt[-Cotl[e + f*x]~2]*Sqrt[(b + axCscl[e + f*x])/(a + b)]I*EllipticPil[(2*c
)/(c + d), ArcSin[Sqrt[1 - Cscle + f*x]]1/Sqrt[2]], (2*a)/(a + b)]*Sqrt[gxSi
nle + fxx]]xTan[e + £*xx])/((c + d)*f*Sqrt[a + b*Sin[e + f*x]])

Rule 3016

Int[Sqrt[(g_.)*sinl[(e_.) + (£_.)*(x_)]11/(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.
)¥(x_)11*((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)])), x_Symbol] :> Simp[2*Sqrt[
-Cot[e + f*x]~2]*(Sqrt[g*Sin[e + f*x]]/(f*(c + d)*Cot[e + f*x]*Sqrt[a + b*S
in[e + f*x]]))*Sqrt[(b + axCsc[e + f*x])/(a + b)]*EllipticPi[2*(c/(c + d)),
ArcSin[Sqrt[1 - Cscle + f*x]]1/Sqrt[2]1]1, 2*(a/(a + b))], x] /; FreeQ[{a, b,
c, d, e, £, g}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 - b~2, 0] &% NeQ[c~2 -
d~2, 0]

Rubi steps

Jgsin(e + fz) 2\/—cot2(e+fg;)\/b+ac;s<i£eb+fx) H(c+d’81n 1 (L/

‘ dz =
Va+ bsin(e + fz) (c+ dsin(e + fz)) (c+d)fva+b
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Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 3427 vs.
2(114) = 228.
time = 47.73, size = 3427, normalized size = 30.06

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[g*Sin[e + f*x]]/(Sqrtl[a + b*Sin[e + f*x]]*(c + d*Sin[e + f*x
1)) ,x]

[Out] (a*Sqrt[-a~2 + b~2]*((a*xc + (b + Sqrt[-a”2 + b~2])*(-d + Sqrt[-c~2 + d~2]))
*E11ipticPi[(2*Sqrt[-a~2 + b~2]*c)/(b*c + Sqrt[-a”2 + b~2]*c - a*xd + a*Sqrt
[-c™2 + d2]), ArcSin[Sqrt[(b + Sqrt[-a"2 + b~2] + axTan[(e + f*x)/2])/Sqrt
[-a~2 + b~2]]1/Sqrt[2]], (2*Sqrt[-a~2 + b~2])/(b + Sqrt[-a~2 + b™2])] + (-(a
*xc) + (b + Sqrt[-a”2 + b"2])*(d + Sqrt[-c™2 + d72]))*EllipticPi[(2*Sqrt[-a~
2 + b™2]*c)/(b*c + Sqrt[-a”2 + b~ 2]*c - a*(d + Sqrt[-c™2 + d72])), ArcSin[S
qrt[(b + Sqrt[-a”2 + b~2] + a*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]/Sqrt[2]],
(2xSqrt[-a”2 + b~2])/(b + Sqrt[-a~"2 + b~2])])*Sqrt[Sin[e + f*x]]*Sqrt[g*Si
nle + fxx]]xSqrt[(axSec[(e + f*x)/2]"2x(a + b*Sin[e + fx*x]))/(a"2 - b~2)]1)/
((b + Sgrt[-a~2 + b~2])"2x(b*c - a*d)*Sqrt[-c”2 + d~2]*f*(a + b*Sin[e + f*x
1)*(c + d*Sin[e + f*x])*Sqrt[-((a*Tan[(e + £*x)/2])/(b + Sqrt[-a~2 + b~2]))
1*x((a"2xSqrt[-a"2 + b~2]*((a*c + (b + Sqrt[-a"2 + b"2])*(-d + Sqrt[-c”2 + d
~2]))*EllipticPi[(2*Sqrt[-a~2 + b~2]*c)/(b*c + Sqrt[-a”2 + b"2]*c - axd + a
*xSqrt[-c”2 + d72]), ArcSin[Sqrt[(b + Sqrt[-a~2 + b~2] + a*Tan[(e + f*x)/2])
/8qrt[-a”2 + b~2]1/8qrt[2]], (2*Sqrt[-a~2 + b~2])/(b + Sqrt[-a~2 + b~2])] +
(-(axc) + (b + Sqrt[-a”2 + b~2])*(d + Sqrt[-c”2 + d72]))*EllipticPi[(2*Sqr
t[-a"2 + b~2]*c)/(b*c + Sqrt[-a~2 + b"2]*c - ax(d + Sqrt[-c™2 + d~2])), Arc
Sin[Sqrt[(b + Sqrt[-a”2 + b~2] + axTan[(e + f*x)/2])/Sqrt[-a"2 + b~2]]/Sqrt
[2]]1, (2xSqrt[-a”2 + b~2])/(b + Sqrt[-a"2 + b~2])])*Sec[(e + fx*x)/2]"2xSqrt
[Sin[e + f*x]]*Sqrt[(axSec[(e + f*x)/2]"2*(a + bxSin[e + f*x]))/(a"2 - b~2)
1)/(4x(b + Sqrt[-a”2 + b~2])~3*(b*c - a*xd)*Sqrt[-c”2 + d~2]*Sqrt[a + b*Sin[
e + fxx]]*(-((axTan[(e + f*x)/2])/(b + Sqrt[-a”2 + b72])))~(3/2)) - (axb*Sq
rt[-a"2 + b~2]*Cos[e + f*x]*((axc + (b + Sqrt[-a”2 + b~2])*(-d + Sqrt[-c~2
+ d72]))*EllipticPi[(2*Sqrt[-a~2 + b~2]*c)/(bxc + Sqrt[-a~2 + b~2]*c - axd
+ axSqrt[-c”2 + d72]), ArcSin[Sqrt[(b + Sqrt[-a~2 + b"2] + a*Tan[(e + f*x)/
21)/Sqrt[-a~2 + b~2]]1/Sqrt[2]], (2#Sqrt[-a~2 + b~2])/(b + Sqrt[-a~2 + b~2])
1 + (-(axc) + (b + Sqrt[-a~2 + b~2])*(d + Sqrt[-c~2 + d~2]))*EllipticPi[(2*
Sqrt[-a"2 + b"2]*c)/(bxc + Sqrt[-a”2 + b~2]*c - a*(d + Sqrt[-c”2 + d72])),
ArcSin[Sqrt[(b + Sqrt[-a"2 + b~2] + axTan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]1/S
qrt[2]], (2*Sqrt[-a"2 + b~2])/(b + Sqrt[-a~2 + b~2])])*Sqrt[Sin[e + f*x]]1*S
qrt[(axSec[(e + f*x)/2]"2*(a + bxSin[e + f*x]))/(a"2 - ©72)]1)/(2%(b + Sqrt[
-a~2 + b~2])"2x(b*c - a*d)*Sqrt[-c”2 + d"2]*(a + bxSin[e + f*x])~(3/2)*Sqrt
[-((a*Tan[(e + f*x)/2])/(b + Sqrt[-a~2 + b~2]))]) + (axSqrt[-a~2 + b~2]*Cos
[e + fxx]*((axc + (b + Sqrt[-a~2 + b~2])*(-d + Sqrt[-c™2 + d72]))*EllipticP
i[(2xSqrt[-a"2 + b~2]*c)/(b*c + Sqrt[-a"2 + b~2]*c - a*d + axSqrt[-c”2 + 4~
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2]), ArcSin[Sqrt[(b + Sqrt[-a"2 + b~2] + axTan[(e + f*x)/2])/Sqrt[-a"2 + b~
2]11/8qrt[2]], (2*Sqrt[-a”2 + b~2])/(b + Sqrt[-a”2 + b~2])] + (-(a*c) + (b +
Sqrt[-a”2 + b~2])*(d + Sqrt[-c”2 + d~2]))*EllipticPi[(2*Sqrt[-a~2 + b~2]*c
)/ (bxc + Sqrt[-a~2 + b"2]*c - ax(d + Sqrt[-c”2 + d"2])), ArcSin[Sqrt[(b + S
qrt[-a”2 + b~2] + a*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]1/Sqrt[2]], (2*Sqrt[-
a~2 + b™2])/(b + Sqrt[-a"2 + b~2])])*Sqrt[(axSec[(e + f*x)/2]"2*(a + b*Sin[
e + £xx]))/(a"2 - b72)]1)/(2*x(b + Sqrt[-a"2 + b~2]) " 2x(b*c - a*d)*Sqrt[-c~2
+ d72]*Sqrt [Sin[e + f*x]]*Sqrt[a + bxSin[e + f*x]]*Sqrt[-((a*xTan[(e + f*x)/
2])/(b + Sqrt[-a”2 + b~2]))]) + (axSqrt[-a~2 + b~2]*((a*c + (b + Sqrt[-a~2
+ b™2])*(-d + Sqrt[-c”2 + d~2]))*EllipticPi[(2*Sqrt[-a~2 + b~2]*c)/(b*c + S
qrt[-a”2 + b~™2]*c - a*d + axSqrt[-c”2 + d"2]), ArcSin[Sqrt[(b + Sqrt[-a~2 +
b~2] + axTan[(e + f*x)/2])/Sqrt[-a"2 + b~2]]1/Sqrt[2]], (2#Sqrt[-a~2 + b~2]
)/(b + Sqrt[-a~2 + b"2])] + (-(a*c) + (b + Sqrt[-a”2 + b~2])*(d + Sqrt[-c~2
+ d72]))*EllipticPi[(2*Sqrt[-a~2 + b~2]*c)/(b*xc + Sqrt[-a~2 + b~2]*c - ax(
d + Sqrt[-c”2 + d72])), ArcSin[Sqrt[(b + Sqrt[-a”2 + b~2] + axTan[(e + f*x)
/21)/Sqrt[-a~2 + b~2]11/Sqrt[2]], (2*Sqrt[-a~2 + b~2])/(b + Sqrt[-a~2 + b~2]
)1)*Sqrt [Sin[e + f*x]]*((axb*Cos[e + f*x]*Sec[(e + f*x)/2]72)/(a"2 - b~2) +
(axSec[(e + fx*x)/2]72x(a + b*Sin[e + f*x])*Tan[(e + f*x)/2])/(a"2 - b~2)))
/(2%(b + Sqrt[-a”2 + b~2])~"2x(b*c - a*d)*Sqrt[-c”2 + d"2]*Sqrt[a + b*Sin[e
+ f*x]]*Sqrt[(a*xSec[(e + f*x)/2]"2x(a + b*Sin[e + f*x]))/(a"2 - b~2)]*Sqrt[
-((a*Tan[(e + f*xx)/2])/(b + Sqrt[-a”2 + b~2]))]) + (a*Sqrt[-a~2 + b~2]*Sqrt
[Sin[e + f*x]]*Sqrt[(a*Sec[(e + f*x)/2]"2*(a + b*Sin[e + f*x]))/(a"2 - b~2)
1x((ax(axc + (b + Sqrt[-a”2 + b"2])*(-d + Sqrt[-c”2 + d~2]))*Sec[(e + f*x)/
2]72)/(4xSqrt [2]*Sqrt[-a~2 + b~2]*Sqrt[(b + Sqrt[-a”"2 + b~2] + a*Tan[(e + £
*x)/2])/Sqrt[-a~2 + b~2]]1*Sqrt[1 - (b + Sqrt[-a~2 + b~2] + a*Tan[(e + f*x)/
2])/(2%Sqrt[-a”2 + b~2])]1*Sqrt[1 - (b + Sqrt[-a~2 + b~2] + a*xTan[(e + f*x)/
2]1)/(d + Sqrt[-a”2 + b~2])]*(1 - (cx(b + Sqrt[-a”2 + b~2] + a*Tan[(e + f*x)
/21))/(bxc + Sqrt[-a”2 + b"2]*c - axd + a*Sqrt[-c”2 + d72]))) + (ax(-(axc)
+ (b + Sgrt[-a”2 + b~2])*(d + Sqrt[-c™2 + d~2]))*Sec[(e + f*x)/2]72)/(4*Sqr
t[2]*Sqrt[-a~2 + b~2]*Sqrt[(b + Sqrt[-a”2 + b~2] + a*Tan[(e + f*x)/2])/Sqrt
[-a"2 + b~2]1*Sqrt[1 - (b + Sqrt[-a”2 + b~2] + a*Tan[(e + f*x)/2])/(2%Sqrt[
-a”2 + b72])]*Sqrt[1 - (b + Sqrt[-a”2 + b™2] + ...
Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 2932 vs.
2(107) = 214.
time = 0.35, size = 2933, normalized size = 25.73

method | result size

default | Expression too large to display | 2933

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(atb*sin(f*x+e))~(1/2),x,method=_
RETURNVERBOSE)

[Out] -1/f*(2%(-c”2+d"2)"(1/2)*(-a"2+b~2)~(1/2)*E1lipticPi((-(cos(f*x+e)*a-(-a~2+
b~2) " (1/2)*sin(f*x+e) -b*sin(f*x+e)-a)/(b+(-a~2+b"2) ~(1/2)) /sin(f*x+e))~(1/2
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), (b+(-a~2+b"2) " (1/2) )*c/(a*x(-c™2+d"2) " (1/2) +c*x(-a~2+b"2) ~(1/2) —a*d+b*c) ,1/
2x27(1/2) * ((b+(-a~2+b~2) " (1/2))/(-a"2+b"2)~(1/2) )~ (1/2) ) *b-(-c~2+d"2) " (1/2)
*E11ipticPi((-(cos(f*x+e)*a-(-a~2+b"2) " (1/2) *sin(f*x+e)-b*sin(f*x+e)-a)/(b+
(-a~2+b"2)"(1/2)) /sin(f*x+e))~(1/2), (b+(-a~2+b"2)~(1/2)) *c/(ax(-c~2+d"2)~ (1
/2)+c*x(-a~2+b"2) ~(1/2) —a*d+b*c) ,1/2+%27(1/2) *((b+(-a~2+b"2) " (1/2)) / (-a~2+b~2
)~(1/2))"(1/2) ) *a~2+2x(-c~2+d"2) " (1/2) *E11lipticPi ((-(cos (f*x+e) *a-(-a~2+b~2
)~ (1/2)*sin(f*x+e) -b*sin(f*x+e)-a)/(b+(-a~2+b"2)~(1/2))/sin(f*x+e))~(1/2),(
b+(-a~2+b"2) " (1/2)) *c/ (a*x(-c~2+d~2) ~(1/2)+c* (-a~2+b"2) " (1/2) —axd+b*xc) ,1/2%*2
~(1/2)*x((b+(-a~2+b~2)~(1/2) )/ (-a~2+b~2) " (1/2))~(1/2) ) *b~2+2* (-c~2+d~2) ~(1/2
)*(—a~2+b~2) " (1/2)*E1llipticPi ((-(cos (f*x+e)*a-(-a~2+b~2) ~(1/2) *sin(f*x+e)-b
*sin(fxx+e)-a)/(b+(-a~2+b"2)~(1/2)) /sin(f*x+e)) ~(1/2) ,-(b+(-a"2+b"2)~(1/2))
xc/(a*x(-¢c~2+d"2) " (1/2)-cx(-a~2+b"2) " (1/2) +a*d-b*xc) ,1/2x2~(1/2) * ((b+(-a~2+b~
2)7(1/2))/(-a"2+b~2)~(1/2))~(1/2)) *b-(-c~2+d~2) ~(1/2) *E1lipticPi ((-(cos (f*x
+e)*a-(-a"2+b"2) " (1/2) *sin(f*x+e) -b*sin(f*x+e)-a)/(b+(-a~2+b"2)~(1/2)) /sin(
fxx+e))~(1/2) ,-(b+(-a"2+b~2) " (1/2) ) *c/(ax(-c~2+d"2) " (1/2)-c*(-a~2+b~2)~(1/2
)+axd-bxc) ,1/2*%27(1/2) *((b+(-a~2+b"2)~(1/2) )/ (-a~2+b~2)~(1/2) ) ~(1/2) ) *a~2+2
*(-c”2+d"2) " (1/2)*E11lipticPi ((-(cos (f*x+e)*a-(-a~2+b~2) " (1/2) *sin(f*x+e) -b*
sin(f*x+e)-a)/(b+(-a~2+b"2)~(1/2))/sin(fxx+e))~(1/2),-(b+(-a~2+b"2) " (1/2) ) *
c/(ax(-c~2+d"2) " (1/2)-cx(-a~2+b"2) ~(1/2)+a*xd-b*c) ,1/2%2~(1/2) *((b+(-a"2+b"2
)~(1/2))/(-a~2+b"2)~(1/2))~(1/2) )*b~2+(-a~2+b~2) ~(1/2) *E1lipticPi ((-(cos (f*
x+e)*a-(-a~2+b"2) " (1/2) *sin(f*x+e) -b*sin(f*x+e)-a)/(b+(-a~2+b"2)~(1/2))/sin
(fxx+e))~(1/2), (b+(-a~2+b~2) " (1/2) ) *c/(a*(-c~2+d"2) " (1/2) +c*x(-a"2+b"2) ~(1/2
)—axd+b*c) ,1/2*27(1/2)*((b+(-a"2+b"2)~(1/2))/(-a~2+b"2)~(1/2) )~ (1/2) ) *a*xc-2
*(-a"2+b"2) " (1/2)*E11lipticPi ((-(cos (f*x+e)*a-(-a~2+b"2) " (1/2) *sin(f*x+e) -b*
sin(f*x+e)-a)/(b+(-a~2+b"2)~(1/2)) /sin(f*x+e))~(1/2), (b+(-a~2+b"2)~(1/2) ) *c
/(ax(=c™2+d"2) ~(1/2) +c* (-a~2+b~2) " (1/2) —a*d+b*c) ,1/2*x2~(1/2) * ((b+(-a~2+b~2)
~(1/2))/(-a~2+b~2)~(1/2))~(1/2) ) *bxd+E11lipticPi ((-(cos (f*x+e) *a-(-a~2+b~2) "~
(1/2)*sin(f*x+e) -b*sin(f*x+e)-a)/(b+(-a~2+b"2) ~(1/2)) /sin(f*x+e))~(1/2), (b+
(-a~2+b"2)"(1/2)) *c/(a*x(-c~2+d"2) ~(1/2)+c*(-a~2+b"2) " (1/2) —a*d+b*c) ,1/2%2"(
1/2)*((b+(-a"2+b~2)~(1/2))/(-a~2+b~2)~(1/2) )~ (1/2) ) *a~2*d+E1lipticPi((-(cos
(fxx+e)*a-(-a~2+b"2) ~(1/2) *sin(f*x+e) -b*sin(f*x+e)-a) / (b+(-a~2+b"2)~(1/2))/
sin(f*x+e))~(1/2), (b+(-a~2+b"2) " (1/2))*c/(a*(-c~2+d"2) " (1/2) +c*x(-a~2+b"2) ~(
1/2)-a*d+b*c) ,1/2%27(1/2) *((b+(-a~2+b~2) " (1/2))/(-a"2+b~2)~(1/2) )~ (1/2)) *ax
b*xc-2*%E1lipticPi ((-(cos(f*x+e)*a-(-a~2+b~2) ~(1/2) *sin(f*x+e) -b*sin(f*x+e)-a
)/ (b+(-a~2+b~2)~(1/2)) /sin(f*x+e))~(1/2), (b+(-a~2+b"2) " (1/2) ) *c/(a*x(-c~2+d~
2)~(1/2)+c*(-a~2+b~2) " (1/2) —a*d+b*c) ,1/2*x27(1/2) * ((b+(-a"2+b"2)~(1/2))/(-a~
2+b~2)~(1/2))~(1/2))*b~2*d-(-a~2+b~2) ~(1/2) *E1lipticPi ((-(cos (f*x+e) *a-(-a~
2+b72) " (1/2) *sin(f*x+e) -b*sin(f*x+e)-a)/(b+(-a"2+b~2) " (1/2)) /sin(f*x+e) )~ (1
/2),-(b+(-a"2+b"2) " (1/2) ) *c/(ax(-c"2+d"2) ~(1/2) -c*x(-a~2+b"2) ~ (1/2) +a*d-b*c)
,1/2%27(1/2) * ((b+(-a~2+b~2) " (1/2))/(-a~2+b~2)~(1/2) )~ (1/2) ) *axc+2* (-a~2+b~2
)~ (1/2)*E1lipticPi((-(cos(f*x+e)*a-(-a~2+b"2) " (1/2) *sin(f*x+e)-b*sin(f*x+e)
-a)/(b+(-a~2+b"2)~(1/2)) /sin(f*x+e))~(1/2) ,-(b+(-a~2+b~2)~(1/2) ) *c/(a*x(-c~2
+d~2) " (1/2) -c*(-a~2+b~2) ~(1/2) +a*d-b*c) ,1/2%27 (1/2) * ((b+(-a"2+b~2) ~(1/2)) / (
-a~2+b"2)"(1/2))~(1/2) ) *bxd-E11lipticPi ((-(cos(f*x+e)*a-(-a~2+b~2) " (1/2) *sin
(f*x+e)-b*sin(fxx+e)-a)/(b+(-a~2+b~2)~(1/2)) /sin(f*x+e)) ~(1/2) ,-(b+(-a~2+b~
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2)°(1/2))*c/(a*x(-c~2+d"2) ~(1/2) —cx(-a~2+b~2) " (1/2) +a*xd-b*c) ,1/2*x2~ (1/2) *((b
+(-a"2+b"2)"(1/2))/(-a~2+b~2) " (1/2))~(1/2) ) *a~2*d-E1lipticPi ((-(cos (f*x+e) *
a-(-a~2+b"2) " (1/2) *sin(f*x+e) -b*sin(f*x+e)-a) / (b+(-a~2+b"2) ~(1/2)) /sin(f*x+
e))~(1/2),-(b+(-a~2+b~2) " (1/2) ) *c/(a*x(-c~2+d"2) ~(1/2) -c*(-a~2+b~2) ~(1/2) +ax
d-b*c),1/2%27(1/2)*((b+(-a"2+b"2)~(1/2)) /(-a~2+b~2) " (1/2) )~ (1/2) ) *axb*c+2*E
11lipticPi((-(cos(f*x+e)*a-(-a~2+b~2) ~(1/2)*sin(f*x+e)-b*sin(f*x+e)-a)/(b+(-
a~2+b~2)~(1/2))/sin(f*x+e))~(1/2),-(b+(-a~2+b"2) ~(1/2)) *c/(a*(-c~2+d~2) ~(1/
2)-c*(-a”2+b~2) " (1/2)+a*d-bxc) ,1/2*2~(1/2) *((b+(-a"2+b"2)~(1/2) )/ (-a~2+b~2)
~(1/2))7(1/2))*b~2%d) 2~ (1/2) *(gxsin (f*x+e) ) ~(1/2) *sin(f*x+e) / (a+tb*sin (f*x+
e))~(1/2)*(a*x(-1+cos(f*x+e))/(b+(-a~2+b~2)~(1/2)) /sin(f*x+e)) ~(1/2)*((cos (f
*xx+e) *a+(-a~2+b"2) " (1/2) *sin(f*x+e) -bxsin(f*x+e)-a)/(-a"2+b"2)~(1/2) /sin(f*
x+e)) "~ (1/2) * (- (cos (f*x+e) *a-(-a~2+b"2) ~(1/2) *sin(f*x+e) -b*sin (f*x+e)-a) / (b+
(-a"2+b"2)"(1/2)) /sin(f*x+e)) ~(1/2) / (-1+cos (f*x+e) ) *c/(a*x(-c~2+d"2)~(1/2)-c
*(-a~2+b"2) " (1/2)+a*d-b*c)/(-c"2+d"2)~(1/2) /(a*(-c~2+d"2) " (1/2) +c*(-a~2+b"2
)~ (1/2) —axd+b*c)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((g*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(a+b*sin(f*x+e))~(1/2),x, a
lgorithm="maxima")

[Out] integrate(sqrt(gxsin(f*x + e))/(sqrt(b*sin(f*x + e) + a)*(d*sin(f*x + e) +
c)), x)

Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(atbxsin(f*x+e))~(1/2),x, a
lgorithm="fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

gsin (e + fz)

‘ dz
/\/a+bsin(e—|—fx) (c+dsin(e + fx))

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((g*sin(f*x+e))**(1/2)/(c+d*sin(f*x+e))/(a+tb*sin(f*x+e))**(1/2),x)
[Out] Integral(sqrt(g*sin(e + f*x))/(sqrt(a + b*sin(e + fx*x))*(c + d*sin(e + f*x)
)), x)

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(fx*x+e))~(1/2)/(c+d*sin(f*x+e))/(atb*sin(f*x+e))~(1/2),x, a
lgorithm="giac")

[Out] integrate(sqrt(g*sin(f*x + e))/(sqrt(b*sin(f*x + e) + a)*(d*sin(f*x + e) +
c)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

Vgsin(e+ fz) d
‘ x
Va+bsin(e+ fz) (c+dsin(e+ fx))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(e + £*x))~(1/2)/((a + b*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))
) ,X%)
[Out] int((g*sin(e + f*x))~(1/2)/((a + b*sin(e + £*x))~(1/2)*(c + d*sin(e + f*x))
), X)
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/ : ‘ L \ d:
Vgsin(e + fr) \/a+ bsin(e + fx) (c+dsin(e+fz))

Optimal. Leaf size=246

AR b ek = Sl Gl =213 i
acf\/g’

3.45

[Out] -2xEllipticF(g~(1/2)*(a+b*sin(f*x+e))~(1/2)/(a+b)~(1/2)/(g*sin(f*x+e))~(1/2
), ((-a-b)/(a-b))~(1/2)) *(a+b) " (1/2) *(a*x(1-csc(f*x+e) ) /(a+b) ) " (1/2) ¥ (a* (1+cs
c(f*xx+e))/(a-b))~(1/2)*tan(f*x+e)/a/c/f/g~(1/2)-2xd*xE1lipticPi(1/2*x(1-csc(f

*x+e) )~ (1/2) %27 (1/2) ,2%c/(c+d) ,27(1/2) *(a/(a+b) ) " (1/2) ) * (-cot (£*x+e) ~2) " (1/

2) *((b+axcsc(f*x+e))/(atb)) ~(1/2)*(gksin(f*x+e) )~ (1/2) *tan(f*x+e)/c/(c+d) /£

/g/ (a+b*sin(fxx+e))~(1/2)

Rubi [A]
time = 0.37, antiderivative size = 246, normalized size of antiderivative = 1.00, number of
steps used = 3, number of rules used = 3, integrand size = 39 number of rules = 0.077,

’ integrand size
Rules used = {3018, 2895, 3016}

n / 2 . — €8 P [ - ' [ ' . si a
2dtan(e + fa)\/—cot*(e + fa) \/gsin(e + 72) V/%ﬁ)” n (ﬁ Ams;n<7v1°“\/gf+m> \ﬁ) 2V T tan(e+ f2), ot C;Cf; f)) V a(csc(eatf - )+ p (mw({% o x::E: + ;i; ) H%Z)
cfg(c+d)\/a+ bsin(e + fz) B acf /g

Antiderivative was successfully verified.

[In] Int[1/(Sqrtlg*Sin[e + fx*x]]*Sqrt[a + b*Sin[e + f*x]]1*(c + d*Sin[e + f*x])),
x]

[Out] (-2*Sgrtl[a + bl*Sqrtl[(ax(1 - Cscle + f*x]))/(a + b)1*Sqrt[(a*(1 + Cscl[e + f
*x]))/(a - b)]*EllipticF[ArcSin[(Sqrt[g]l*Sqrt[a + b*Sin[e + f*x]])/(Sqrtla

+ bl*Sqrt[gxSin[e + fxx]])], -((a + b)/(a - b))]*Tan[e + f*xx])/(axcxf*Sqrt(

gl) - (2xd*Sqrt[-Cot[e + f*x]~2]*Sqrt[(b + a*Cscle + f*x])/(a + b)]*Ellipti
cPi[(2*c)/(c + d), ArcSin[Sqrt[1 - Cscle + f*x]]1/Sqrt[2]], (2*a)/(a + b)]*S
qrt[g*Sin[e + f*x]]*Tan[e + f*x])/(cx(c + d)*f*g*Sqrt[a + bxSin[e + f*x]])

Rule 2895

Int[1/(Sqrt[(d_.)*sin[(e_.) + (f_.)*(x_)]]1*Sqrt[(a_) + (b_.)*sin[(e_.) + (£
_)*x(x_)11), x_Symbol] :> Simp[-2*(Tan[e + fx*x]/(axf))*Rt[(a + b)/d, 2]*Sqr
t[ax((1 - Cscle + f*x])/(a + b))I*Sqrt[ax((1 + Cscl[e + f*x])/(a - b))]I*Elli
pticF[ArcSin[Sqrt[a + b*Sin[e + f*x]]/Sqrt[d*Sin[e + f*x]]1/Rt[(a + b)/d, 2]
], -(a+b)/(a-b)l, x] /; FreeQ[{a, b, d, e, f}, x] && NeQ[a~2 - b~2, 0]
&% PosQ[(a + b)/d]

Rule 3016
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Int[Sqrt[(g_.)*sinl[(e_.) + (£_.)*(x_)]11/(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.
)*(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Simp[2*Sqrt[
—Cot[e + f*x]~2]*(Sqrt[g*Sin[e + f*x]]/(f*(c + d)*Cot[e + fxx]*Sqrt[a + b*S
in[e + f*x]]))*Sqrt[(b + axCsc[e + f*x])/(a + b)]*EllipticPi[2*(c/(c + d)),
ArcSin[Sqrt[1 - Cscle + f*x]]1/Sqrt[2]], 2*(a/(a + b))], x] /; FreeQl[{a, b,
c, d, e, £, gr, x] & NeQ[b*c - a*d, 0] && NeQ[a"2 - b~2, 0] &% NeQ[c~2 -
d~2, 0]

Rule 3018

Int[1/(Sqrtl(g_.)*sinl(e_.) + (f_.)*(x_)]1]1*Sqrt[(a_) + (b_.)*sin[(e_.) + (f
_*(x)11x((c) + (d_.)*sin[(e_.) + (£_.)*(x_)1)), x_Symbol] :> Dist[1/c,

Int[1/(Sqrt[g*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]), x], x] - Dist[d/(cxg
), Int[Sqrt[g*Sin[e + f*x]]1/(Sqrtl[a + b*Sin[e + f*x]]*(c + d*Sin[e + f*x]))
, x]1, x]1 /; FreeQ[{a, b, ¢, d, e, f, g}, x] && NeQ[bxc - axd, 0] && NeQ[a"2
- b72, 0] && NeQ[c"2 - 472, 0]

Rubi steps

- dx

1
1 d — / Vgsin(e + fz) \/a + bsin(e + fz)
Vgsin(e + fr) \/a+ bsin(e + fz) (c + dsin(e + fz)) ¢

NET) ¢ ofl = e + /) | \/a(l T

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 4935 vs.
2(246) = 492.
time = 49.28, size = 4935, normalized size = 20.06

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[1/(Sqrt[g*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]*(c + d*Sin[e + £
*x])) ,x]

[Out] (-4*Sqrt[-a"2 + b~2]*Cos[(e + f*x)/2]"4*(-2*%(b + Sqrt[-a”2 + b~2])*(b*c - a
*d)*Sqrt[-c~2 + d"2]*EllipticF[ArcSin[Sqrt[(b + Sqrt[-a”2 + b~2] + a*Tan[(e
+ fxx)/2])/Sqrt[-a”2 + b~2]]1/Sqrt[2]], (2*Sqrt[-a”2 + b~2])/(b + Sqrt[-a~2
+ b72])] - a*d*((axc + (b + Sqrt[-a”2 + b~2])*(-d + Sqrt[-c~2 + d~2]))*E1ll
ipticPi[(2*Sqrt[-a~2 + b~2]*c)/(b*c + Sqrt[-a™2 + b~2]*c - axd + a*Sqrt[-c~
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2 + d72]), ArcSin[Sqrt[(b + Sqrt[-a”2 + b~2] + a*Tan[(e + fx*x)/2])/Sqrt[-a~
2 + b~2]1/Sqrt[2]], (2xSqrt[-a”2 + b~2])/(b + Sqrt[-a"2 + b~2])] + (-(axc)
+ (b + Sgrt[-a”2 + b™2])*(d + Sqrt[-c”2 + d~2]))*EllipticPi[(2*Sqrt[-a~2 +
b~2]*c)/(b*c + Sqrt[-a”2 + b~2]*c - a*(d + Sqrt[-c”2 + d72])), ArcSin[Sqrt([
(b + Sqrt[-a”2 + b~2] + a*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]1]1/Sqrt[2]1]1, (2%
Sqrt[-a~”2 + b72]) /(b + Sqrt[-a”2 + b~2])]1))*Sqrt[(a*Sec[(e + f*x)/2]"2*(a +
bxSin[e + fxx]))/(a"2 - b™2)]1*(-((a*Tan[(e + £*x)/2])/(b + Sqrt[-a"2 + b~2
1)))7(3/2))/(a"2*cx(-(bxc) + a*d)*Sqrt[-c”2 + d~2]*fxSin[e + f*x]~(3/2)*Sqr
t[g*xSin[e + f*x]]*(a + bxSin[e + f*x])*(c + d*Sin[e + f*x])*((3*Sqrt[-a~2 +
b~2]*Cos[(e + f*x)/2]"2%(-2%(b + Sqrt[-a~2 + b~2])*(b*c - a*d)*Sqrt[-c”2 +
d~2]*EllipticF[ArcSin[Sqrt[(b + Sqrt[-a"2 + b~2] + axTan[(e + f*x)/2])/Sqr
t[-a~2 + b~2]1/8qrt[2]], (2xSqrt[-a~2 + b~2])/(b + Sqrt[-a™2 + b~2])] - a*d
*((a*xc + (b + Sqrt[-a”2 + b~2])*(-d + Sqrt[-c™2 + d72]))*EllipticPi[(2*Sqrt
[-a”2 + b~2]*c)/(bxc + Sqrt[-a”2 + b"2]*c - axd + a*Sqrt[-c”2 + d72]), ArcS
in[Sqrt[(b + Sqrt[-a~2 + b~2] + axTan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]1/Sqrt[
2]1, (2%Sqrt[-a”2 + b"2])/(b + Sqrt[-a”2 + b~2])] + (-(a*c) + (b + Sqrt[-a~
2 + b2])*(d + Sqrt[-c”2 + d~2]))*EllipticPi[(2*Sqrt[-a"2 + b~2]*c)/(b*c +
Sqrt[-a”2 + b"2]*c - ax(d + Sqrt[-c”2 + d~2])), ArcSin[Sqrt[(b + Sqrt[-a~2
+ b~2] + axTan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]1/Sqrt[2]], (2*Sqrt[-a~2 + b~2
1)/ + Sqgrt[-a~2 + b~2])1))*Sqrt[(a*xSec[(e + f*x)/2]"2+(a + b*Sinl[e + f*x]
))/(@”2 - b~2)]1*Sqrt[-((a*Tan[(e + f*x)/2])/(b + Sqrt[-a™2 + b~2]))]1)/(a*x(b
+ Sqrt[-a”2 + b~2])*c*kx(-(b*c) + axd)*Sqrt[-c™2 + d~2]*Sin[e + f*x]~(3/2)*S
qrt[a + b*Sin[e + f*x]]) + (2%b*Sqrt[-a~2 + b~2]*Cos[(e + f*x)/2] 4*Cos[e +
fxx]*(-2%(b + Sqrt[-a"2 + b~2])*(bxc - a*d)*Sqrt[-c”2 + d~2]*EllipticF[Arc
Sin[Sqrt[(b + Sqrt[-a~2 + b~2] + a*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]1/Sqrt
[2]]1, (2%Sqrt[-a”2 + b~2])/(b + Sqrt[-a"2 + b~2])] - a*d*((axc + (b + Sqrtl
-a”2 + b72])*(-d + Sqrt[-c”2 + d72]))*EllipticPi[(2*Sqrt[-a~2 + b~2]*c)/(b*
c + Sqrt[-a”2 + b~2]*c - a*d + axSqrt[-c”2 + d72]), ArcSin[Sqrt[(b + Sqrt[-
a”2 + b~2] + axTan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]1/Sqrt[2]], (2xSqrt[-a~2 +
b~2])/(b + Sqrt[-a~2 + b~2])] + (-(a*c) + (b + Sqrt[-a"2 + b~2])*(d + Sqrt
[-c™2 + d~2]))*EllipticPi[(2*Sqrt[-a"2 + b~2]*c)/(b*c + Sqrt[-a"2 + b~ 2]*c
- ax(d + Sqrt[-c”2 + d72])), ArcSin[Sqrt[(b + Sqrt[-a"2 + b~2] + axTan[(e +
f*x)/2])/Sqrt[-a”2 + b~2]1/Sqrt[2]], (2*Sqrt[-a~2 + b~2])/(b + Sqrt[-a~2 +
b~2])]1))*Sqrt[(axSec[(e + f*x)/2]"2+(a + b*Sinf[e + fx*x]))/(a"2 - b™2)I*(-(
(a*Tan[(e + £*x)/2])/(b + Sqrt[-a~2 + b~2])))~(3/2))/(a~2xcx(-(b*c) + axd)*
Sqrt[-c”2 + d"2]*Sin[e + f*x]~(3/2)*(a + bxSin[e + f*x])~(3/2)) + (6*Sqrt[-
a~2 + b"2]*Cos[(e + f*x)/2] 4*Cos[e + f*x]*(-2%(b + Sqrt[-a~2 + b~2])*(b*c
- axd)*Sqrt[-c”2 + d"2]*EllipticF[ArcSin[Sqrt[(b + Sqrt[-a"2 + b~2] + ax*Tan
[(e + fxx)/2])/Sqrt[-a~2 + b~2]]1/Sqrt[2]], (2*Sqrt[-a”2 + b~2])/(b + Sqrt[-
a”2 + b72])] - axdx((axc + (b + Sqrt[-a”2 + b~2])*(-d + Sqrt[-c™2 + d72]))*
EllipticPi[(2*Sqrt[-a”2 + b~2]*c)/(b*c + Sqrt[-a”2 + b~2]*c - a*xd + a*Sqrt[
-c™2 + d~2]), ArcSin[Sqrt[(b + Sqrt[-a~2 + b~2] + a*Tan[(e + f*x)/2])/Sqrtl
-a"2 + b~2]]1/Sqrt[2]], (2xSqrt[-a"2 + b~2])/(b + Sqrt[-a"2 + b~2])] + (-(ax
c) + (b + Sgrt[-a”2 + b"2])*(d + Sqrt[-c”2 + d72]))*EllipticPi[(2*Sqrt[-a~2
+ b"2]*c)/(bxc + Sqrt[-a~2 + b~2]*c - a*(d + Sqrt[-c”2 + d72])), ArcSin[Sq
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rt[(b + Sqrt[-a~2 + b~2] + a*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]/Sqrt[2]],
(2xSqrt[-a"2 + b~2])/(b + Sqrt[-a"2 + b~2])]))*Sqrt[(a*Sec[(e + f*x)/2]2x(
a + b*Sinf[e + f*x]))/(a"2 - b"2)]1*(-((a*xTan[(e + £*x)/2])/(b + Sqrt[-a~2 +
b~2])))~(3/2))/(a~2xcx(-(bxc) + a*xd)*Sqrt[-c”2 + d~2]*Sin[e + f*x]~(5/2)*Sq
rt[a + bxSin[e + f*x]]) + (8xSqrt[-a~2 + b~2]*Cos[(e + f*x)/2]"3*x(-2x(b + S
qrt[-a”2 + b~2])*(b*c - axd)*Sqrt[-c”2 + d"2]*EllipticF[ArcSin[Sqrt[(b + Sq
rt[-a"2 + b~2] + axTan[(e + f*x)/2])/Sqrt[-a"2 + b~2]]1/Sqrt[2]], (2xSqrt[-a
"2 + b72])/(b + Sgrt[-a”2 + b~2])] - axd*((a*c + (b + Sqrt[-a”2 + b~2])*(-d
+ Sqrt[-c™2 + d72]))*EllipticPi[(2*Sqrt[-a~2 + b~2]*c)/(bxc + Sqrt[-a~2 +
b~2]*c - a*d + a*Sqrt[-c”2 + d2]), ArcSin[Sqrt[(b + Sqrt[-a~2 + b~2] + ax*T
an[(e + f*x)/2])/Sqrt[-a"2 + b~2]]1/Sqrt[2]], (2xSqrt[-a"2 + b~2])/(b + Sqrt
[-a2 + p72])] + (-(a*c) + (b + Sqrt[-a”2 + b~2])*(d + Sqrt[-c”2 + d~2]))*E
1lipticPi[(2*Sqrt[-a"2 + b~2]*c)/(b*c + Sqrt[-a"2 + b~2]*c - a*(d + Sqrt[-c
"2 +d~2])), ArcSin[Sqrt[(b + Sqrt[-a"2 + b~2] + a*Tan[(e + f*x)/2])/Sqrt[-
a”2 + b~2]]1/Sqrt[2]], (2%Sqrt[-a~2 + b~2])/(b + Sqrt[-a~2 + b~2])]))*Sin[(e
+ fxx)/2]*Sqrt[(a*Sec[(e + f*x)/2]"2*%(a + b*Sin[e + f*x]))/(a"2 - b~2)]*(-
((a*Tan[(e + £*x)/2])/(b + Sqrt[-a”2 + b"2])))"...

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 3697 vs.
2(227) = 454.
time = 0.29, size = 3698, normalized size = 15.03

method | result size
default | Expression too large to display | 3698

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c+d*sin(f*x+e))/(gksin(f*x+e))~(1/2)/(a+bxsin(f*x+e))~(1/2),x,method
=_RETURNVERBOSE)

[Out] -1/f/(atb*sin(f*x+e))~(1/2)*(4*xE1lipticF ((-(cos(f*x+e)*a-(-a~2+b~2)~(1/2)*s
in(f*x+e)-b*sin(f*x+e)-a)/(b+(-a"2+b"2)~(1/2))/sin(f*xx+e))~(1/2),1/2%2"(1/2
)*x((b+(-a"2+b"2)"(1/2))/(-a™2+b~2) " (1/2) )~ (1/2) ) *a*b*d* (-a~2+b~2) ~(1/2) *(-c
~2+d"2)~(1/2)-4*EllipticF((-(cos(f*x+e)*a-(-a~2+b~2) "~ (1/2) *sin(f*x+e)-b*sin
(fxx+e)-a)/(b+(-a~2+b~2)~(1/2)) /sin(f*x+e))~(1/2),1/2%27(1/2) *((b+(-a~2+b"2
)~(1/2))/(~a"2+b~2)~(1/2))~(1/2) ) *b~2*c* (-a~2+b"2) ~(1/2) *(-c~2+d"2) ~(1/2) -2
*E11ipticF((-(cos(f*x+e)*a-(-a~2+b~2) " (1/2)*sin(f*x+e)-b*sin(f*x+e)-a)/ (b+(
-a"2+b"2)"(1/2)) /sin(f*x+e) )~ (1/2) ,1/2*%27(1/2) *((b+(-a~2+b"2)~(1/2))/(-a~2+
b~2)7(1/2)) " (1/2) ) *a~3*d* (-c~2+d~2) " (1/2) +2*E1lipticF ((- (cos(f*x+e) *a-(-a"2
+b72) " (1/2) *sin(f*x+e) -b*sin(f*x+e)-a) / (b+(-a~2+b"2)~(1/2)) /sin(f*x+e)) ~(1/
2),1/2%27(1/2)*((b+(-a"2+b~2) " (1/2)) / (-a™2+b"2) " (1/2) ) ~(1/2) ) *a~2*%b*c* (-c~2
+d~2)~(1/2)+4*E1lipticF ((-(cos (f*x+e)*a-(-a~2+b~2) ~(1/2) *sin(f*x+e)-b*sin(f
*xx+e)-a)/(b+(-a~2+b~2) " (1/2)) /sin(f*x+e))~(1/2) ,1/2%2~(1/2) *((b+(-a~2+b"2) "
(1/2))/(~a~2+b~2)~(1/2) )~ (1/2) ) ¥axb~2xd* (-c~2+d~2) ~(1/2) -4*E1lipticF ((-(cos
(fxx+e)*a-(-a"2+b~2) " (1/2) *sin(f*x+e)-bxsin(f*x+e)-a)/(b+(-a~2+b~2)~(1/2))/
sin(f*x+e))~(1/2),1/2%27(1/2)*((b+(-a~2+b~2)~(1/2)) /(-a~2+b~2)~(1/2))~(1/2)
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) ¥b~3*c*x (-c~2+d"2) " (1/2) -2*E1lipticPi ((-(cos(f*x+e)*a-(-a~2+b~2) " (1/2) *sin(
f*xx+e)-bksin(fxx+e)-a)/(b+(-a~2+b"2) " (1/2)) /sin(f*x+e))~(1/2), (b+(-a~2+b"2)
~(1/2))*c/(ax(-c~2+d"2) ~(1/2)+c*x(-a~2+b"2) ~(1/2) —a*xd+b*xc) ,1/2*x2~ (1/2) * ((b+(
-a"2+b"2)"(1/2))/(-a~2+b"2)~(1/2) )~ (1/2) ) *a*xb*d* (-a~2+b~2) ~(1/2) *(-c~2+d"2)
~(1/2)+E1lipticPi((-(cos(f*x+e)*a-(-a~2+b~2) " (1/2) *sin(f*x+e) -bxsin(f*x+e)-
a)/(b+(-a"2+b"2)"(1/2)) /sin(f*x+e))~(1/2), (b+(-a~2+b"2) " (1/2) ) *c/ (a*x(-c~2+d
~2)"(1/2)+c*x(-a~2+b"2) " (1/2) —a*d+b*c) ,1/2*27(1/2) * ((b+(-a"2+b"2) " (1/2))/(-a
~2+b~2)"(1/2)) " (1/2) ) *a~3*d* (-c~2+d"2) " (1/2)-2*E1lipticPi ((-(cos (f*x+e)*a—(
-a"2+b"2) " (1/2) *sin(f*x+e)-b*sin(f*x+e)-a)/(b+(-a"2+b"2)~(1/2)) /sin(f*x+e))
~(1/2), (b+(-a"2+b~2)~(1/2) ) *c/ (ax(-c~2+d"2) " (1/2) +c*x (-a~2+b"2) ~(1/2) —a*d+b*
c),1/2%27(1/2) *((b+(-a~2+b~2)~(1/2))/(-a~2+b~2) " (1/2)) ~(1/2) ) *a*xb~2*d* (-c~2
+d~2)~(1/2)-2xE1lipticPi((-(cos(f*x+e)*a-(-a~2+b~2) "~ (1/2) *sin(f*x+e)-b*sin(
fxx+e)-a)/(b+(-a~2+b"2)"(1/2)) /sin(f*xx+e))~(1/2) ,-(b+(-a~2+b"2) ~(1/2) ) *c/(a
*(-c™2+d"2) ~(1/2) -cx(ma~2+b"2) " (1/2) +a*xd-b*c) ,1/2*2~(1/2) *((b+(-a~2+b"2)~ (1
/2))/(~a~2+b"2)~(1/2))~(1/2) ) *axb*d* (-a~2+b~2) ~(1/2) *(-c~2+d~2) ~(1/2) +E1lip
ticPi((-(cos(f*x+e)*a-(-a~2+b"2) " (1/2) *sin(f*x+e)-b*sin(f*x+e)-a)/(b+(-a~2+
b"2)"(1/2))/sin(f*x+e))~(1/2) ,-(b+(-a"2+b"2)~(1/2)) *c/(ax(-c~2+d"2)~(1/2)-c
*(-a”~2+b"2) " (1/2)+a*d-b*c) ,1/2*27(1/2) *((b+(-a~2+b"2)~(1/2))/(-a~2+b"2)~(1/
2))7(1/2))*a~3*d* (-c~2+d"2) ~(1/2)-2*E11lipticPi ((-(cos (f*x+e)*a-(-a~2+b~2) ~(
1/2)*sin(f*x+e)-b*sin(f*x+e)-a)/(b+(-a~2+b~2)~(1/2)) /sin(f*x+e))~(1/2) ,-(b+
(ma™2+b"2)~(1/2) ) *c/(a*x(-c~2+d"2) " (1/2) —c*x(-a~2+b~2) " (1/2) +a*xd-b*c) ,1/2*2~ (
1/2)*((b+(-a"2+b"2)~(1/2))/(-a~2+b~2)~(1/2)) ~(1/2) ) *a*b~2*d* (-c~2+d~2) " (1/2
)-EllipticPi((-(cos(f*x+e)*a-(-a"2+b~2)~(1/2)*sin(f*x+e)-bxsin(f*x+e)-a)/(b
+(-a"2+b”"2) " (1/2))/sin(f*x+e))~(1/2), (b+(-a~2+b"2)~(1/2) ) *c/ (a*x(-c~2+d"2) " (
1/2)+c*x(-a~2+b"2) " (1/2) —a*xd+b*c) ,1/2%2"(1/2) *((b+(-a"2+b"2)~(1/2))/(-a~2+b~
2)7(1/2))~(1/2) ) *a~2xc*d* (-a~2+b~2) ~(1/2)+2*E1lipticPi ((- (cos (f*x+e) *a-(-a~
2+b72) " (1/2) *sin(f*x+e) -b*sin(f*x+e)-a)/(b+(-a"2+b"2) " (1/2)) /sin(f*x+e)) "~ (1
/2), (b+(-a"2+b72) " (1/2) ) *c/(ax(-c"2+d"2) ~(1/2) +c*(-a~2+b"2) ~(1/2) —a*d+b*c) ,
1/2%27(1/2) * ((b+(-a~2+b"2) " (1/2) )/ (-a~2+b~2) ~(1/2) ) ~(1/2) ) *a*xb*d~2* (-a~2+b"~
2)~(1/2)-EllipticPi((-(cos(f*x+e)*a-(-a~2+b~2) ~(1/2) *sin(f*x+e)-b*sin(f*x+e
)-a)/(b+(-a"2+b~2)~(1/2)) /sin(f*x+e) )~ (1/2), (b+(-a"2+b~2) " (1/2) ) *c/(ax(-c~2
+d"2) " (1/2)+c*(-a~2+b~2) " (1/2) —a*d+b*c) ,1/2*x2" (1/2) * ((b+(-a"2+b"2)~(1/2)) /(
-a”2+b"2)"(1/2))~(1/2))*a~3*d"2-EllipticPi ((-(cos (f*x+e) *a-(-a~2+b~2)~(1/2)
*sin (f*x+e)-b*sin(f*xx+e)-a)/(b+(-a~2+b"2) " (1/2)) /sin(f*x+e))~(1/2), (b+(-a"2
+b~2) " (1/2)) *c/ (a*x(-c"2+d"2) ~(1/2) +c*x (-a~2+b"2) ~(1/2) —a*xd+b*c) ,1/2*2~(1/2) *
((b+(-a~2+b"2)"(1/2))/(~a~2+b~2) " (1/2)) ~(1/2) ) *a~2*b*cxd+2*E11lipticPi ((-(co
s(fxx+e) *a-(-a~2+b"2) " (1/2) *sin(f*x+e) -b*sin(f*x+e)-a)/(b+(-a~2+b"2)~(1/2))
/sin(f*xx+e))~(1/2), (b+(-a~2+b"2) " (1/2) ) *c/(a*(-c~2+d"2) " (1/2)+c*x(-a"2+b"2) "~
(1/2)-a*d+bxc) ,1/2%2~(1/2) *((b+(-a~2+b"2)~(1/2))/(-a"2+b"2)~(1/2))~(1/2) ) *a
*b~2%d"2+E11lipticPi ((-(cos(f*x+e)*a-(-a~2+b"2) ~(1/2) *sin(f*x+e)-b*sin (f*x+e
)-a)/(b+(-a~2+b~2)~(1/2)) /sin(f*x+e) )~ (1/2) ,-(b+(-a"2+b~2) ~(1/2) ) *c/ (a*(-c~
2+d72) " (1/2)-c*(-a"2+b"2) " (1/2) +axd-bxc) ,1/2%27 (1/2) * ((b+(-a~2+b~2)~(1/2) )/
(-a~2+b~2)~(1/2))~(1/2)) *a~2*c*d* (-a~2+b~2) " (1/2) -2*E11lipticPi ((-(cos (f*x+e
Y*xa-(-a"2+b”"2) " (1/2) *sin(f*x+e)-b*sin(f*x+e)-a)/(b+(-a~2+b"2) " (1/2))/sin(f*
x+e))~(1/2),-(b+(-a~2+b"2) " (1/2) ) *c/(a*(-c~2+d"2) ~(1/2) —cx(-a"2+b"2) ~(1/2)+
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axd-b*c) ,1/2*27(1/2)*((b+(-a~2+b"2)~(1/2))/(-a~2+b~2)~(1/2) )~ (1/2) ) *a*xb*d~2
*(-a"2+b"2) " (1/2)+E1lipticPi ((-(cos(f*x+e)*a-(-a~2+b"2) " (1/2) *sin(f*x+e) -b*
sin(f*xx+e)-a)/(b+(-a~2+b~2)~(1/2))/sin(f*x+e))~(1/2) ,-(b+(-a~2+b~2) ~(1/2) ) *
c/(ax(-c~2+d"2) " (1/2)-cx(-a~2+b~2) ~(1/2)+a*xd-b*c) ,1/2%2~(1/2) *((b+(-a~2+b"2
)~(1/2))/(-a~2+b"2)~(1/2) )~ (1/2) ) *a~3*d"2+E1lipticPi ((- (cos (f*x+e) *a-(-a~2+
b~2) " (1/2)*sin(f*x+e)-b*sin(f*x+e)-a)/(b+(-a~2+. ..

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c+d*sin(f*x+e))/(g*sin(f*x+e))~(1/2)/(atb*sin(f*x+e))~(1/2),x,
algorithm="maxima")

[Out] integrate(1/(sqrt(b*sin(f*x + e) + a)*(d*sin(f*x + e) + c)*sqrt(g*sin(f*x +
e))), x)

Fricas [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c+d*sin(f*x+e))/(g*sin(f*x+e))~(1/2)/(atb*sin(f*x+e))~(1/2),x,
algorithm="fricas")

[Out] integral(-sqrt(bxsin(f*x + e) + a)*sqrt(gxsin(f*x + e))/((bxc + a*d)*g*cos(
fxx + e)72 - (bxc + a*d)*g + (b*d*gxcos(f*x + e)”2 - (a*c + bxd)*g)*sin(f*x
+e)), x)
Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1

V/gsin (e + fz) \/a+bsin (e + fx) (c+ dsin (e + fz))

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c+d*sin(f*x+e))/(g*sin(f*x+e))**(1/2)/(atbxsin(f*x+e))**(1/2),
x)

[Out] Integral(1l/(sqrt(g*sin(e + f*x))*sqrt(a + b*sin(e + f*x))*(c + d*sin(e + fx
x))), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c+d*sin(f*x+e))/(g*sin(f*x+e))~(1/2)/(atb*sin(f*x+e))~(1/2),x,
algorithm="giac")

[Out] integrate(1/(sqrt(b*sin(f*x + e) + a)*(d*sin(f*x + e) + c)*sqrt(g*sin(f*x +

e))), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
1

‘ ‘ dx
Vgsin(e+ fz) Va+bsin(e+ fz) (c+dsin(e+ fz))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((g*sin(e + f*x))~(1/2)*(a + b*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x
))),x%)
[Out] int(1/((g*sin(e + f*x))~(1/2)*(a + bxsin(e + f*x))~(1/2)*(c + d*sin(e + f*x
))), x)
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3 46 [ Vgsin(e + fx) \/c+dsin(e + fz) I

a+bsin(e+fx)

Optimal. Leaf size=254

e d \/E\/c(l—ccsc-ﬁed—i- fz)) C(l—l-ccsc_(ed—l- fz)) H(ﬂ'sin—l (gﬁ;;ﬁiﬁgi;g) -

[Out] 2*%EllipticPi(g~(1/2)*(c+d*sin(f*x+e))~(1/2)/(c+d)~(1/2)/(g*sin(f*x+e))~(1/2
), (c+d)/d, ((~c=d) /(c-d))~(1/2))*(c+d) ~(1/2) *g~(1/2) * (c*x(1-csc(f*x+e))/(c+d)

)~ (1/2)*(cx(1+csc(fxx+e) ) /(c-d) )~ (1/2) *tan(f*x+e) /b/f+2* (-~a*d+bxc)*Elliptic
Pi(1/2*(1-csc(f*xx+e))~(1/2)*27(1/2),2*a/(a+b),27(1/2)*(c/(c+d))~(1/2)) *(-co
t(fxx+e)~2)~(1/2)*((d+c*kcsc(f*x+e))/(c+d)) ~(1/2)*(g*ksin(f*x+e)) ~(1/2) *tan(f

*x+e) /b/(a+b) /£/(c+d*sin(f*x+e))~(1/2)

Rubi [A]

time = 0.34, antiderivative size = 254, normalized size of antiderivative = 1.00, number of

: number of rules _ 0.077,
integrand size

steps used = 3, number of rules used = 3, integrand size = 39
Rules used = {3008, 2888, 3016}

2bc — ad) tan(e + fa) /—cot?(e + f2) v/gERE T 7] v"““%# n(ﬁ;msm(%) \ﬁ) VT tane + fr))| LS Jeleole 2 [ 4 D) n(%mcsin( Vet dsin(e + fz)
+

bf(a+b)\/c+dsin(e + fz) bof

Antiderivative was successfully verified.
[In] Int[(Sqrt[g*Sin[e + f*x]]*Sqrtlc + d*Sin[e + f*x]])/(a + b*Sin[e + f*x]),x]

[Out] (2xSqrtlc + d]*Sqrtlgl*Sqrt[(cx(1 - Cscle + f*x]))/(c + d)I*Sqrt[(cx(1 + Cs
cle + £xx]))/(c - d)]1*EllipticPil[(c + d)/d, ArcSin[(Sqrt([g]l*Sqrt[c + d*Sin[

e + f*x]])/(Sqrtlc + dl*SqrtlgxSinle + f*x]11)], -((c + d)/(c - d))]*Tan[e +
fxx])/(bxf) + (2%x(b*c - axd)*Sqrt[-Cot[e + f*x]~2]*Sqrt[(d + cxCscl[e + f*x
1)/(c + d)1*EllipticPi[(2*a)/(a + b), ArcSin[Sqrt[1 - Cscle + f*x]]/Sqrt[2]

1, (2xc)/(c + d)]*Sqrt(g*Sin[e + f*x]]*Tan[e + f*x])/(b*(a + b)*f*Sqrtlc +
d*Sinle + f*x]1)

Rule 2888

Int[Sqrt[(b_.)*sinl(e_.) + (f_.)*(x_)11/Sqrtl(c_) + (d_.)*sinl(e_.) + (f_.)
*(x_)1], x_Symbol] :> Simp[2*bx(Tan[e + £*x]/(d*f))*Rt[(c + d)/b, 2]*Sqrtlc
*((1 + Cscle + f*x])/(c - d))I*Sqrtlc*((1 - Cscle + f*x])/(c + d))]*Ellipti
cPi[(c + d)/d, ArcSin[Sqrt[c + d*Sin[e + f*x]]/Sqrt[b*Sin[e + f*x]]/Rt[(c +
d) /v, 211, -(c + d)/(c - A1, x] /; FreeQ[{b, c, d, e, f}, x] && NeQ[c"2 -
d~2, 0] && PosQ[(c + d)/b]

Rule 3008
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Int[(Sqrt[(g_.)*sin[(e_.) + (f_.)*(x_)]11*Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.
)*(x_)11)/((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]), x_Symbol] :> Dist[b/d, In
t[Sqrt[g*Sin[e + f*x]]/Sqrt[a + b*Sin[e + f*x]], x], x] - Dist[(bxc - a*d)/
d, Int[Sqrt[g*Sin[e + f*x]]/(Sqrt[a + b*Sin[e + f*x]]*(c + d*Sin[e + f*x]))
, x]1, x]1 /; FreeQ[{a, b, c, 4, e, £, g}, x] && NeQ[b*c - axd, 0] && NeQ[a"2
- b2, 0] &% NeQ[c™2 - d~2, 0]

Rule 3016

Int[Sqrt[(g_.)*sin[(e_.) + (£f_.)*(x_)11/(Sqrtl(a_) + (b_.)*sinl[(e_.) + (f_.
)¥(x_)11*((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)])), x_Symbol] :> Simp[2*Sqrt[
-Cot[e + f*x]~2]*(Sqrt[g*Sin[e + f*x]]/(f*(c + d)*Cot[e + f*x]*Sqrt[a + b*S
in[e + f*x]]))*Sqrt[(b + axCsc[e + f*x])/(a + b)]*EllipticPi[2*(c/(c + d)),
ArcSin[Sqrt[1 - Cscle + f*x]]1/Sqrt[2]1]1, 2*(a/(a + b))], x] /; FreeQ[{a, b,
c, d, e, £, g}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 - b~2, 0] &% NeQ[c~2 -
d~2, 0]

Rubi steps
Vv gsin(e + fx) Vv gsin(
Vgsin(e + fx) \/c+dsin(e + fz) d — 4/ Ve +dsin(e + fz) e ( ~be+ad) ] (a+bsin(e+ f2))\/C
a+ bsin(e + fz) B b
) — csc(e + fz)) [e(l+cscle+ fz))
2 4 Vg \/ \/ c—d I

Mathematica [C] Result contains complex when optimal does not.
time = 39.50, size = 23019, normalized size = 90.63

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(Sqrt[g*Sin[e + f*x]]*Sqrt[c + d*Sin[e + fx*x]])/(a + b*Sin[e + fx
x]) ,x]

[Out] Result too large to show

Maple [C] Result contains complex when optimal does not.
time = 0.72, size = 6200, normalized size = 24.41

’ method | result ‘ size ‘
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’ default ‘ Expression too large to display ‘ 6200 ‘

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c+d*sin(f*x+e))~(1/2)*(gksin(f*x+e))~(1/2)/(a+b*sin(f*x+e)),x,method=_
RETURNVERBOSE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sin(f*x+e))”~(1/2)*(g*sin(f*x+e))~(1/2)/(at+tb*sin(f*x+e)),x, a
lgorithm="maxima")

[Out] integrate(sqrt(d*sin(f*x + e) + c)*sqrt(g*sin(f*x + e))/(b*sin(f*x + e) + a
), X)

Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sin(f*x+e))~(1/2)*(g*sin(f*x+e))~(1/2)/(a+b*sin(f*x+e)),x, a
lgorithm="fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ Vgsin (e + fz) \/c+dsin (e + fz)
: dx
a+ bsin (e + fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sin(f*x+e))**(1/2)*(gksin(f*x+e))**(1/2)/(atb*sin(f*x+e)) ,x)

[Out] Integral(sqrt(g*sin(e + f*x))*sqrt(c + d*sin(e + f*x))/(a + b*sin(e + f*x))
» X)

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sin(f*x+e))”~(1/2)*(g*sin(f*x+e))~(1/2)/(at+tb*sin(f*x+e)),x, a
lgorithm="giac")

[Out] integrate(sqrt(d*sin(f*x + e) + c)*sqrt(g*sin(f*x + e))/(b*sin(f*x + e) + a
), X)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/\/g sin(e+ fx) /c+dsin(e+ fz)
- dx
a+bsin(e+ fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((g*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))~(1/2))/(a + bxsin(e + fxx)
) %)
[Out] int(((g*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))~(1/2))/(a + b*sin(e + f*x)
), %)
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3 47 \/g sin(e 4+ fx) dn
(a+bsin(e+fz)) \/C + dsin(e + fz)

Optimal. Leaf size=114

2\/—cot26+f:c) \/d+ccsce—|—fx H(a—+b,s1n <\/1—csce+fa:)) c+d) gsin(e + fz) tan(e+

V2
(a+b)f+y/c+dsin(e + fz)

[Out] 2*%EllipticPi(1/2%(1-csc(f*x+e))~(1/2)*27(1/2),2*a/(at+b),27(1/2)*(c/(c+d))~(
1/2) ) *(-cot (f*x+e) ~2) ~(1/2) * ((d+cxcsc(f*x+e)) /(c+d)) ~(1/2) *(gxsin(f*x+e) )~ (
1/2)*tan(f*x+e)/(a+b) /f/(c+d*sin(f*x+e))~(1/2)

Rubi [A]

time = 0.14, antiderivative size = 114, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.026,

steps used = 1, number of rules used = 1, integrand size = 39
Rules used = {3016}

cescle + fx) +d . 1—cscle+ fz C
2tan(e + fz)1/ — cot’ (e + fz) v/gsin(e + fx) \/ ctd (aib,Arc&n( \/;_ ) 2

fla+b)\/c+dsin(e + fz)

Antiderivative was successfully verified.
[In] Int[Sqrtl[g*Sin[e + f*x]]1/((a + bxSin[e + f*x])*Sqrt[c + d*Sin[e + f*x]]),x]

[Out] (2*Sqrt[-Cotl[e + f*x]~2]*Sqrt[(d + cxCscle + f*x])/(c + d)]*EllipticPi[(2*a
)/(a + b), ArcSin[Sqrt[1 - Cscle + f*x]]1/Sqrt[2]], (2*c)/(c + d)]*Sqrt[gxSi
nle + fxx]]xTan[e + fxx])/((a + b)*f*Sqrt[c + d*Sin[e + f*x]])

Rule 3016

Int[Sqrt[(g_.)*sinl[(e_.) + (£_.)*(x_)]11/(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.
)¥(x_)11*((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)])), x_Symbol] :> Simp[2*Sqrt[
-Cot[e + f*x]~2]*(Sqrt[g*Sin[e + f*x]]/(f*(c + d)*Cot[e + f*x]*Sqrt[a + b*S
infe + f*x]]))*Sqrt[(b + axCsc[e + f*x])/(a + b)]*EllipticPi[2*(c/(c + d)),
ArcSin[Sqrt[1 - Cscle + f*x]]1/Sqrt[2]1]1, 2*(a/(a + b))], x] /; FreeQ[{a, b,
c, d, e, £, g}, x] && NeQ[bxc - a*d, 0] && NeQ[a"2 - b~2, 0] &% NeQ[c~2 -
d~2, 0]

Rubi steps

" |d+ccsc(e + fx) V1

(a+ bsin(e + fz))\/c+ dsin(e + fz) (a+b)f\c+ds
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Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 3429 vs.
2(114) = 228.
time = 47.48, size = 3429, normalized size = 30.08

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[g*Sin[e + f*x]]/((a + b*Sin[e + f*x])*Sqrt[c + d*Sin[e + f*x
11) ,x]

[Out] -((c*Sqrt[-c 2 + d~2]1*((-(a*c) + (b + Sqrt[-a™2 + b~2])*(d + Sqrt[-c™2 + d~
2]))*EllipticPi[(2*a*xSqrt[-c~2 + d~2])/(-(b*c) - Sqrt[-a~2 + b~2]*c + ax(d
+ Sqrt[-c”2 + d72])), ArcSin[Sqrt[(d + Sqrt[-c”2 + d72] + cx*Tan[(e + f*x)/2
1)/Sqrt[-c~2 + d~2]1/8qrt[2]], (2xSqrt[-c”2 + d72])/(d + Sqrt[-c™2 + d°21)]
+ (axc + (-b + Sqrt[-a”2 + b~2])*(d + Sqrt[-c”™2 + d~2]))*EllipticPi[(2*a*S
qrt[-c™2 + d72])/(-(b*c) + Sqrt[-a~2 + b~2]*c + a*(d + Sqrt[-c™2 + d°2])),
ArcSin[Sqrt[(d + Sqrt[-c™2 + d72] + cxTan[(e + f*x)/2])/Sqrt[-c”2 + d~2]1/S
qrt[2]], (2*Sqrt[-c”2 + d72])/(d + Sqrt[-c”2 + d~2])])*Sqrt[Sin[e + fx*xx]]1*S
qrt[g*xSin[e + fxx]]1*Sqrt[(c*Sec[(e + f*x)/2]"2%(c + d*Sin[e + f*x]))/(c"2 -
d"2)]1)/(Sqrt[-a"2 + b"2]*(b*c - a*d)*(d + Sqrt[-c”2 + d~2])"2xfx(a + b*Sin
[e + £xx])*(c + d*Sin[e + f*x])*Sqrt[-((c*Tan[(e + f*x)/2])/(d + Sqrt[-c~2
+ d72]))]1*(-1/4*(c"2*Sqrt[-c”2 + d"2]*((-(axc) + (b + Sqrt[-a"2 + b~2])*(d
+ Sqrt[-c”2 + d72]))*EllipticPi[(2*a*Sqrt[-c™2 + d72])/(-(b*c) - Sqrt[-a~2
+ b"2]*c + a*(d + Sqrt[-c”2 + d"2])), ArcSin[Sqrt[(d + Sqrt[-c”2 + d"2] + ¢
*Tan[(e + £*x)/2])/Sqrt[-c~2 + d"2]11/Sqrt[2]], (2#Sqrt[-c”2 + d72])/(d + Sq
rt[-c”2 + d72])] + (axc + (-b + Sqrt[-a"2 + b~2])*(d + Sqrt[-c”2 + d~2]))*E
1lipticPi[(2*a*Sqrt[-c™2 + d72])/(-(b*c) + Sqrt[-a"2 + b"2]*c + ax(d + Sqrt
[-c™2 + d"2])), ArcSin[Sqrt[(d + Sqrt[-c”2 + d~2] + c*Tan[(e + f*x)/2])/Sqr
t[-c"2 + d72]]1/8qrt[2]], (2#Sqrt[-c”2 + d~2])/(d + Sqrt[-c~2 + d~2])])*Secl
(e + £xx)/2]"2*%Sqrt[Sin[e + fxx]]*Sqrt[(cxSec[(e + f*x)/2]"2*(c + d*Sin[e +
f*x]))/(c”2 - d°2)])/(Sqrt[-a~2 + b~2]*(b*c - a*d)*(d + Sqrt[-c~2 + 472])"
3*xSqrt[c + d*Sinf[e + f*x]]1*(-((cxTan[(e + f*x)/2])/(d + Sqrt[-c"2 + 472])))
~(8/2)) + (cxd*Sqrt[-c”2 + d"2]*Cos[e + f*x]*((-(a*c) + (b + Sqrt[-a~2 + b~
2])*(d + Sqrt[-c”2 + d72]))*EllipticPi[(2*a*Sqrt[-c™2 + d72])/(-(b*c) - Sqr
t[-a"2 + b™2]*c + a*(d + Sqrt[-c”2 + d72])), ArcSin[Sqrt[(d + Sqrt[-c™2 + d
~2] + c*xTan[(e + f*x)/2])/Sqrt[-c”2 + d~2]1/Sqrt[2]], (2*Sqrt[-c~2 + d72])/
(@ + Sqrt[-c”2 + d72])] + (a*c + (-b + Sqrt[-a”2 + b~2])*(d + Sqrt[-c”2 + d
~2]))*EllipticPi[(2*a*Sqrt[-c~2 + d~2])/(-(b*c) + Sqrt[-a”2 + b~2]*c + a*(d
+ Sqrt[-c”2 + d72])), ArcSin[Sqrt[(d + Sqrt[-c”2 + d72] + cxTan[(e + f*x)/
21)/Sqrt[-c~2 + d°2]11/Sqrt[2]1], (2#Sqrt[-c~2 + d~2])/(d + Sqrt[-c~2 + d~2])
1)*Sqrt[Sin[e + f*x]]*Sqrt[(c*Sec[(e + f*x)/2]"2%(c + d*Sin[e + f*x]))/(c"2
- d72)]1)/(2xSqrt[-a~2 + b"2]*(b*c - a*xd)*(d + Sqrt[-c”2 + d72])"2*(c + d*S
infe + f*x])~(3/2)*Sqrt[-((c*Tan[(e + f*x)/2])/(d + Sqrt[-c"2 + d72]))]) -
(cxSqrt[-c”2 + d"2]*Cos[e + fxx]*((-(a*xc) + (b + Sqrt[-a”2 + b~2])*(d + Sqr
t[-c"2 + d72]))*EllipticPi[(2*a*Sqrt[-c™2 + d72])/(-(b*c) - Sqrt[-a”2 + b~2
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l*c + ax(d + Sqrt[-c”2 + d~2])), ArcSin[Sqrt[(d + Sqrt[-c”2 + d"2] + c*Tanl[
(e + £*x)/2])/Sqrt[-c™2 + d72]]1/Sqrt[2]], (2xSqrt[-c”2 + d~2])/(d + Sqrt[-c
"2 + d72])] + (axc + (-b + Sqrt[-a”2 + b"2])*(d + Sqrt[-c”2 + d72]))*Ellipt
icPi[(2*axSqrt[-c”2 + d~2])/(-(b*c) + Sqrt[-a~2 + b~2]*c + ax(d + Sqrt[-c~2
+ d~2])), ArcSin[Sqrt[(d + Sqrt[-c~2 + d°2] + c*Tan[(e + f*x)/2])/Sqrt[-c~
2 + d~2]11/8qrt[2]1], (2*Sqrt[-c~2 + d72])/(d + Sqrt[-c~2 + d2])]1)*Sqrt[(c*S
ec[(e + f*x)/2]72*(c + d*Sinf[e + f*x]))/(c”2 - d72)]1)/(2+Sqrt[-a~2 + b~2]*(
bxc - axd)*(d + Sqrt[-c”2 + d72])~2*Sqrt([Sin[e + f*x]]*Sqrt[c + d*Sin[e + £
*x]1*Sqrt [-((c*Tan[(e + f*x)/2])/(d + Sqrt[-c”2 + d"2]))]) - (c*Sqrt[-c~2 +
d~2]*((-(axc) + (b + Sqrt[-a~2 + b"2])*(d + Sqrt[-c~2 + d72]))*EllipticPil
(2xaxSqrt[-c”2 + d72])/(-(b*c) - Sqrt[-a”2 + b~2]*c + a*(d + Sqrt[-c”2 + d~
2]1)), ArcSin[Sqrt[(d + Sqrt[-c”2 + d"2] + c*Tan[(e + f*x)/2])/Sqrt[-c”2 + d
~2]11/Sqrt[2]], (2xSqrt[-c”2 + d~2])/(d + Sqrt[-c™2 + d72])] + (axc + (-b +
Sqrt[-a~2 + b~2])*(d + Sqrt[-c”2 + d~2]))*EllipticPi[(2*a*Sqrt[-c~2 + d~2])
/(=(b*c) + Sqrt[-a~2 + b~2]*c + a*(d + Sqrt[-c”2 + d72])), ArcSin[Sqrt[(d +
Sqrt[-c”2 + d72] + cxTan[(e + f*x)/2])/Sqrt[-c”2 + d72]]1/Sqrt[2]], (2%Sqrt
[-c™2 + d72])/(d + Sqrt[-c”2 + d"2])])*Sqrt[Sin[e + f*x]]*((c*d*Cos[e + f*x
1*xSec[(e + £xx)/2]72)/(c”2 - d72) + (c*Sec[(e + f*x)/2]"2x(c + d*Sin[e + f*
x])*Tan[(e + £*x)/2])/(c”2 - d72)))/(2xSqrt[-a~2 + b~2]*(bxc - axd)*(d + Sq
rt[-c™2 + d72])"2*Sqrt[c + d*Sin[e + f*x]]*Sqrt[(cxSec[(e + f*x)/2]"2*(c +
d+xSin[e + f*x]))/(c”2 - d72)]1*Sqrt[-((c*Tan[(e + f*x)/2])/(d + Sqrt[-c~2 +
d~2]))]1) - (cxSqrt[-c”2 + d~2]*Sqrt[Sin[e + f*x]]*Sqrt[(cxSec[(e + f*x)/2]~
2x(c + dxSinfe + £*x]))/(c™2 - d"2)]1*((cx(-(a*c) + (b + Sqrt[-a"2 + b~2])*(
d + Sqrt[-c”2 + d"2]))*Sec[(e + £*x)/2]72)/(4*Sqrt[2]*Sqrt[-c~2 + d~2]*Sqrt
[(d + Sqrt[-c”2 + d72] + c*Tan[(e + f*x)/2])/Sqrt[-c”2 + d72]]*Sqrt[1 - (d
+ Sqrt[-c”2 + d72] + cxTan[(e + f*x)/2])/(2*%Sqrt[-c~2 + d~2])]1*Sqrt[1 - (d
+ Sqrt[-c”2 + d72] + c*Tan[(e + £*x)/2])/(d + Sqrt[-c”2 + d"2])1*(1 - (ax(d
+ Sqrt[-c™2 + d72] + c*Tan[(e + £*x)/2]))/(-(b*c) - Sqrt[-a~2 + b"2]*c + a
*(d + Sqrt[-c™2 + d72])))) + (cx(axc + (-b + Sqrt[-a"2 + b~2])*(d + Sqrt[-c
~2 + d”2]))*Sec[(e + f*x)/2]72)/(4*Sqrt[2]*Sqrt[-c”2 + d"2]*Sqrt[(d + Sqrtl[
-c"2 + d72] + cxTan[(e + f*x)/2])/Sqrt[-c"2 + d72]]1*Sqrt[1 - (d + Sqrt[-c~2
+ d72] + cxTan[(e + £*x)/2])/(2*Sqrt[-c”2 + 4~...
Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 2924 vs.
2(107) = 214.
time = 0.39, size = 2925, normalized size = 25.66

method | result size
default | Expression too large to display | 2925

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(f*x+e))~(1/2)/(a+b*sin(f*x+e))/(c+d*sin(f*x+e))~(1/2),x,method=_
RETURNVERBOSE)

[Out] -1/f*(EllipticPi((-(cos(f*x+e)*c—(-c~2+d"2)~(1/2)*sin(f*x+e)-d*sin(f*x+e)-c
)/ ((=c™2+d"2) " (1/2)+d) /sin(f*x+e) ) ~(1/2), ((-c72+d"2) " (1/2)+d) *a/ (ax (-c™2+d"
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2)"(1/2)+c*(-a~2+b~2) ~(1/2)+a*xd-b*c) ,1/2*x2"(1/2)*(((-c~2+d"2)~(1/2)+d) / (-c~
2+d~2)~(1/2))~(1/2)) *a*xc*d+E1lipticPi ((-(cos (f*x+e) *c-(-c~2+d"2) ~(1/2) *sin(
fxx+e)-dxsin(fxx+e)-c)/((-c~2+d"2) ~(1/2)+d) /sin(f*x+e))~(1/2), ((-c~2+d"2) ~(
1/2)+d)*a/(a*x(-c~2+d"2) " (1/2)+cx(-a~2+b~2) ~(1/2) +a*d-bxc) ,1/2*2~(1/2) * (((-c
~2+d~2)"(1/2)+d) / (-c~2+d"2) " (1/2) )~ (1/2) ) *a*c* (-c~2+d"2) ~(1/2)+E1lipticPi ((
-(cos(f*xx+e)*c-(-c~2+d"2) " (1/2) *sin(f*x+e)-d*sin(f*x+e)-c)/((-c~2+d"2)~(1/2
)+d) /sin(f*xx+e))~(1/2), ((-c™2+d"2) "~ (1/2)+d) *a/ (a* (-c~2+d"2) " (1/2) +cx(-a~2+b
~2)~(1/2)+axd-b*c) ,1/2*x27(1/2)*(((-c~2+d"2) " (1/2)+d) / (-c~2+d"2)~(1/2))~(1/2
))*b*c~2-2%E11ipticPi ((-(cos(f*x+e)*c-(-c~2+d"2) ~(1/2) *sin(f*x+e)-d*sin(f*x
+e)-c)/((-c"2+d~2) " (1/2)+d) /sin(f*x+e)) ~(1/2), ((-c~2+d"2) " (1/2)+d) *a/ (a* (-c
~2+d72) " (1/2)+cx(—a~2+b"2) ~(1/2)+a*d-b*c) ,1/2*2°(1/2) * (((-c~2+d"2) " (1/2)+d)
/(-c72+d"2)~(1/2))~(1/2)) *b*d~2-2*E11lipticPi ((-(cos (f*x+e)*c—(-c~2+d"2) ~(1/
2) *sin(f*x+e)-d*sin(f*x+e)-c)/((-c~2+d"2)~(1/2)+d) /sin(f*x+e)) ~(1/2), ((-c~2
+d~2) " (1/2)+d) *a/ (ax(-c~2+d"2) ~(1/2) +c*(-a~2+b"2) ~(1/2) +a*d-b*xc) ,1/2*x2~(1/2
)*(((-c™2+d"2) " (1/2)+d) /(-c~2+d"2)~(1/2))~(1/2) ) *b*d* (-c~2+d~2) " (1/2)-Ellip
ticPi((-(cos(f*x+e)*c-(-c~2+d"2) " (1/2) *sin(f*x+e)-d*sin(f*x+e)-c)/((-c~2+4d"
2)7(1/2)+d) /sin(f*x+e))~(1/2), ((-c™2+d"2) " (1/2)+d) *a/ (a*(-c~2+d"2) " (1/2) +cx*
(-a~2+b~2) "~ (1/2) +a*d-b*c) ,1/2%x2~(1/2) *(((-c~2+d"2) ~(1/2)+d) / (-c~2+d"2) ~(1/2
))~(1/2))*c”2x(-a~2+b~2) " (1/2)+2*xE1llipticPi ((-(cos (f*x+e) *c-(-c~2+d~2) " (1/2
)*sin(f*x+e)-d*sin(f*x+e)-c)/((-c~2+d~2)~(1/2)+d) /sin(f*x+e))~(1/2), ((-c~2+
d~2)~(1/2)+d)*a/(ax(-c~2+d"2) " (1/2) +c*(-a~2+b~2) ~(1/2) +a*d-b*c) ,1/2%2~(1/2)
*(((-c72+d72) " (1/2)+d) / (-c~2+d"2) " (1/2))~(1/2) ) *d"2* (-a~2+b"2) ~(1/2) +2*E11i
pticPi((-(cos(f*x+e)*c-(-c~2+d"2) ~(1/2)*sin(f*x+e)-d*sin(f*x+e)-c)/((-c~2+d
~2)°(1/2)+d) /sin(f*x+e) )~ (1/2), ((-c™2+d"2) " (1/2)+d) *a/ (a*(-c~2+d"2) ~(1/2) +c
*(-a”~2+b"2) " (1/2)+a*d-b*c) ,1/2*2"(1/2)*(((-c~2+d"2)~(1/2)+d) /(-c~2+d"2) "~ (1/
2))7(1/2))*d*(-c"2+d"2) " (1/2) *(-a"2+b~2) " (1/2) -E1llipticPi ((-(cos (f*x+e) *c-(
-c72+d"2) " (1/2) *sin(f*x+e)-d*sin(f*x+e)-c)/((-c”2+d"2) " (1/2)+d) /sin(f*x+e))
~(1/2), ((-c™2+d"2) " (1/2)+d) *a/ (a* (-c~2+d"2) " (1/2) —c*x(-a"2+b"2) ~(1/2) +a*d-bx*
c),1/2x27(1/2)*(((-c~2+d"2)~(1/2)+d) / (-c~2+d"2)~(1/2) )~ (1/2) ) *axcxd-Ellipti
cPi((-(cos(f*x+e)*xc-(-c~2+d"2) " (1/2) *sin(f*x+e) -d*sin(f*x+e)-c)/((-c~2+d"2)
~(1/2)+d) /sin(f*x+e))~(1/2), ((-c~2+d"2) " (1/2)+d) *a/ (ax (-c~2+d"2) " (1/2) —c* (-
a~2+b~2) " (1/2)+a*d-bxc) ,1/2%2~(1/2)*(((-c~2+d"2)~(1/2)+d) /(-c~2+d~2)~(1/2))
~(1/2))*a*xc*(-c~2+d~2)~(1/2)-EllipticPi((-(cos(f*x+e) *c-(-c~2+d"2)~(1/2) *si
n(fxx+e)-d*sin(f*x+e)-c)/((-c~2+d~2)~(1/2)+d) /sin(f*x+e))~(1/2), ((-c~2+d"2)
~(1/2)+d) *a/(ax(-c~2+d"2) "~ (1/2) -c*(-a~2+b~2) ~(1/2) +a*d-b*c) ,1/2*x2~ (1/2) * (((
-c72+d"2) " (1/2)+d) / (-c~2+d"2) " (1/2) )~ (1/2) ) *bxc~2+2*%E11lipticPi ((-(cos (f*x+e
Yxc—(-c72+d"2) " (1/2) *sin(f*x+e) -d*sin(f*x+e)-c)/((-c~2+d"2) " (1/2)+d) /sin(f*
x+e))~(1/2), ((-c™2+d~2) " (1/2)+d) *a/ (a*(-c~2+d"2) ~(1/2) —c*x(-a"2+b"2) " (1/2) +a
*d-bxc) ,1/2%27(1/2) *(((-c™2+d"2) " (1/2)+d) / (-c~2+d~2) " (1/2)) ~(1/2) ) ¥b*d~2+2%
EllipticPi((-(cos(f*x+e)*c-(-c~2+d"2)~(1/2)*sin(f*x+e)-d*sin(f*x+e)-c)/((-c
~2+d"2) " (1/2)+d) /sin(f*xx+e) )~ (1/2), ((-c~2+d"2)~(1/2)+d) *a/(a* (-c~2+d"2) ~(1/
2)-cx(-a~2+b"2) ~(1/2)+a*d-b*xc) ,1/2%2"(1/2) *(((-c~2+d~2) ~(1/2)+d) / (-c~2+d"2)
~(1/2))7(1/2)) *b*d* (-c~2+d~2) ~(1/2)-EllipticPi ((-(cos (f*x+e) *c-(-c~2+d~2) ~(
1/2)*sin(f*x+e)-d*sin(f*x+e)-c)/((-c~2+d~2)~(1/2)+d) /sin(f*x+e))~(1/2), ((-c
~2+d"2) " (1/2)+d) *xa/ (ax(-c~2+d"2) ~(1/2) -c*x(-a~2+b"2) ~(1/2) +a*d-b*c) ,1/2%2" (1
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/2)*x(((-c™2+d"2) " (1/2)+d) /(-c~2+d"2) " (1/2) )~ (1/2) ) *c~2* (-a~2+b"2) " (1/2) +24E
11lipticPi((-(cos(f*x+e)*c-(-c~2+d"2) ~(1/2)*sin(f*x+e)-d*sin(f*x+e)-c)/((-c~
24+4d4"2) " (1/2)+d) /sin(f*xx+e))~(1/2), ((-c~2+d"2) ~(1/2)+d) *a/ (ax(-c~2+d"2) ~(1/2
)-c*x(-a~2+b"2) " (1/2)+axd-b*c) ,1/2*x2~(1/2) *(((-c~2+d"2)~(1/2)+d) / (-c~2+d"2) "
(1/2))°(1/2))*d"2*(-a~2+b~2) ~(1/2)+2xE1lipticPi ((-(cos (f*x+e) *c-(-c~2+d"2) "
(1/2) *sin(f*x+e)-d*sin(f*x+e)-c)/((-c~2+d"2)~(1/2)+d) /sin(f*x+e))~(1/2), ((-
c”2+4d"2) " (1/2)+d) *a/ (ax(-c~2+d~2) " (1/2) -c*(-a~2+b~2) ~(1/2) +a*xd-b*c) ,1/2%2"(
1/2)*(((-c™2+d"2)~(1/2)+d) / (-c~2+d~2) " (1/2))~(1/2) ) *d* (-c~2+d~2) ~(1/2) *(-a~
2+b~2)7(1/2))*27(1/2) *(gxsin(f*x+e) )~ (1/2) *sin(f*x+e) / (c+d*sin(f*x+e) )~ (1/2
)*(cx(-1+cos(f*xx+e))/((-c™2+d"2) " (1/2)+d) /sin(f*x+e)) ~(1/2) *((cos (f*x+e) *c+
(-c~2+d"2) " (1/2) *sin(f*x+e) -d*sin(f*x+e)-c) /(-c~2+d"2) " (1/2) /sin(f*x+e) )~ (1
/2)*(-(cos(f*x+e)*c—(-c~2+d"2) " (1/2) *sin(f*x+e)-d*sin(f*x+e)-c)/((-c~2+d"2)
~(1/2)+d) /sin(f*xx+e)) "~ (1/2)/ (-1+cos (f*x+e)) *a/ (-ax(-c~2+d"2) ~(1/2) +c*x (-a~2+
b~2) " (1/2)-a*xd+b*c)/(ax(-c~2+d"2) ~(1/2)+c*(-a~2+b~2) ~(1/2) +a*d-b*c) /(-a~2+b
~2)~(1/2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((g*sin(f*x+e))~(1/2)/(a+bxsin(f*x+e))/(c+d*sin(f*x+e))~(1/2),x, a
lgorithm="maxima")

[Out] integrate(sqrt(gxsin(f*x + e))/((b*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) +
c)), x)

Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)/(atbxsin(f*x+e))/(c+d*sin(f*x+e))~(1/2),x, a
lgorithm="fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ gsin (e + fz) d
(a + bsin (e + fz)) /c+dsin (e + fz)

Verification of antiderivative is not currently implemented for this CAS.



269

[In] integrate((g*sin(f*x+e))*x*(1/2)/(a+b*sin(f*x+e))/(c+d*sin(f*x+e))**(1/2),x)

[Out] Integral(sqrt(g*sin(e + f*x))/((a + b*sin(e + f*x))*sqrt(c + d*sin(e + f*x)
)), x)

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)/(atb*sin(f*x+e))/(c+d*sin(f*x+e))~(1/2),x, a
lgorithm="giac")

[Out] integrate(sqrt(g*sin(f*x + e))/((bxsin(f*x + e) + a)*sqrt(d*sin(f*x + e) +
c)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ Vgsin(e+ fz) i
(a+bsin(e+ fz)) Ve+dsin(e+ fz)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(e + £*x))~(1/2)/((a + b*sin(e + f*x))*(c + dxsin(e + f*x))~(1/2)
) ,X%)
[Out] int((gxsin(e + f*x))~(1/2)/((a + b*sin(e + f*x))*(c + d*sin(e + f*x))~(1/2)
), X)
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3.48 [ escle+fz)+/a+ bsin(e + fr) \/c+ dsin(e + fx)

Optimal. Leaf size=391

o | i | _ bc — ad)(1 — sin(e -
9 10 alerd). 1 Va+ b‘ \/c + dsin(e + fx)‘ (a—b)(ctd) _(
Ve+ ((a+b)c, sin Vet d\/atbsin(et fz) | Garp)ie—a) | Secle + fx) (c+ d)(a+ bsin(e ]

vVa+b f

[Out] -2xEllipticPi((a+b)~(1/2)*(c+d*sin(f*x+e))~(1/2)/(c+d)~(1/2)/(a+b*sin(f*x+e
))~(1/2) ,a*x(c+d) /(a+b) /c, ((a-b) *(c+d) / (a+b) / (c-d) ) ~(1/2) ) ¥*sec (f*x+e) * (a+b*s
in(f*x+e))*(c+d) " (1/2) * (- (—a*d+b*c) *(1-sin(f*x+e) )/ (c+d) / (a+b*sin(f*x+e)))”

(1/2) *((—axd+b*c) * (1+sin(f*x+e))/(c-d) /(a+b*sin(f*x+e)))~(1/2)/£f/(a+b)~(1/2
)+2*E1lipticPi((a+b)~(1/2)*(c+d*sin(f*x+e))~(1/2)/(c+d)~(1/2)/(atb*sin(f*x+
e))~(1/2) ,b*(c+d)/(atb)/d, ((a-b)*(c+d) /(a+b) /(c-d) ) ~(1/2) ) *sec (f*x+e) * (a+b*
sin(f*x+e))*(c+d) " (1/2) *(-(-a*d+b*c)*(1-sin(f*x+e))/(c+d) / (a+b*sin(f*x+e)))

~(1/2) *((—a*d+b*xc) * (1+sin(f*x+e))/(c-d) / (a+b*sin(f*x+e)))~(1/2)/f/(a+b)~(1/

2)

Rubi [A]
time = 0.37, antiderivative size = 391, normalized size of antiderivative = 1.00, number of

number of rules _ 0.086,

steps used = 3, number of rules used = 3, integrand size = 35, integrand size

Rules used = {3028, 2890, 3024}

2verd \ﬂ(r+f7)[a*h~\n(e+/r])\‘g“ ((LZ:([")“()(

1—sinfe + /)" [(be— ad)(sinfe + fz) + 1) (2658 vein (LB VT T o
(a+bsin(e + f2)) | (= d){atbsin(e+fz)) \ @O

Antiderivative was successfully verified.
[In] Int[Cscle + f*x]*Sqrtl[a + bxSin[e + f*x]]*Sqrt[c + d*Sin[e + f*x]],x]

[Out] (-2*Sqrt[c + d]*EllipticPi[(a*(c + d))/((a + b)*c), ArcSin[(Sqrt[a + b]*Sqr
t[c + dxSinl[e + f*x]])/(Sqrtlc + dl*Sqrt[a + b*Sin[e + f*x]])], ((a - b)*(c
+d))/((a + b)*(c - d))]*Secle + f*x]*Sqrt[-(((b*c - a*d)*(1 - Sin[e + f*x
1))/((c + d)*(a + b*Sin[e + £*x])))]1*Sqrt[((bxc - a*d)*(1 + Sin[e + fx*x]))/

((c = d)*(a + b*Sinl[e + f*x]))]1*(a + b*Sinl[e + f*x]))/(Sqrtla + bl*f) + (2%
Sqrt[c + d]*EllipticPi[(bx(c + d))/((a + b)*d), ArcSin[(Sqrt[a + b]*Sqrtlc

+ d*Sin[e + f*x]])/(Sqrtlc + dl*Sqrt[a + b*Sin[e + f*x]]1)], ((a - b)*(c + d
))/((a + b)*(c - d))]*Sec[e + f£xx]*Sqrt[-(((b*c - a*xd)*(1 - Sin[e + f*x]))/

((c + d)*(a + b*Sin[e + f*x])))]1*Sqrt[((b*xc - a*d)*(1 + Sin[e + f*x]))/((c

- d)*(a + b*Sin[e + f*x]))]*(a + bxSin[e + f*x]))/(Sqrtl[a + bl*f)

Rule 2890

Int[Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)11/Sqrtl(c_.) + (d_.)*sin[(e_.)
+ (f_.)*(x_)]1], x_Symbol] :> Simp[2*((a + b*Sin[e + fx*x])/(d*f*xRt[(a + b)/
(c + d), 2]*Cos[e + f*x]))*Sqrtl[(bxc - a*d)*((1 + Sin[e + f*x])/((c - d)*(a
+ bxSin[e + £x*x])))]*Sqrt[(-(bxc - a*d))*((1 - Sin[e + f*x])/((c + d)*(a +
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bxSin[e + £*x])))]*EllipticPi[b*((c + d)/(d*x(a + b))), ArcSin[Rt[(a + b)/(
c + d), 2]1*(Sqrtlc + dxSin[e + f*x]]/Sqrt[a + b*Sin[e + f*x]])], (a - b)*((
c+d)/((a+Db)x(c - d))], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c -
axd, 0] && NeQ[a~2 - b2, 0] && NeQ[c™2 - d~2, 0] && PosQ[(a + b)/(c + d)]

Rule 3024

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1]1/(sinl(e_.) + (£_.)*(x_)]*Sqr
tl(c_) + (d_.)*sin[(e_.) + (£f_.)*(x_)]11), x_Symbol] :> Simp[-2*((a + b*Sin[
e + £xx])/(cxf*Rt[(a + b)/(c + d), 2]*Cos[e + £xx]))*Sqrt[(-(bxc - a*d))*((
1 - Sinf[e + f*x])/((c + d)*x(a + bxSin[e + f*x])))I*Sqrt[(bxc - a*d)*((1 + S
infe + f*x])/((c - d)*(a + b*Sin[e + f*x])))]*EllipticPi[a*x((c + d)/(cx(a +
b))), ArcSin[Rt[(a + b)/(c + d), 21*(Sqrt[c + d*Sin[e + f*x]]/Sqrt[a + b*S
infe + f*x]1)], (a - B)*((c + d)/((a + b)*(c - d)))], x] /; FreeQ[{a, b, c,
d, e, f}, x] && NeQ[bxc - axd, 0] && NeQ[2"2 - b2, 0] && NeQ[c~2 - 4"2, O
]

Rule 3028

Int[(Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]11*Sqrt[(c_) + (d_.)*sin[(e_.)
+ (f_.)*(x_)11)/sinl[(e_.) + (f_.)*(x_)], x_Symbol] :> Dist[d, Int[Sqrt[a +
bxSin[e + f*x]]/Sqrt[c + d*Sin[e + f*x]], x], x] + Dist[c, Int[Sqrtl[a + bx*
Sin[e + f*x]]/(Sinl[e + f*x]*Sqrt[c + d*Sin[e + f*x]]), x], x] /; FreeQ[{a,
b, c, d, e, £}, x] && NeQ[bxc - axd, 0] && (NeQ[a"2 - b™2, 0] || NeQ[c™2 -
d~2, 01)

Rubi steps

/csc(e+fx)\/a+bsin(e+fx)\/c+dsin(e+fx)dxzc/csc(e_i_fx \/a+bs1n(e+fx dz -|—d/

V¢ +dsin(e + fx)
oot dII| et Va+betd:
b ’
(a+tb)e Ve+d y/a+ bs
Mathematica [A]
time = 0.19, size = 274, normalized size = 0.70
averd (st (VLR Yet e T ) et ) (et (YR VLDt T ) et ) ) e+ £ W(b( i ((:ff)))\((b i+ e I}{;)) (0t boin(et fa)
Va+b f

Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x]*Sqrt[a + b*Sin[e + f*x]]1*Sqrtl[c + d*Sinl[e + f*x]],x]
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[Out] (-2*Sqrtl[c + dl*(EllipticPil[(a*(c + d))/((a + b)*c), ArcSin[(Sqrt[a + b]l*Sq
rt[c + d*Sin[e + fxx]])/(Sqrtlc + dl*Sqrt[a + b*Sinf[e + f*x]])], ((a - b)*(
c+d)/((a + b)x(c - d))] - EllipticPi[(b*(c + d))/((a + b)*d), ArcSin[(Sq

rt[a + bl*Sqrtlc + d*Sin[e + fx*x]])/(Sqrtlc + d]*Sqrt[a + b*Sin[e + f*x]])]

, ((@ - b)x(c + d))/((a + b)x(c - d))])*Sec[e + f£xx]*Sqrt[((bxc - a*xd)*(-1

+ Sin[e + £*x]))/((c + d)*(a + b*Sin[e + f*x]))]*Sqrt[((b*c - axd)*(1 + Sin

[e + £xx]))/((c - d)*(a + b*Sinf[e + f*x]))]*(a + bxSin[e + f*x]))/(Sqrt[a +

bl *f)

Maple [C] Result contains complex when optimal does not.
time = 4.44, size = 268466, normalized size = 686.61

method | result size
default | Expression too large to display | 268466

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*sin(f*x+e))”~(1/2)*(c+d*sin(f*x+e))”~(1/2)/sin(f*x+e) ,x,method=_RETU
RNVERBOSE)
[Out] result too large to display
Maxima [F]
time = 0.00, size = 0, normalized size = 0.00
Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*sin(f*x+e))~(1/2)*(c+d*sin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="maxima")
[Out] integrate(sqrt(b*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)/sin(f*x + e), x

)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*sin(f*x+e))”(1/2)*(c+d*sin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="fricas")
[Out] Timed out
Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ Va+bsin(e+ fz) /c+dsin (e + fz) i
sin (e + fz)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*sin(f*x+e))**(1/2)*(c+d*sin(f*x+e))**(1/2)/sin(f*x+e),x)
[Out] Integral(sqrt(a + b*sin(e + fx*x))*sqrt(c + dxsin(e + f*x))/sin(e + f*x), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*sin(f*x+e))”(1/2)*(c+d*sin(f*x+e))”~(1/2)/sin(f*x+e),x, algor
ithm="giac")

[Out] integrate(sqrt(b*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)/sin(f*x + e), x

)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ Va+bsin(e+ fz) Jc+dsin(e+ fz)
; dz
sin (e + f z)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + b*sin(e + £*x))~(1/2)*(c + d*sin(e + f*x))~(1/2))/sin(e + f*x),x)

[Out] int(((a + b*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))~(1/2))/sin(e + f*x), x
)
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f csc(e+fx) \/a + bSiH(G + fﬂ?) |

v/c+dsin(e + fx) 4

3.49

Optimal. Leaf size=198

fer a1l actd. Va+by/c+dsin(e+ fx) \ | (ab)(cta) _ (bc — ad)(1 — sin(e -
Wetd H( (ot (\/c-l—d\/a—i—bsin(e—i—fx) |(“+b)(c_d) sec(e + fz) (c+d)(a+ bsin(e 4

va+bcf

[Out] -2xEllipticPi((a+b)~(1/2)*(c+d*sin(f*x+e))~(1/2)/(c+d)~(1/2)/(a+tb*sin(f*x+e
))~(1/2) ,a*(c+d)/(atb)/c, ((a-b)*(c+d) /(a+b) /(c-d) ) ~(1/2) ) *sec(f*x+e) * (a+b*s
in(f*x+e))*(c+d) " (1/2) * (- (—axd+b*c)* (1-sin(f*x+e))/(c+d) / (a+b*sin(f*x+e)) )~
(1/2)*((-a*d+bxc)* (1+sin(f*x+e))/(c-d) / (a+b*sin(f*x+e)))~(1/2)/c/f/(a+b)~ (1

/2)

Rubi [A]
time = 0.13, antiderivative size = 198, normalized size of antiderivative = 1.00, number of

number of rules
5 integrand size = 0.029,

steps used = 1, number of rules used = 1, integrand size = 3
Rules used = {3024}

. (bc — ad)(1 —sin(e + fz)) | (bc — ad)(sin( e+fz)+1) alctd). Va+b \/c+dsin(e + fz) b)(ctd)
2vVc+d sec(e + fz)(a+ bsin(e + fz)) (c+ d)(a + bsin(e + f2)) \/ —d)(a+ bsin(e 1 f2)) ( b)C,ArCSm ﬁ\/a+bsm (ct f2) | (=0

cfva+b

Antiderivative was successfully verified.
[In] Int[(Cscle + f*x]*Sqrtl[a + b*Sinl[e + f*x]]1)/Sqrtlc + d*Sin[e + f*x]],x]

[Out] (-2*Sqrt[c + d]*EllipticPil[(a*x(c + d))/((a + b)*c), ArcSin[(Sqrt[a + b]*Sqr
tlc + d*Sin[e + f*x]])/(Sqrtlc + dl*Sqrt[a + bxSin[e + f*x]])], ((a - b)*(c

+ d))/((a + b)*x(c - d))]I*Secle + £*x]*Sqrt[-(((b*xc - a*d)*(1 - Sin[e + f*x
1))/((c + d)*(a + bxSin[e + fxx])))]*Sqrt[((b*c - a*d)*(1 + Sin[e + f*x]))/

((c - d)*(a + b*Sin[e + f*x]))]*(a + b*Sinf[e + f*x]))/(Sqrt[a + bl*cxf)

Rule 3024

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]11/(sin[(e_.) + (f_.)*(x_)1*Sqr
t[(c_) + (d_.)*sin[(e_.) + (£_.)*(x_)11), x_Symbol] :> Simp[-2*((a + b*Sin[
e + f*x])/(cxfxRt[(a + b)/(c + d), 2]*Cos[e + f*x]))*Sqrt[(-(b*xc - a*xd))*((
1 - Sinf[e + f*x])/((c + d)*(a + bxSin[e + f*x])))I*Sqrt[(bxc - a*d)*((1 + S
infe + f*x])/((c - d)*(a + b*Sin[e + f*x])))]*EllipticPil[a*x((c + d)/(cx(a +
b))), ArcSin[Rt[(a + b)/(c + d), 2]*(Sqrtlc + d*Sin[e + f*x]]/Sqrt[a + bxS
infe + £xx]1)], (a - b)*((c + d)/((a + b)*(c - d)))], x] /; FreeQ[{a, b, c,
d, e, £}, x] && NeQ[b*c - axd, 0] && NeQ[a~2 - b~2, 0] && NeQ[c"2 - d”2, 0
]
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Rubi steps

a(c b \/c+dsin(e+ fz) \ | (a=b)

W H( L (\/a—l— | |
p (a+b)e Ve+d \/a+bsin(e + fx) |(“+b)(
r=—

/csc(e-l—fx) Va+ bsin(e + fz)
\c+dsin(e + fz)

Mathematica [A]
time = 0.11, size = 197, normalized size = 0.99

e d Vva+b /c+dsin( e+fz (a=b)(c d) —bc+ ad)(1 — sin e+fz)) (bcfad)(1+sin(e+fz))‘ .
2 H( <,/ d \/a+ bsin(e + fz) |< a+b)(c +d> sec(e + fz) c+d (a + bsin(e + fz)) (¢ —d)(a+ bsin(e + fz)) (a-+bsinfe + fz))
Va+becf

Antiderivative was successfully verified.

[In] Integrate[(Cscl[e + f*x]*Sqrt[a + b*Sin[e + f*x]])/Sqrtl[c + d*Sin[e + fx*x]],
x]

[Out] (-2*Sqrt[c + d]*EllipticPi[(ax(c + d))/((a + b)*c), ArcSin[(Sqrt[a + b]*Sqr
tlc + d*Sin[e + f*x]])/(Sqrtlc + d]*Sqrt[a + b*Sin[e + f*x]])], ((a - b)*(c

+ d))/((a + b)*(c - d))]*Sec[e + f*x]*Sqrt[((-(b*c) + a*d)*(1 - Sin[e + f*
x]1))/((c + d)*(a + b*Sin[e + f*x]))]1*Sqrt[((b*c - a*xd)*(1 + Sin[e + f*x]))/

((c = d)*(a + b*Sinfe + f*x]))I*(a + b*Sin[e + f*x]))/(Sqrt[a + bl*cx*f)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1923 vs.
2(183) = 366.
time = 0.59, size = 1924, normalized size = 9.72

method | result size
default | Expression too large to display | 1924

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atbxsin(f*x+e))~(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))~(1/2),x,method=_RETU
RNVERBOSE)

[Out] 4/f*((cos(f*x+e)*(-a~2+b~2)~(1/2)-b*cos(f*x+e)-a*sin(f*x+e)+(-a"2+b"2)"(1/2
)-b)*(—a*x(-c"2+d"2) " (1/2)+c*(-a~2+b~2) ~ (1/2) —a*d+b*c) / (cos (f*x+e) * (-a~2+b"2
)~ (1/2)+bxcos (f*x+e)+axsin(f*x+e)+(-a~2+b~2)~(1/2)+b) /(ax(-c~2+d"2)~(1/2)+c
*(—a~2+b"2) " (1/2)+a*xd-b*c) )~ (1/2)*((c*ksin(f*x+e)+(-c~2+d"2) ~(1/2) *cos (f*x+e
)+d*xcos (f*x+e)+(-c~2+d"2) " (1/2)+d) / (cos (f*x+e) *(-a~2+b"2) " (1/2) +b*cos (f*x+e
Y+axsin(fxx+e)+(-a~2+b"2) " (1/2)+b)*(-a~2+b"2) ~(1/2) *a/(a*x(-c~2+d"2) "~ (1/2)+c
*(-a”~2+b"2) " (1/2)+a*d-b*c) )~ (1/2)*(-((-c~2+d"2) ~(1/2) *cos (f*x+e) —d*cos (f*xx+
e)-c*sin(f*xx+e)+(-c~2+d"2)~(1/2)-d) / (cos(f*x+e) *(-a~2+b"2) ~(1/2) +b*cos (f*x+
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e)+axsin(f*x+e)+(-a~2+b"2) " (1/2)+b) *(-a~2+b"2) ~(1/2)*a/ (—a*(-c~2+d~2) ~(1/2)
+cx(-a”2+b"2) " (1/2)+a*d-b*c) )~ (1/2) * (a+b*sin(f*x+e)) ~(1/2) * (c+d*sin(f*x+e))
~(1/2)*(1+cos (f*x+e) ) "2*% (—1+cos(f*x+e)) "2x ((-a~2+b"2) " (1/2) *(-c~2+d~2) " (1/2
)Y*xcos (fxx+e)*a~2-(-a"2+b"2) "~ (1/2)*(-c~2+d"2) ~(1/2) *cos (f*x+e) *b~2-(-a~2+b"2
)" (1/2)*%(-c~2+d"2) " (1/2) *sin (f*x+e) *axb+(-a~2+b~2) ~(1/2) *cos (f*xx+e) *a~2*d- (
-a"2+b"2) " (1/2) *cos (f*x+e) *b~2xd+(-a~2+b"2) ~ (1/2) *sin(f*x+e) *a~2xc—-(-a~2+b"~
2) 7~ (1/2) *sin(f*x+e) *a*xb*xd+(-c"2+d"~2) ~(1/2) *cos (f*xx+e) *a"~2xb-(-c~2+d"2) ~(1/2
)*xcos (f*x+e)*b~3+(-c"2+d"2) " (1/2) *sin(f*x+e)*a~3-(-c~2+d"2) ~(1/2) *sin(f*x+e
)*axb~2-cos (f*x+e) *a~3*kc+cos (f*xx+e) *a~2*b*d+cos (f*x+e) *axb~2xc-cos (f*x+e) *b
~3*d+sin(f*x+e) *a"3xd-sin (f*x+e)*a*b~2*%d-(-a~2+b"2) ~(1/2)*(-c~2+d"2) ~(1/2) *
b~2+(-a~2+b"2) " (1/2) *axb*c-(-a~2+b~2) ~(1/2) ¥*b~2*d+(-c~2+d"2) "~ (1/2) *a~2xb- (-
c"2+d"2) " (1/2) *b~3+a"~2xb*d-b~3*d) * (E11ipticPi (((cos (f*x+e) *(-a~2+b~2)~(1/2)
-b*cos (f*x+e)-a*sin(f*x+e)+(-a~2+b"2)~(1/2)-b) *(—ax(-c~2+d"2) ~(1/2)+c*(-a~2
+b~2) " (1/2) —a*d+b*c)/(cos (f*x+e) *(-a~2+b~2) ~(1/2) +b*cos (f xx+e) +a*sin (f*x+e)
+(-a"2+b~2)~(1/2)+b) / (a* (-c~2+d~2) ~(1/2) +c*(-a~2+b~2) " (1/2) +a*xd-b*c) ) ~(1/2)
,(ax(-c™2+4d72) " (1/2) +c*x(-a~2+b"2) ~(1/2) +a*d-bx*xc) / (a*x (-c~2+d"2) ~(1/2) -c*(-a~
2+b~2) " (1/2)+axd-b*xc) , ((a*(-c~2+d"2) " (1/2) +c*x (-a~2+b~2) " (1/2) —a*d+b*c) * (a*(
-c~2+d"2) " (1/2)+cx(-a~2+b"2) " (1/2) +a*d-b*c) / (—ax(-c~2+d"2) " (1/2) +c* (-a"2+b~
2)~(1/2)+a*d-bxc)/(-a*(-c~2+d"2) " (1/2)+c*x(-a~2+b~2) ~(1/2) —a*d+bxc) ) ~(1/2) ) -
EllipticPi(((cos(f*x+e)*(-a~2+b~2) " (1/2)-bxcos(f*x+e)-a*sin(f*x+e)+(-a~2+b~
2)"(1/2)-b) *(max(-c~2+d"2) ~(1/2) +c*(-a~2+b~2) " (1/2) —a*d+b*c) / (cos (fxx+e) * (-
a~2+b~2) " (1/2)+b*cos (f*x+e)+axsin(f*x+e)+(-a"2+b"2) "~ (1/2)+b) /(a*x(-c~2+d"2) "
(1/2)+c*(-a~2+b"2) " (1/2)+a*d-b*c) )~ (1/2), (b+(-a~2+b"2) ~(1/2) ) *(a* (-c~2+d"2)
~(1/2)+c*(-a~2+b"2) " (1/2) +a*d-b*c) / (-b+(-a~2+b~2) ~(1/2) ) / (ma* (-c~2+d"2) ~(1/
2)+cx(~a~2+b"2) " (1/2) —axd+b*c) , ((ax(-c~2+d"2) " (1/2) +c*(-a~2+b"2) ~(1/2) —a*d+
b*c) *(a*x(-c~2+d~2) ~(1/2) +c*x(-a~2+b~2) ~(1/2) +a*xd-b*c) / (—a*x(-c~2+d~2) ~(1/2) +c
*(-a”~2+b"2) " (1/2)+a*d-b*c)/(-a*x(-c~2+d"2) " (1/2)+cx(-a~2+b"2) ~(1/2) —a*d+b*c)
)=(1/2)))/sin(f*x+e) ~4/ (b*xcos (f*x+e) “2*d-sin (f*x+e) *a*d-sin(f*x+e) *b*xc-a*xc—
b*d)*a~2/(-a*(-c"2+d"~2) ~(1/2) +c*x(-a~2+b~2) " (1/2) —axd+b*c) / (-a~2+b~2) ~(1/2) /
(b+(-a~2+b~2)~(1/2))/(-b+(-a"2+b"2)~(1/2))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00
Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))~(1/2),x, algor
ithm="maxima")

[Out] integrate(sqrt(b*sin(f*x + e) + a)/(sqrt(d*sin(f*x + e) + c)*sin(f*x + e)),

x)
Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))~(1/2),x, algor
ithm="fricas")

[Out] integral(-sqrt(b*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)/(d*cos(f*x + e)
"2 - c*sin(f*x + e) - d), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

Va+bsin (e + fz)
Vc+dsin (e + fx) sin(e+ fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*sin(f*x+e))**(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))**(1/2),x)

[Out] Integral(sqrt(a + b*sin(e + f*x))/(sqrt(c + d*sin(e + f*x))*sin(e + f*x)),
x)

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*sin(f*x+e))”(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))~(1/2),x, algor
ithm="giac")
[Out] integrate(sqrt(b*sin(f*x + e) + a)/(sqrt(d*sin(f*x + e) + c)*sin(f*x + e)),

X)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ Va+bsin(e+ fz) i
sin(e+ fz) V/c+dsin(e+ fz)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxsin(e + f*x))~(1/2)/(sin(e + f*x)*(c + d*sin(e + f*x))~(1/2)),x)

[Out] int((a + b*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c + d*sin(e + f*x))~(1/2)), x
)
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f csc(ej—fx) dx
va+bsin(e + fx) \/c+dsin(e + fx)

Optimal. Leaf size=398

ferd Tl actd. o Va+b\/c+dsin(e + fz) \ |(a=b)(ct+d) _ (bc — ad)(1 — sin(e -
etd H( (ati)e (\/c-l—d\/a—i—bsin(e—i—fx) |(“+b)(c_d) sec(e + fa) (c+d)(a+ bsin(e 4

ava+bcf

3.50

[Out] -2xEllipticPi((a+b)~(1/2)*(c+d*sin(f*x+e))~(1/2)/(c+d)~(1/2)/(a+b*sin(f*x+e
))~(1/2) ,a*x(c+d) /(a+b) /c, ((a-b) *(c+d) /(a+b) / (c-d) ) ~(1/2) ) ¥*sec (f*x+e) * (at+b*s
in(f*x+e))*(c+d) " (1/2) * (- (—a*d+b*c) *(1-sin(f*x+e) )/ (c+d) / (a+b*sin(f*x+e)))”
(1/2)*((-a*d+b*c) *(1+sin(f*x+e))/(c-d) / (a+b*sin(f*x+e)) )~ (1/2)/a/c/f/(a+b)~
(1/2)-2xb*E1lipticF ((c+d)~(1/2) * (a+b*sin(f*x+e))~(1/2)/(a+b)~(1/2) /(c+d*sin
(fxx+e))~(1/2), ((a+b)*(c-d)/(a-b)/(c+d)) ~(1/2) ) *sec (f*x+e) * (c+d*sin (f*x+e))
*(a+b) " (1/2) *((-a*d+b*c)* (1-sin(f*x+e) )/ (a+b) /(c+d*sin(f*x+e))) " (1/2)*(-(-a
*d+bxc) * (1+sin(f*x+e))/(a-b)/(c+d*sin(f*xx+e)))~(1/2)/a/(—a*xd+b*xc) /f/(c+d) ~(

1/2)

Rubi [A]
time = 0.39, antiderivative size = 398, normalized size of antiderivative = 1.00, number of

number of rules
> integrand size = 0.086,

steps used = 3, number of rules used = 3, integrand size = 35
Rules used = {3026, 2897, 3024}

[be—ad)(1—sin(e + f2)) [ (be—ad)(sine+ D)+ 1) o\ o (Verd/aThanle i o)) jniea [ (e —ad)(1 —sin(e + f2))" [(be—ad)(sinte+ f2) + V' ( wern) Vaib /e
2V + b secle + fa)(e + dsinle + 1))\ Gt dointe + o) \| ~(@=Dle-+ dsine + 7o) F(Arsn ( Ja+b o+ dsinle + /) ) ‘7\7) - 2T d sl fa)a+ bsinle + SO i T hinte ) || e Do+ bsnte + 7)) “( g (VL Vat

) )

Antiderivative was successfully verified.
[In] Int[Cscle + f*x]/(Sqrtla + b*Sinl[e + f*x]]*Sqrt[c + d*Sinle + f*x]]),x]

[Out] (-2*Sqrtl[c + d]*EllipticPil[(ax(c + d))/((a + b)*c), ArcSin[(Sqrt[a + b]*Sqr
tlc + d*Sin[e + f*x]])/(Sqrtlc + dl*Sqrt[a + bxSin[e + f*x]])], ((a - b)*(c

+ d))/((a + b)x(c - d))]*Sec[e + f*xx]*Sqrt[-(((b*c - a*xd)*(1 - Sin[e + f*x
1))/ ((c + d)*x(a + b*Sinle + £*x])))I*Sqrt[((b*xc - a*d)*(1 + Sin[e + f*x]))/
((c - d)*(a + b*Sin[e + f*x]))]*(a + b*Sin[e + f*x]))/(axSqrt[a + b]*c*f) -
(2xbxSqrt[a + b]*EllipticF[ArcSin[(Sqrt[c + d]*Sqrt[a + b*Sin[e + f*x]])/(
Sqrt[a + bl*Sqrt[c + d*Sin[e + f*x]]1)], ((a + b)*(c - d))/((a - b)*(c + d))
1xSec[e + f*xx]*Sqrt[((bxc - a*d)*(1 - Sin[e + fx*x]))/((a + b)*(c + d*Sin[e
+ f£xx]))1*Sqrt [-(((b*xc - a*d)*(1 + Sin[e + f*x]))/((a - b)*(c + d*Sin[e + f
*x])))]1*(c + d*Sinle + f*x]))/(a*Sqrtlc + dl*(bxc - axd)*f)

Rule 2897

Int[1/(Sqrtl(a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)]1]1*Sqrt[(c_) + (d_.)*sin[(e_
) o+ (£_.)*(x_)11), x_Symbol] :> Simp[2+((c + d*Sin[e + f*x])/(fx(bxc - a*d
)¥Rt[(c + d)/(a + b), 2]*Cos[e + f*x]))*Sqrt[(b*xc - a*xd)*((1 - Sin[e + f*x]
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)/((a + b)*(c + d*Sin[e + f*x])))]*Sqrt[(-(b*c - a*d))*((1 + Sin[e + fxx])/
((a - b)*(c + d*Sin[e + f*x])))]*EllipticF[ArcSin[Rt[(c + d)/(a + b), 2]*(S
grt[a + b*Sin[e + f*x]]/Sqrt[c + d*Sin[e + £*x]]1)], (a + b)*((c - d)/((a -
b)*x(c + d)))], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c - axd, 0] && N
eQla”2 - b2, 0] &% NeQ[c™2 - d~2, 0] && PosQ[(c + d)/(a + b)]

Rule 3024

Int[Sqrt[(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(sin[(e_.) + (f_.)*(x_)]*Sqr
t[(c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1]1), x_Symbol] :> Simp[-2*((a + b*Sin[
e + £xx])/(cxf*Rt[(a + b)/(c + d), 2]*Cos[e + £xx]))*Sqrt[(-(bxc - a*d))*((
1 - Sinf[e + f*x])/((c + d)*x(a + bxSin[e + f*x])))]*Sqrt[(bxc - a*d)*((1 + S
infe + f*x])/((c - d)*(a + b*Sin[e + f*x])))]*EllipticPila*((c + d)/(c*(a +
b))), ArcSin[Rt[(a + b)/(c + d), 2]*(Sqrt[c + d*Sin[e + f*x]]/Sqrt[a + b*S
infe + f*x]11)], (a - b)*((c + d)/((a + D)*(c - d)))]1, x] /; FreeQl{a, b, c,
d, e, f}, x] && NeQ[bxc - axd, 0] && NeQ[2a"2 - b2, 0] && NeQ[c~2 - 472, O
]

Rule 3026

Int[1/(sin[(e_.) + (f_.)*(x_)1*Sqrtl[(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]1%S
qrtl(c_) + (d_.)*sin[(e_.) + (£f_.)*(x_)1]), x_Symbol] :> Dist[-b/a, Int[1/(
Sqrt[a + bxSin[e + fxx]]*Sqrt[c + d*Sin[e + f*x]]), x], x] + Dist[1/a, Int[
Sqrt[a + bxSin[e + f*x]]1/(Sin[e + f*x]*Sqrtl[c + d*Sin[e + fx*x]1), x], x] /;
FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] && (NeQ[a"2 - b~2, 0] ||
NeQ[c™2 - 4"2, 0])

Rubi steps
f csc(e+fx) \/a + bsin(e + fx) | d b f
/ csc(e + fzx) dr — Ve+dsin(e + fz) B Va+bsin(e +
Va+bsin(e + fz) \/c+dsin(e + fz) a

a(ctd). < — +b +\/c+dsin(e + fx)
2\/c+dﬂ( (+d);sm ! <\/a ‘
(atb)e Ve+d \/a+bsin(e + fr)

Mathematica [A]
time = 1.65, size = 374, normalized size = 0.94

+d: [ (be

Mn(%m,,(\/ﬁh & ﬂn(H/I)‘)w;:::) [(oe—ad)(-1 + sin(e + o))" [ibe— ad)(1+sinie + fz Fd \aTbein(e+ f2) [(be+ ad)(=1 + sin
Vet d \Ja+ bsin(e + fz) \ e+ d)(atbsine+7z) | (e=d)(atbsinfe+ /

L 2) S (U Y/ Y/ = CH S 221 W (+fa))" [(=be-+ad)(1+sin(e+ terrey
) e X . (\/m\CAdsin(ei»fz))‘m)\‘ @rDcrdsn(e+r) | @0+ dunerja)
Teat

2sec(e + f)
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Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x]/(Sqrt[a + b*Sin[e + f*x]]*Sqrt[c + d*Sin[e + fx*x]]),
x]

[Out] (2*Sec[e + f*x]*(-(((c + d)*EllipticPi[(a*(c + d))/((a + b)*c), ArcSin[(Sqr
t[a + b]l*Sqrt[c + d*Sin[e + f*x]])/(Sqrtlc + d]*Sqrt[a + b*Sin[e + f*x]])],

((a - B)x(c + d))/((a + b)*x(c - d))I*Sqrt[((b*c - a*xd)*(-1 + Sin[e + f*x])
)/((c + d)*(a + bxSin[e + f*x]))]*Sqrt[((b*c - axd)*(1 + Sin[e + f*xx]))/((c

- d)*(a + b*Sin[e + f*x]))]*(a + b*Sin[e + f*x]))/c) - (bx(a + b)*Elliptic
F[ArcSin[(Sqrt[c + d]*Sqrt[a + b*Sin[e + f*x]])/(Sqrt[a + b]l*Sqrt[c + d*Sin

[e + £xx]1)], ((@a + b)*x(c - d))/((a - b)*(c + d))I*Sqrt [((-(bxc) + axd)*(-1

+ Sinfe + £*x]))/((a + b)*(c + d*Sinl[e + £x*x]))]1*Sqrt[((-(b*c) + a*d)*(1 +

Sin[e + f*x]))/((a - b)*(c + d*Sin[e + f*x]))]1*(c + d*Sin[e + f*x]))/(b*c
- axd)))/(axSqrt[a + bl*Sqrt[c + dl*f)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 26839 vs.
2(368) = 736.
time = 0.42, size = 26840, normalized size = 67.44

method | result size
default | Expression too large to display | 26840

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(f*x+e)/(a+b*sin(f*x+e))”~(1/2)/(c+d*sin(f*x+e))”~(1/2),x,method=_RE
TURNVERBOSE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/sin(f*x+e)/(a+bxsin(f*x+e))~(1/2)/(c+d*sin(f*x+e))~(1/2),x, alg
orithm="maxima")

[Out] integrate(1/(sqrt(b*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)*sin(f*x + e)

), %)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/sin(f*x+e)/(a+b*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))~(1/2),x, alg
orithm="fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1

Va+bsin(e+ fz) \/c+dsin (e + fz) sin(e + fz) &

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(fxx+e)/(a+b*sin(f*x+e))*x(1/2)/(c+d*sin(f*x+e))**(1/2),x)
[Out] Integral(l/(sqrt(a + b*sin(e + f*x))*sqrt(c + d*sin(e + f*x))*sin(e + f*x))
» X)

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(a+b*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))~(1/2),x, alg
orithm="giac")

[Out] integrate(1/(sqrt(b*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)*sin(f*x + e)
), X)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00

1

/sin(e+fx) Va+bsin(e+ fz) Jc+dsin(e+ fz) &

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(e + f*x)*(a + b*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))~(1/2)),
x)
[Out] int(1/(sin(e + f*x)*(a + b*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))~(1/2)),
x)
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3.51 [(a+asin(e+ fz))™(A+ Bsin(e+ fz))P(c—
csin(e + fz))" dx
Optimal. Leaf size=157

22t Fy (% +m; 3 —n,—p; 2 +m; (1 +sin(e + fz)), —W) sec(e + fz)(1 — sin(e + fz))2"(a +

af(l+2m)

[Out] 27(1/2+n)*AppellF1(1/2+m,-p,1/2-n,3/2+m,-B*x(1+sin(f*x+e))/(A-B),1/2+1/2*sin
(f*x+e)) *sec(f*x+e) *(1-sin(f*x+e)) ~(1/2-n)*(a+a*sin(f*x+e)) "~ (1+m) * (A+B*sin(
fxx+e)) “p*(c-c*sin(f*x+e)) n/a/f/(1+2*m) /(((A+Bxsin(f*x+e))/(A-B))"p)

Rubi [A]
time = 0.20, antiderivative size = 157, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.105,

steps used = 4, number of rules used = 4, integrand size = 38
Rules used = {3087, 145, 144, 143}

2"+ sec(e + fz)(1 — sin(e + fz))2 " (asin(e + fz) + a)™(c — csin(e + fz))"(A + Bsin(e + fz)) (%ﬁm) 7p F (m +4t—n,—pym+ % L(sin(e + fz) + 1), —W)
af(2m+1)

Antiderivative was successfully verified.
[In] Int[(a + a*Sin[e + f*x]) m*x(A + BxSin[e + f*x]) px(c - c*Sin[e + f*x]) n,x]

[Out] (2°(1/2 + n)*AppellF1[1/2 + m, 1/2 - n, -p, 3/2 + m, (1 + Sin[e + f*x])/2,
-((B*(1 + Sin[e + f*x]))/(A - B))]*Sec[e + f*x]*(1 - Sin[e + f*x])~(1/2 - n
)*(a + a*Sinf[e + f*x])~(1 + m)*(A + B*Sin[e + f*x])“px(c - c*Sin[e + fxx])~
n)/(axf*(1 + 2xm)*((A + B*Sin[e + f*x])/(A - B))"p)

Rule 143

Int[((a_) + (b_D)*(x_))"(m )*((c_.) + (d_)*(x_))"(m_)*((e_.) + (f_.)*(x_))
~“(p_), x_Symbol] :> Simp[((a + b*x)"(m + 1)/(b*(m + 1)*(b/(b*c - axd)) n*(b
/(bxe - a*f))~p))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/(bxc - a*d
)), (-£)*((a + b*x)/(bxe - axf))], x] /; FreeQ[{a, b, c, d, e, f, m, n, p},
x] && !'IntegerQ[m] &% !'IntegerQ[n] && !IntegerQ[p] && GtQ[b/(bxc - axd)
, 0] && GtQ[b/(b*e - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*xe - ¢
xf), 0] && SimplerQ[c + d*x, a + bxx]) && !(GtQ[f/(f*a - exb), 0] && GtQ[f
/(f*c - exd), 0] && SimplerQ[e + f*x, a + b*x])

Rule 144

Int[((a_) + (b_)*(x_))"(m_)*((c_.) + (d_)*(x_))"(m_)*((e_.) + (f_.)*(x_))
~(p_), x_Symbol] :> Dist[(e + f*x) FracPart[p]/((b/(b*xe - a*f)) IntPart[p]*
(bx((e + f*xx)/(b*e - axf))) FracPart([p]), Int[(a + b*x) m*(c + d*x) n*x(b*(e
/(bxe - axf)) + bxf*(x/(bxe - axf)))~p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pt, x] && !'IntegerQ[m] && !'IntegerQ[n] && !'IntegerQlp] && GtQ[b/(b
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xc — axd), 0] && !GtQ[b/(bxe - axf), 0]

Rule 145

Int[((a_) + (b_D)*(x_))"(m_ )*((c_.) + (d_)*(x_))"(n_)*((e_.) + (f_.)*(x_))
~“(p_), x_Symbol] :> Dist[(c + d*x) FracPart[n]/((b/(b*c - a*d)) IntPart[n]*
(bx((c + d*x)/(b*c - a*d))) FracPart[n]), Int[(a + b*x) m*(b*(c/(bxc - a*d)
) + bkxdx(x/(b*c - a*d))) nx(e + £*x)"p, x], x] /; FreeQ[{a, b, c, d, e, f,

m, n, pt, x] && !IntegerQ[m] && !'IntegerQ[n] && !'IntegerQlp]l && !'GtQ[b/
(bxc - a*d), 0] && !SimplerQ[c + d*x, a + b*x] && !SimplerQ[e + f*x, a +

b*x]

Rule 3087

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_.)*((A_.) + (B_.)*sin[(e_.) +
(F_D)*xD1)~(p)*((c_) + (d_.)*sinl(e_.) + (£_.)*(x_)1)"(n_.), x_Symbol]
:> Dist[Sqrt[a + bxSin[e + f*x]]*(Sqrtlc + d*Sinl[e + f*x]]/(f*Cos[e + f*x])
), Subst[Int[(a + b*x)"(m - 1/2)*(c + d*x)"(n - 1/2)*x(A + B*x)"p, x], x, Si
nle + f*x]], x] /; FreeQ[{a, b, ¢, d, e, £, A, B, m, n, p}, x] && EqQ[b*c +

axd, 0] && EqQ[a"2 - b~2, 0]

Rubi steps

(sec(e + fz)\/a+ asin(e + fz) 1/

(
(

sec(e + fr)\/a+ asin(e + fz) (A

2-2 " sec(e + fz)\/a + asin(e + .

/(a + asin(e + fz))™(A + Bsin(e + fz))?(c — csin(e + fz))" dz =

1 1 .1 .3 .1
22+nF1(§+m7§_na_pa§+m,§

Mathematica [A]
time = 0.80, size = 168, normalized size = 1.07

in? (4 (2e—r42fs : ; - ; ; 3=
2F, (% +n; 3 —m,—p; 3+ njcos? (}(2e + 7 + 2fx)) WieEer) cot (3(2e + 7 + 2fz)) (a(1 +sin(e + fz)))™(A + Bsin(e + fz))’ (%&?m) (c—csin(e + fz))"sin? (}(2e + 7 + 2fz))> "
f+2fn

Antiderivative was successfully verified.
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[In] Integrate[(a + a*Sin[e + f*x])“m*(A + B*Sin[e + f*x]) px(c - cxSin[e + f*x]
)"n,x]

[Out] (-2*AppellF1[1/2 + n, 1/2 - m, -p, 3/2 + n, Cos[(2*%e + Pi + 2xfx*x)/4]1"2, (2
*BxSin[(2%e - Pi + 2%fx*x)/4]1°2)/(A + B)]*Cot[(2*xe + Pi + 2xfxx)/4]*(ax(1 +
Sin[e + f*x]))“m*(A + BxSin[e + f*x]) p*(c - c*Sin[e + f*x]) n*(Sin[(2*e +
Pi + 2%f*x)/4]172)"(1/2 - m))/((f + 2xfxn)*((A + B*Sin[e + f*x])/(A + B))"p)

Maple [F]
time = 0.20, size = 0, normalized size = 0.00

/(a+asin(fx+e))m (A+ Bsin(fz +e€))’ (c — csin (fz +€))" dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*sin(f*x+e)) “m* (A+B*sin(f*x+e)) "p*(c-c*sin(f*x+e)) n,x)
[Out] int((at+a*sin(f*x+e)) “m*(A+B*sin(f*x+e)) p*(c-c*sin(f*x+e)) n,x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((ata*sin(f*x+e)) “m*(A+B*sin(f*x+e)) px(c-c*sin(f*x+e)) n,x, algor
ithm="maxima")

[Out] integrate((Bxsin(f*x + e) + A) px(a*sin(f*x + e) + a) m*(-cxsin(f*x + e) +
c)"n, x)

Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((ata*sin(f*x+e)) “m* (A+B*sin(f*x+e)) "p*(c-c*sin(f*x+e)) n,x, algor
ithm="fricas")

[Out] integral((B*sin(f*x + e) + A) p*(axsin(f*x + e) + a) mx(-cxsin(f*x + e) + c
)7n, x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sin(f*x+e))**m* (A+B*sin(f*x+e))**p*(c-c*sin(f*x+e))**n,x)
[Out] Timed out
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((ata*sin(f*x+e)) m* (A+B*sin(f*x+e)) “p*(c-c*sin(f*x+e)) n,x, algor
ithm="giac")

[Out] integrate((Bxsin(f*x + e) + A) px(a*sin(f*x + e) + a) m*(-cxsin(f*x + e) +
c)"n, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(A+Bsin(e—i—fx))p(a—i-asin(e—l—fac))m(c—csin(e+fa:))"da:

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*sin(e + fx*x)) p*(a + a*sin(e + f*x)) m*(c - c*sin(e + f*x))“n,x)

[Out] int((A + Bxsin(e + f*x))“p*(a + a*sin(e + f*x)) m*x(c - c*sin(e + f*x))"n, x

)
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4.1 Download section

The following zip files contain the raw integrals used in this test.

Mathematica format [Mathematica syntax.zip|

Maple and Mupad format [Maple syntax.zip|

Sympy format SYMPY syntax.zip|

Sage math format SAGE syntax.zip|

4.2 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.2.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)

(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

ex)


/my_notes/CAS_integration_tests/reports/summer_2022/input/Mathematica_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/Maple_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SYMPY_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SAGE_syntax.zip
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GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount

(* :

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount [result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}

,» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (xELSE*) (*result does not contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}

]
1;
finalresult
:Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)

(*1
(*2
(*3
(%4
(*5
(*6
(*7
(*8

= rational function*)

= algebraic function*)

= elementary function¥)

= special function*)

= hyperpergeometric function*)
= appell function*)

= rootsum function*)

= integrate function*)

Result,leafC

leaf count

f optimal. $

al. Order "<
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(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If[IntegerQlexpn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
I1f [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]]1,
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
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ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi

},func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

4.2.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

rsion issues




#
#
#
#
#
#
#
#

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

IIFII

IICII
IIBII

"AII

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

if ExpnType_result<=ExpnType_optimal then
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if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

return "F","Result contains unresolved integral";

if debug then
print ("ExpnType_result<=ExpnType_optimal") ;
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s nn g

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",
convert(leaf_count_optimal,string)," ) = ",con
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;

optimal) ;

af count of r

vert (2xleaf _c

else # result do not contain complex
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# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal do not as well"
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A","";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the leaf count of o
convert(leaf_count_result,string),"$ vs. $2(",
convert(leaf_count_optimal,string),")=",convert(2xleaf_cou
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Order ",
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

H OH OH H HH HEHH
~NOo O WwN -
|



# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn) )
elif type(expn, 'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,

294




295

arcsin,arccos,arctan,arccot,arcsec,arccsc,

sinh,cosh,tanh,coth,sech,csch,

arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])
end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.2.3 Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_ hypergeometric_ function(func):
return func in [hyper]

def is_appell function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False




def expnType(expn):
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except AttributeError as error:
return False

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args(0])) #maz(2,EzpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

,expn)), Expn’

x')

ml = max(map(expnType, list(expn.args))) #Apply/Max, Append[Map[ExpnType, Apply[List,expn]],7]],

return max(7,ml)

elif str(expn).find("Integral") != —1:
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B'

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(lea

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_ re



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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4.2.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
I," nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In',
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is_special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf')'erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(ezpn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn. o]
Add) or isinsta

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

ssult is larger t

l. "+str(leaf

xpnType_ rest
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